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AN ITERATIVE METHOD FOR NONEXPANSIVE MAPPING
IN BANACH SPACES

XIAOLONG QIN!, YONGFU SU?

ABSTRACT. In this paper, we establish weak and strong convergence the-
orems of the three-step iterative sequences with errors for non-self nonex-
pansive mappings in uniformly convex Banach spaces. Our results extend
and improve the recent ones announced by Naseer Shahzad and some oth-
ers.
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1. Introduction and Preliminaries

Let E be a real Banach space, C' a nonempty closed convex subset of E, and
T : C — C amapping. Recall that T' is nonexpansive mapping if | Tz —Ty|| <
lx—y| for all z,y € C. A point z € C' is a fixed point of T" provided Tz = x.
Denote by N the set of natural numbers and Denote by F(T') the set of fixed
points of T'; that is, F'(T) = {z € C : Tx = z}. It is assumed throughout this
paper that 7' is a nonexpansive mapping such that F(T') # 0.

Iterative techniques for approximating fixed points of nonexpansive map-
pings have been studied by various authors (see e.g., [3, 7, 9, 11, 12]). In
[11], Tan and Xu introduced a modified Ishikawa process to approximate fixed
points of nonexpansive mappings defined on nonempty closed convex bounded
subsets of a uniformly convex Banach space E. More precisely, They proved
the following theorem.

Theorem TX (Tan and Xu [11,Theorem 1]). Let E be a a uniformly convex
Banach space which satisfies Opial’s condition or has a Frechet differentiable
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norm and C' a nonempty closed convex bounded subset of E. Let T : C' — C
be a nonexpansive mapping. Let {ay,} and {3, } be real sequences in [0,1] such
that > 2 an(l — o) = 00 and Y o2 | B(1 — @) = co. Then the sequence
{z,,} generated from arbitrary z; € C by

(1.1) Tpt1 = (1 — ap)xn + anT[(1 = Bp)zy + BnTxy], n>1,

converges weakly to some fixed point of 7.

In the above result, T remains self-mapping of a nonempty closed convex
subset K of a uniformly convex Banach space, if, however, the domain K of
T is a proper subset of F(and this is the cases in several applications), and T
maps K into E then iteration processes of Mann [5] and Ishikawa [2] studied
by these authors may fail to be well defined.

Recently, Naseer Shahzad [10] studied the sequence {z,} defined by

(1.2) x1 € K, zpt1 =P((1 —an)zn +anTP[(1 — Bn)xy + BnTxy)),

where K is a nonempty closed convex nonexpansive retract of a real uniformly
convex Banach space F with P as a nonexpansive retraction. He proved
weak and strong convergence theorems for non-self nonexpansive mappings in
Banach spaces.

Motivated by the Nasser Shahzad [10], this paper study the iteration scheme
as following

Zn = P(QZT?)xn + @lqlxn + 7;{“%):
(1.3) Yn = P (0}, Tozn + Blan + Vivn),
o P(anlen + ann + 'Ynun)a

where {an}, {Bn}, {1}, {ai}, {8}, {70}, {ai}, {87} and {7} are sequences
in [0,1] such that oy + By + 9 = o, + 0, + 75 = o + B + 4 = 1 and
€ < ap,al,all <1—¢foralln € N and some € > 0, {u,}, {v,}, {wn} are
bounded sequence in K.

The purpose of this paper is to construct an iteration scheme with errors
for approximating a common fixed point of nonexpansive non-self maps (when
such a fixed point exists ) and to prove some strong and weak convergence
theorems for such maps. Our theorems improve and generalize some previous
results.

A normed space FE is said to satisfy Opial’s condition [6] if for any sequence
{zn} in E, x, — x implies that

limsup ||z, — z|| < limsup ||z, — y||
n—oo n—oo

for all y € E with y # x.

Let E be a real Banach space. A subset K of F is said to be a retract of £
if there exists a continuous map P : F — FE such that Px = x for all z € K.
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A map P : E — E is said to be a retraction if P2 = P. It follows that if a
map P is a retraction, then Py = y for all y in the range of P.

A mappingt T" with domain D(T") and range R(T") in E is said to be demi-
closed at p if whenever {x,} is a sequence in D(T) such that {z,} converges
weakly to 2* € D(T') and {Tx,} converges strongly to p, then Ta* = p.

Recall that the mapping T : K — E with F(T) # () where K is a subset
of E, is said to satisfy condition A [10] if there is a nondecreasing function
f:]0,00) — [0,00) with f(0) =0 and f(r) > 0 for all » € (0,00) such that
for all z € K

[ = Txl| > fd(z, F(T))),

where d(x, F(T) = inf{||lx —p|| : p € F(T)}.

Senter and Dotson [9] approximated fixed points of a nonexpansive map-
ping 7" by Mann iterates, Later on, Maiti and Ghosh [4] and Tan and Xu
[11] studied the approximation of fixed points of a nonexpansive mapping T
by Ishikawa iterates under the same condition (A) which is weaker than the
requirement that 7" is demicompact. We modify this condition for three map-
pings 11,715 and T3 : C — C as follows:

Three mappings 11,75 and T3 : C — C where C' a subset of F, are said
to satisfy condition (A’) if there exists a nondecreasing function f : [0,00) —
[0,00) with f(0) = 0, f(r) > 0 for all » € (0,00) such that a|z — Thz| +
bllx — Tox|| + c||lx — Tsz|| > f(d(xz, F(T))) for all x € C where d(z, F(T)) =
inf{l|lx—p|:p € F(T1)NF(Tz)NF(T3)} and a,b and ¢ are three nonnegative
real numbers such that a + b+ c = 1.

Note that condition (A’) reduces to condition (A) when T} = T = T5.

In order to prove our main results, we shall make use of the following Lem-
mas.

Lemma 1.1 (Schu [8]). Suppose that F is a uniformly convex Banach space
and 0 < p <t, < g<1forall n € N. Suppose further that {z,} and {y,}
are sequences in F such that

limsup ||z, <r, lLmsup |ly,| <r

n—oo n—oo
and

nh_}rgo ltnzn + (1 —tn)ynl =7
hold for some r > 0. Then lim,, . ||zn — yn|| = 0.

Lemma 1.2 (Browder [1]). Let E be a uniformly convex Banach space, C' a
nonempty closed convex subset of E. Let T" be nonexpansive mapping of K
into E. Then I — T is demiclosed with respect to zero.
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Lemma 1.3 (Tan and Xu [11]). Let {r,}, {s,} and {¢,} be three nonnegative
sequences satisfying the following condition:

Tntl < T+ ty for all n > 1.

If Y00 | tn < 00, then limy, o 7y, exists.

2. Convergence of The Iteration Scheme

In this section, we shall prove the weak and strong convergence of the iter-
ative scheme (1.3) to approximate a common fixed point of the nonexpansive
mappings 71, 75 and T5.

Lemma 2.1 Let £ be a normed linear space and K a nonempty convex
closed subset which is also a nonexpansive retract of £. Let 11,75 and T3 :
K — FE be nonexpansive mappings with F(T) # (), where F(T) denotes
the set of all common fixed points of 77,7 and T3. Let {an}, {Gn}, {m},
{a}, {6}, {7}, {2}, {8} and {~)/} be real sequences in [0, 1] such that
an + Bn + v =al, + 6, +, = o + B+ = 1, starting from arbitrary
x1 € K, define the sequence {z,} by the recursion (1.3) with the restrictions
Yool < o0, Yo, < oo and Y02y, < 0o. Then limy, . ||z, — pl|
exists.

Proof. Let p € F(T). Since {wy,}, {v,} and {u,} are bounded sequences
in C' We set

My = sup{||lup, — p|| : n > 1}, My = sup{|jv, —p|| : n > 1},

M3 = sup{||w, —p|| : n > 1}, M =max{M,:i=1,2,3}.

It follows from (1.3) that

120, = pll = | P(a Tawn + Bptn + ypwn) — 1
< HO‘ZLTan + ﬁzxn + Van -l
apl[Tszn = pll + Bnllzn — pll + Ynllwn — pll
apllzn = pll + Bullzn — pll + allwn — pll
< lzn — pll + 7 M.

IA A

That is,

(2.1) lzn = pIl < llzn — pll + 7 M.
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From (1.3) and (2.1) we get
lyn — pll = 1P (), Tozn + Bren + o) — pl|
< oy, Tazn + Brn + vp0n — Pl
< ap[|Tazn — pll + Bpllzn — pll + 5 llon — pll
< apllzn = pll + Brllzn = pll + o = pll
< apllzn — pll + (1 = ap)llzn — pll +73llve —
< ap([[zn = pll + 7 M) + (1 = ag)lzn — pll + 73 llve —
< lzn = pll + 9 M + 3 M.
That is,
(2:2) [yn = pll < 0 = pll + 9 M + 7, M.
Again, from (1.3) and (2.2) we have
zn+1 = pll = | P(anT1yn + Ban + Ynun) — D
= HanTIyn + BnTn + Yntn — pH
< 6l Tig — pll + Ballzn — pll + allin — p
< anllyn = pll + Bullzn — pll + Yallun — pl|
< anllyn — pll + (1 — an)llzn — pll + llun — pll
< an(lln — pll + M A M) + (1= a2 — ol + M
< |lzn = pll + ¥ M + 1M + 7 M
< lzn = pll + 7 M + 7, M + 7, M.
That is,
(2.3) 21 =l < llwn = pll + (9 + 0 + 70) M-

Therefore, by using Lemma 1.3, lim,, . ||z —p|| exists for all p € F(T'). This
completes the proof.

Notation. In the following, lim stands for limsup and lim for lim inf.

Lemma 2.2 Let E be a uniformly convex Banach space and K a nonempty
convex closed subset which is also a nonexpansive retract of E. Let 17, T and T3 :
K — F be nonexpansive mappings with F(T) # (), where F(T) denotes
the set of all common fixed points of 77,7y and T3. Let {an}, {On}, {7},
{al 3, {80}, {vL}, {al}, {81} and {~]/} be real sequences in [0, 1] such that
an+ Bn+m = ol + B+, = o+ B+, =1Land € < an,aj, ap < 1—¢ for
all n € N and some € > 0, starting from arbitrary 1 € K, define the sequence
{zn} by the recursion (1.3).

Then lim, o ||z — Th 2y || = limy— o0 ||2n — Toxy, || = limy, o0 ||2n — T32,|| = 0.
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Proof. Takep € F(T), by Lemma 2.1 lim,,_, ||z, —p|| exists. Let lim,, . ||zn
p|| = ¢. If ¢ = 0, then by the continuity of 71, T, and T3 the conclusion follows.
Now suppose ¢ > 0. We claim lim,, o ||z, — T12p|| = limy—oo |2 — Tox,|| =
limy,—oo || Zn, — T3zy|| = 0. Since {uy}, {vn} and {w,} are bounded, it follows
that {u, — z,}, {vn — z,} and {w,, — z,} are all bounded. Now, we set

r1 = sup{||un, — xn|| i n > 1}, ro =sup{|lvn — znl| : 0 > 1},

rg = sup{||w, — zpl| :m > 1}, r=max{r;: 1 <i <3}

Taking limsup on both the sides in the inequality (2.1), we have

(2.4) limy, o0 [ 20 — 2l < c.

Similarly, taking limsup on both the sides in the inequality (2.2), we have

(2.5) m71—>C>O||yn —pll <e
Next, we consider
1T1yn — 4+ yn(un — 20)|| < [Tayn — pll + Yallun — 24l
< lyn = pll + Yo
Taking limsup on both the sides in the above inequality and using (2.5), we
get that
limy, oo [Ty — P + Y (tn — 20) || < c.
The inequalities
[0 =P + A (un — 2n)l| < [lzn — Pl + Yallun — 2all
< [lzn = pll + var,
yield
limy—oo[[Tn — P+ Y (un — 20)|| < c.
Again, nh_)n;o |n+1 — p|| = ¢ means that

(2.6) lim,, o |[an(T1yn =P+ (un—2n)) +(1—an)(@n—p+yn(un—2,))|| > c
On the other hand, we have
lan(T1yn — P+ (un — x0)) + (1 — an)(@n — p + Yn(un — 25))||
o[ Tiyn = pll + (1 — an)llzn = pll + nllun — 20
<an|lyn —pll + (1 — an)l|lzn — pl| + llun — 24|

/

<an(llzn = pll + vpr +757) + (1 = an)llzn = pll + Yallun — 24

<llzn = pll + 757 + 01 + Yt
Therefore, we obtain
(2.7) mn—onan(Tyn_p+7n(un_xn))+(1_an)(xn_P“"Yn(un_xn))H sc
Formulas (2.6) and (2.7) yield

nh_{go lan(Thyn — p+ Yo (un — zn)) + (1 — an)(@n — P+ Ynlun — x0))[| = c.
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Hence applying Lemma 1.1, we have
(2.8) nlLH;o | T1yn — xn|| = 0.
Next, we observe that
1 = pll < I Tigm — all + Ty — o]
< Ty — wall + lym — 1l
The latter yields
¢ <lim, oo[[yn — pl| < limnoollyn —pll < c.
That is,
Jim |y, —pl =
Again, lim,, .« ||yn — p|| = ¢ implies that
(2.9) lim,, o[l (Tozn —p+y (vn =) + (1= 0, ) (B0 —p+75 (va —2n)) || = c.
Similarly, we obtain
I (Tazn — P+ Y5 (v — @) + (1 = 0g) (@0 — P+ 75 (v — 7))

<ap||Tazn —pll + (1 — o) l|lzn — pll + 75 llve — 2|

<apllzn —pll + (1 = o) |lzn — pll + vpllve — 2l

<oy ([2n = pll +757) + (1 = ag) |20 = pll + llvn — 2al

<llzn = pll + 77 + 701
Therefore, we have
(2.10) limp—oo|l (Tozn —p+75 (vn—2a)) + (1= ) (0 —p+am (v —20)) || < c.
Formulas (2.9) and (2.10) yield
(2.11) lim (e, (Tozn —p+7,(vn —2n)) + (1= i) (w0 —p+ 75 (0n —20))[| = ¢
Notice that

T2z =+ Y (v — 2a) | < 1 T220 = pll + Y5 llvn — zall
< |lzn — pll + Y1

Taking limsup on both the sides in the above inequality and using (2.4), we
have

(2.12) limy oo [ T22n — p + Y5 (v — 20)[| < c.
The inequalities
l2n = P+ Yn(vn = 20l < llzn = pll + mllvn — 20l
< |lzn — pll + 757,
yield
(2.13) Ty, o0 [0 — P 475, (vn — 20) || < €.
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Applying Lemma 1.1, it follows from (2.11), (2.12) and (2.13) that
(2.14) lim || T2z, — z,|| = 0.
n—oo
The inequalities
[z = pll < | T220 — zall + [ To2n — pll
<N Toz — ol + |20 — pll,

yield o
¢ < Tim,, oy 2 — pl| < Fco 20 — pl] < e
That is,
(2.15) lim ||z, —pl| = ¢
n—oo

Using the same method, we have
(2.16)
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lim{|ay, (Ts2n = p+ 3 (wn = 20)) + (1= ap) (@n — p+ 9 (wn — 20)) = pll = ¢

n—oo

The inequalities
1

T30 — p + v (wn — 20)|| < T2 — pll +vpllwn — zn]

yield

(2.17) limsup || T3z, — p + Yo (wp, — x) || < c.
n—oo

Again,

lzn = p + 3 (wn = 2n) [l < 2 = pll + ollwn — ]|

< l#n — pll + 75
Therefore, we obtain

(2.18) limy,ool|Zn — p + Yo (wy, — 2,)]| < e
Formulas (2.16), (17) and (2.18) yield
(2.19) lim ||Ts2, — x| = 0.

n—oo

Next we prove
nh_)rgo | Toxy, — x| = nh_)ngo | T2y — zp|| = 0.
We note
T2y — xn| < llzn — Taynll + 1 T1yn — Tiza||
<||@n = Tiynll + lyn — znll

= [|zn — Taynll + ”P(O‘;zTﬂn + ﬁ;zxn + ’Y;zvn) — Py

< llen = Taynll + llag Tozn + B + Ypvn — 2
< llen = Taynll + 1 T22n — zall + 757
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It follows from (2.8), (2.14) and )7 v, < oo that

(2.20) |Thxy, — x| — O, as n — oo.

Similarly, we have

|T2wn — x| < |70 — Toznll + [|Tozn — Tz ||

< o — Toznl| + [|2n — zn]|
= |lzn — Tozn|| + | P(a Tszn + Ban +v7) — Paa|
< |lzn — Toznll + lagT32n + Bran + ynr — onl|
< lwn — Tozn|| + | 520 — 20| + v

It follows from (2.14), (2.18) and > 2 ;v < co that
| Toxy, — zp|| — 0, as n — oo.
That is,
nanolo T2, — x| = nh_)ngo | Toxy, — zp|| = 7111—{20 |1z — xy|| = 0.

This completes the proof of the theorem.

Theorem 2.1 Let K be a nonempty closed convex subset of a uniformly convex
Banach space E satisfying Opial’s condition. Suppose T,T5 and T3 : K — E
be nonexpansive mappings. Let {z,} be defined by (1.3), where {a,,}, {6},
[k, {a b, 180}, {00, (a2}, {82} and {3/} be real sequences in [0, 1] such
that an+Bn+vn = o, + 65+, = o + 8+, = 1and € < ap, o, 0 < 1—¢
for all n € N and some € > 0. Then {z,} converges weakly to some common
fixed point of T7,T> and T3.

Proof. For any p € F(T1) N F(T2) N F(T3), it follows from Lemma 2.1 that
lim,, o ||Zn — pl|| exists. We now prove that {z,} has a unique weak subse-
quential limit in F(T'). Firstly, let p; and pa be weak limits of subsequences
{zp, } and {z,,} of {z,}, respectively. By Lemmas 1.2 and 2.2, we know that
p € F(T). Secondly, assume p; # po, then by Opial’s condition, we obtain

lim [|zn, —pif| = lim [Jzn, —pi] < lm [[2n, —pef| = lm ||z, — pof]
n—00 k—o00 k—o0 j—o00
< Jim 2, = pa| = lim 2, = pu]|
k—oo n— 00

which is a contradiction, hence p; = pa. Then {z,,} converges weakly to some
common fixed point of 77,75 and T3. The proof is completed.

Next, we shall prove a strong convergence theorem.

Theorem 2.2 Let E be a uniformly convex Banach space and K a nonempty
convex closed subset which is also a nonexpansive retract of E. Let 17, T and T3 :
K — FE be nonexpansive mappings with F(T) # (), where F(T) denotes the
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set of all common fixed points of 77, Ty and T5. Let {ay}, {Bn}, {1}, {a,},
{60}, AL}, {alr}, {6} and {4/} be as taken in Lemma 2.1, starting from
arbitrary z1 € K, define the sequence {z,} by the recursion (1.3). Suppose
Ty, Ty and T3 satisfies condition (A’). Then xz, converges strongly to some
common fixed point of 177,75 and T3.

Proof. By Lemma 2.1, lim,,_, ||z, — p|| exists for all p € F(T'). Let it be ¢
for some ¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By Lemma
2.2,

lim || T3z, — zp| = lim ||Toz, — 2| = lim [|[Thz, —2,|| =0
n—oo n—0o0 n—oo
and (2.3) gives that
inf —p|| < inf - "+ M.
Jnf llwnsa = pll < inf flon = plf + (0 + 7 + )

That is,
d(xn-i-ly F) < d(me) + (’Yg + V;L + ’Yn)M

gives that lim, . d(x,, F) exists by virtue of Lemma 1.3. Now by condition
(A"), limy, 00 f(d(zn, F)) = 0. Since f is a nondecreasing function and f(0) =
0, therefore lim, . d(zn, F') = 0. Now we can take a subsequence {w,,} of
zn and sequence y; C F such that |z, — y;]| < 277. Then following the
arguments from [11], we get that {y;} is a Cauchy sequence in F(T') and so
it converges. Let y; — y. Since F/(T) is closed, therefore y € F/(T') and then
Tp; — Y. As limy o |2 — pl| exists, z,, — y € F(T') thereby completing the
proof.
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