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RATIONAL CUBIC SPIRALS

AYESHA SHAKEEL!, MARIA HUSSAIN? AND MALIK ZAWWAR HUSSAIN?

ABSTRACT. A parametric rational cubic approximation scheme is pre-
sented to preserve the monotone curvature profile of the given curve. The
rational cubic curve has four control points and two free parameters. Val-
ues of control points are attained by C'-approximation. Simple sufficient
data dependent constraints are obtained on the free parameters to preserve
the monotonicity of curvature of given curve. Devised curvature-preserving
approximation scheme is simple and robust.
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1. INTRODUCTION

Designing of visually pleasing fair curves is a fundamental issue in computer
aided design (CAD), especially for automobiles and other consumer goods such
as household appliances where sales largely depend on the appearance of the
products. A curve is fair if it has monotone curvature profile [3, 9] and spirals
are best for fitting fair curves. Well known spirals like Cornu spirals, loga-
rithmic spirals, generalized Cornu spirals (GCS) are defined in terms of arc
length parameter. CAD system is based on parametric curves. Thus these
spirals cannot be directly used in CAD. Therefore approximation of spirals by
parametric curves has been in focus of the researchers [2, 4, 5, 6, 10].

Generalized Cornu spirals (GCSs) [1] are a family of spirals which can be
characterized as straight lines, circles, Cornu spirals and logarithmic spirals.
GCS [1] has rational linear curvature given by

(a+ bs)

k(s):m,ogsgs. (1)

Here s and S are arc length parameters, a and b are real constants and r > —1
is the shape factor. For different values of a, b and r in (1), GCS reduces to
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Cornu spiral and logarithmic spiral. Cornu spiral is a well-known elegant curve
with monotone curvature profile. This property made Cornu spiral a perfect
adequate transition curve for connecting the circles and straight lines in rail-
way and highway design [7].

Efforts have been put by many authors and researchers for fair curve design-
ing. Ali et al. [1] used generalized Cornu spiral (1) for span generation with
given values of end points and end unit tangents of curves. End curvatures
(ko, k1), arc length (S) and shape factor (r) were treated as free parameters.
Firstly, arbitrary values were assigned to these free parameters. Then these
values were readjusted to obtain a GCS that matched the given end points
and end unit tangents of span to obtain desired curve. Baumgarten and Farin
[2] described a method for approximating logarithmic spiral segments by ra-
tional cubic spline curves. Burchard et al. [3] had discussed about the relation
between aesthetic and monotonicity of curvature. Ling and Ali [7] discussed
the application of generalized Cornu spiral in aesthetic design. Aim of us-
ing GCS in aesthetic design is because it has excellent curvature properties.
Cripps et al. [4] proposed a method of constructing an approximation to a
generalized Cornu spiral. Zhu [10] developed the non-rational (quartic and
quintic) and rational (cubic, quartic and quintic) Bézier G?-approximation
schemes for GCS. The G?-constraints introduced length of end tangents as
free parameters. Optimized values of length of end tangents were obtained
by minimizing the relative curvature error of these approximation schemes.
Numerical experiments proved G2 non-rational quintic Bézier curve approx-
imation scheme better than the other approximation schemes discussed in [10].

In this research paper, a parametric rational cubic curve is used to preserve
the monotonicity of curvature of given curves. The rational cubic curve has
four control points and two free parameters. These free parameters are used to
change the shape and curvature profile of curve without changing the data. Al-
though the computation of non-rational curves is easy but rational curves are
preferred over non-rational curves due to presence of free parameters and their
ability to model functions with poles. In this research paper, the control points
are evaluated by C'-constraints i.e. by matching end points and end tangents
of the parametric rational cubic curve and given curve with monotone curva-
ture. Substituting the values of these control points in (1), a C'-parametric
rational cubic curve with two free parameters is obtained. Curvature kp(t)
of C'-parametric rational cubic curve is differentiated w.r.t. arc length pa-
rameter s. Simple sufficient data dependent constraints are derived on free
parameter to guarantee dcll"’—: > 0 over the whole domain. Constraints are
also derived on free parameters to guarantee ‘{;“—SP < 0 over the whole domain
for curves with monotonically decreasing curvature profile. Substituting these
values of free parameter in (2) and (5), the C''-parametric rational cubic curve
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preserving the monotonicity of curvature profile of the given curve is obtained.

Parametric curvature-preserving scheme developed in this research paper has
many advantages over the existing schemes. The details are as follows:

e In [1], GCS was used for span generation. End curvatures of the GCS,
arc length and shape factor r were used as free parameters. Values of
these free parameters were repeatedly adjusted by a subroutine to ob-
tain the desired curve. Parametric curvature-preserving scheme devel-
oped in this research paper works for the given values of end curvatures
and arc length. Therefore, unlike [1] it does not require the modifi-
cation of end curvatures and arc length. Moreover, for a given data
set a fixed value of free parameters («, (3) is obtained which guarantee
monotone curvature profile of the parametric rational cubic curve (2).
On the other hand, in [1] the value of shape factor is adjusted to obtain
the perceived result.

e In [10], optimized values of the free parameters were obtained by mini-
mizing the relative curvature error of the concerned G?-approximation
scheme through well- known numerical search algorithm known as Fast
Evolutionary Programming technique(FEP). Use of optimization tech-
nique increased the complexity and decreased efficiency of the G2-
approximation scheme [10]. The curvature-preserving scheme intro-
duced in this research paper does not involve any optimization tech-
nique for the finding the values of free parameters. Thus it is robust
and simpler than [10].

The rest of the paper is schemed as follows. In the Section 2, the parametric
rational cubic curve with two free parameters is introduced. In Section 3,
constraints are developed on free parameters to preserve monotone curvature
profile of the given curve. Section 4 concludes the paper.

2. C' PARAMETRIC RATIONAL CUBIC CURVE

The parametric form of rational cubic curve [8] is given by

3 (=),
P = = 5000

Here, p;, : = 0,1, 2, 3, are the control points and «, (3, are the free parameters.
Let C(s) be a given curve with arc length parameter s. Let two end points of
C(s) be ¢;,i = 0,1 and two end tangents of C(s) be T;,i = 0,1. If S is the
total arc length of the given curve then

, te[0,1], p; € R (2)

C(0) = ¢g, C(S) =1, C'(0) =Ty, C'(S) =Tx. (3)
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The C'-approximation of the given curve C(s), by the parametric rational
cubic curve (2) is attained by the following end conditions:

/ / / /

P(0) = C(0), P(1) = C(S), P'(0)=C'(0), P'(1) =C'(S). (4)

Applying the end conditions (4) to (2), the following values of the control
points of the parametric rational cubic curve (2) are obtained:

po = a(z0,y0), p1 = (Ba+ B)xo + ato, (3ac+ B)yo + at1),
= ((Ba+ f)xz — aty, Ba+ B)ys — at3), p3s = a(xs,y3).  (5)
with
co = (%0, Y0), c1 = (73,¥3), To = (to, 1), T1 = (t2,13).

3. PRESERVING MONOTONE CURVATURE PROFILE USING C'' PARAMETRIC
RATIONAL CUBIC CURVE

In this section, constraints are developed on the free parameters o and (8
to preserve the monotonicity of curvature of the given curve.

Suppose that the planar curve considered in (3) is a fair curve i.e. it has
monotone curvature profile w.r.t arc length. Let kc(s) be the curvature of the
considered curve C(s). By our supposition, the following end condition holds:

ke (0) > 0 and ko (S) > 0,
ke (0) < 0 and kg (S) < 0. (6)

For the control points given in (5), the parametric equations of the parametric
rational cubic curve (2), P(t) = (z(t),y(t)), are defined as:

fi(?) fa(t)
z(t) = ) and y(t) = Ok (7)
Here,
fit) = axo(l =) + ((3a + Bz + ato)(1 — )%t + ((3a + B)as — aty) x
(1 —t)t* + axst®,
ft) = ayo(1—1)%+ (Ba+ B)yo + at1)(1 —t)*t + ((Ba + B)ys — ats) X
(1 — )t + ayst®,
g(t) = a+B1 -t

The curvature of the parametric curve, P(t) = (z(t),y(t)), is given by

kP(t) — dt  dt? dt  dt? (8)

d d 3

(G0 + (GF)}2
The C!-parametric rational cubic curve (2), preserves the monotone curvature
profile of the given curve C(s), if the curvature kp(t) is also monotone function
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of arc length s. The desired condition is expressed mathematically as:
dkp
ds

Here, ‘Z“—SP, is obtained by the chain rule as follows:

dkp  dkp(t) dt
kb S — 1
ds dt ds (10)

The parameter ¢ and the arc length s of the C'-parametric rational cubic curve

(2), are related as:
t | dx dy
= — )24 (=) dt 11
s= [ Gr+Eh ()

A simple computation can reproduce the following:

>0 9)

de d3 dy 3z ((dx d de d? dy d?x\ (dz d*x dy d?
dkp(t) _ (Gt — @) (@) + (@) 3G & — @ @) G @ + d i)
Y 2 ’
i () + (g
(12)
and
ds dx dy
S (52 (P2 13
=G+ () (13)
Substituting the values from (12) and (13) in (10), we have
XL 3 31‘ X 2.’E 2
dkp _ i £l B IELE+3H) (dﬁﬁ_@@) (14)
ds ((E)2+ (3D (G2 + (gH»? ~dtde? dt d* ™

dt dt

It follows from above expression that CZ“—; > 0, if

dx dy d3x d3y d’x d%y de d>y dy d*x

— >0, —>0, — <0, — >0, — <0, — <0, (—————7— 0

- S ad T ae S ae < ’(dtdt2 dtdt2)> ’
(15)

with

to > A1 > to,t1 > Ag > t3,t9 > 0,81 > 0,19 > 0,13 > 0, A1 > 0,A9 > 0,

Ay = w3 — 20, A2 = Y3 — Yo.

Now, to preserve the monotonicity of curvature of the given curve by the
parametric rational cubic curve (2), we shall determine the constraint on free
parameters for which the inequalities in (15) hold.

The first, second and third order derivatives of the parametric rational cubic
curve (2), are given by

dv  A(t) dy _ B() d*x C(t) d?*y D(t) d*x E(t)
dt (9(t))
Py F@)
ar = (g (16)




150 AYESHA SHAKEEL!, MARIA HUSSAIN? AND MALIK ZAWWAR HUSSAIN?

Here,

Ag
Ay
Ay
As
Ay

By
By
By
Bs
By

Co
Ch
Ca
Cs
Cy
Cs

4
Alt) =) (1 - 1)t 4, (17)
i=0

042t07

2a{(3a + B)A1 — ata},

302A1 + (3a+ B){(Ba+ B)A; — ats — atg},

20{(3ac + B)A1 — atp},

a2t2.

4
B(t)=> (1-t)*"tB;, (18)
=0

a2t1,

20&{(30& + ﬁ)AQ — atg},

3042A2 + (Ba+ ﬁ){(?)a + B)Ay — atg — Oztl},

20{(3a + B)As — aty },

Ot2t3.

5
C(t)y=> (11—t 'tC, (19)
=0
20%{(3a + B)A1 — aty — (2a + B)to},
202 {7a(A1 — to) + 2B8(A1 — tg) + 20(A] — t2)},
2a{(6a* + aB)A; — (8a® + af)ty + 20°ts},
20{ (=60 — af)A; + (802 + af)ty — 2%y},
202 {Ta(ty — A1) + 2B(ta — A1) — 2a(A1 — 1)},
20%{—(3a + B)A1 + atg + (2a + B)ta}.
5

D(t) =) (1-t)°'D;, (20)
1=0
20°{(3a + B) Ay — at3 — (20 + B)t1},
202 {Ta(Dg — t1) + 206(Ag — 1) + 20(Ay — t3)},
20{ (602 4+ a3) Ay — (82 + af)t; + 2a°%t3},
2a{(—6a% — aB) Ay + (80° + af)ts — 20°t, },
202 {Ta(ts — Ao) + 26(ts — Ag) — 20(Ay — t1)},
202 {—(3a + B)Az + aty + (2a + B)ts}.
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6
E(t)=> (1-t)°"E, (21)
=0
Ey = 6*{—(20% +4aB + (%) A1 + (& + 3083 + %)to + (o? + afB)ta),
By = 120%{(3a® +2a)(ty — A1) — (302 + Taf) (A1 — to) — 26%(A1 — to)},
Ey = 2a%{(4502 +13af)(ty — A1) — (4502 + 83af + 166%) (A1 — to)},
B3 = 1202{—(20a% 4 1008 + #?)A1 + (10a? + 1003 + %)t + 100°ts},
Ey = 6a*{—(30a% — 8% A1 + 5a(3a + B)tg + 5a(3a — B)ta},
Es = 12a%{(30* —2af)(ta — A1) — (3a* — aB) (A1 — to) — F(t2 — A1)},
Es = 6a*{—(207 —4af — 8°)A1 + (o® — af)to + (o — aff — 7)t2}.
6

F(t)=> (1-t)t'F, (22)
=0
Fy = 6a*{—(20 +4af + 8% As + (a? + 3aB + )t + (o + aB)ts},
Fi = 1202{(3a® +2a8)(t3 — Ag) — (302 + TaB)(Ag — t1) — 26%(As — 1)},
By = 2a%{(4502 +13ap)(t3 — As) — (4502 + 83aB + 166%)(Ay — 1)},
F3 = 1202{—(2002 + 10a8 + (%) Ag + (1002 + 10a8 + £2)t; + 10a2t3},
Fy = 6a%{—(30a% — 8%)As + 5a(3a + B)t1 + 5a(3a — B)ts},
Fs = 12a*{(30® — 2ap)(t3 — Ag) — (3a® — af)(Ay — t1) — B%(ts — Az)},
Fs = 602{—(2a% —4a8 — Ay + (o — af)ty + (a* — af — 3*)t3}).
From (17), 4 > 0 if
A;>0,1=0,1,2,3,4 and (g(t))* > 0.

(g(t))? is always positive so ‘fl—f > 0 if

a>0,0>0,4,>0,i=0,1,2,3,4.

Obviously, Ag > 0 and A4 > 0, from the necessary conditions of monotonicity
of curvature.
Moreover, A1 > 0 if

aty

B> A (23)

Ag > 0 if

a(ty + ta)

_— 24
B> A (24)

A3z >0 if
g> a0 (25)
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From (23),(24) and (25), 4; > 0,i=0,1,2,3,4 if

a >0,
and
aty afty+t2) atg
0, 20 0T R) Atz
B> mar{l, 5K A,
d .
7? > 0 lf

B;>0,i=0,1,2,3,4 and (g(t))* > 0.

Obviously, By > 0 and By > 0, from the necessary conditions of monotonicity
of curvature.

Moreover, By > 0 if
Oétg

—. 2
f>4, (26)
By > 0 if
oty + tg)
_—, 2
B> =4, (27)
Bs > 0 if
Oztl
—_—. 2
A>3, (28)
From (26),(27) and (28), B; > 0,i =0,1,2,3,4 if
a >0,
and ( )
aty oty +1t3) ats
B > max{0, Ay Ay AL
% < 0if
C;>0,i=0,1,2,3,4,5 and (g(t))* > 0.
Here, C; = —C;,i = 0,1,2,3,4,5. C!s are already defined in (19).
(g(1))® > 0if
a>0,8>0.
6(), 6’1 > 0 if
(tz — Al)a
- 29
B> A, (29)
Co > 0 if
2(t2 — to)a
_ 30
B> P (30)
Cs > 0 if
8> M. (31)

Ay —to
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54,5’5 > 0 if
(to —Al)a
S 32
B> At (32)
From (29),(30),(31) and (32), C; > 0,i =0,1,2,3,4,5, if
a >0,
and
to — A 2ty —t 2ty —t to — A
5>max{07(2 1)047 (t2 0)047 (t2 0)047(0 1)04}'
to—Al to—Al Al—tg Al—tg
Ly <0 if
D;>0,i=0,1,2,3,4,5 and (9(t))> > 0.
Here, D; = —D;,i = 0,1,2,3,4,5. D}s are already defined in (20).
(g(t))® > 0 if
a>0,8>0.
150,51 >0 if
(AQ —tg)a
— 33
B> A, (33)
Dy > 0 if
2(t3 —tl)Oé
_ 34
B> I (34)
153 > 0 if
2(ts — t1)
—_ 35
B> e (35)
Dy, D5 > 0 if
(tl —Ag)O&
—_ 36
B> e (36)
From (33),(34),(35) and (36), D; > 0,i=0,1,2,3,4,5, if
a >0,
and
Ay —t 2ty —t 2tz —t t — A
6>ma:c{0,( 2 3)047 (ts 1)047 (ts 1)04’(1 2)04}'
tl*AQ tl*AQ Agftg Agftg
4o <0 if
E;>0,i=0,1,2,3,4,5,6 and (g(t))* > 0.
Here, E; = —E;,i=0,1,2,3,4,5,6. E!s are already defined in (21).
(;q(t)~)4 > 0 is always positive.
Ey, B >0 if
to — A
8> w. (37)

Ay — 1
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Ey > 0 if
5> 13(752—A1)a'
16(A — to
E3 >0 if e A
tQ— 1)
ﬁ>7A1—to .
Eyif
3> 3(t0+t2)a'
to — to
Es, Eg > 0 if " |
1—t004
ﬁ>7t2—A1 .

From (37)-(41), E; > 0,i =0,1,2,3,4,5,6, if

a >0,
and
- A 1 —A —A A1 —
,8 S ma:n{(), (tz 1)06’ 3(t2 1)05’ (tz 1)04’ 3(t0 —|—t2)0& ( 1 to)a}.
A1 — 1o 16(A1 — 1o A — 1o to — 1o ty — A\
>0 if
F;>0,i=0,1,2,3,4,5,6 and (g(t))* > 0
Fy, By > 0 if
(t3 — AQ)OZ
-_— . 42
B> (42)
Fo > 0if
13(t3 — AQ)OC
_ 43
B> 6, — 1y (43)
F3>0if
(t1 — 2(Ag) + t3)c
. 44
s> Ay 1o (44)
Fy>0if
5(t3 — t1>0z
_ 45
B> f A, (45)
F5, Fs > 0 if
(AQ — t1)a
- 46
B> A (46)

From (42)-(46), F; > 0,i =0,1,2,3,4,5,6, if

a >0,
and

B > max{0,

(t3 — Ag)a 13(t3 — AQ)O[ (tl —2A5 + t3)a 5(t3 — tl)a (AQ — tl)a

Ay —tq ’ 16(A2—7§17 Ay — 1 ’ t3 — Ay ’ t3 — Qg

.
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dx d?y dy d? .
aaz — aar >0

(totg — tltg)()é (totg - tltz)a
Agto - Altl ’ Altg — A2t2 ’

The above discussion can be summarized in the following theorem.

B > max{0,

Theorem 1. The parametric rational cubic curve defined in (2), preserves
monotonicity of curvature of given curve if the free parameters o and 3 satisfy
the following constraints:

a >0and f >U. (47)
Here,
U = maz{0, Hy, k = 1,2,3, ..., 22} (48)
at Oé(to + tg) ato ats Oé(tl + t3)
H = — Hy=—~~ % Ho=_"°"H/ =2 Hr=_—__ 2/
1 Al 5 £12 Al s 443 Al s 114 AQ s 415 AQ )
Oétl (tz — Al)Oz 2(t2 — to)Oé 2 t2 — to)Oé
Hy = g, \272vc g AAmloe g 227 )
0 AT (o —A) T to—A) YT (A —t)
H10 _ (t(] — Al)Oé = (AQ — tg)Oé o = 2(t3 — tl)Oé
(A1 —t2) (t—A2) (t1—A2)
H _ 2(t3 — tl)a _ (tl — AQ)OZ _ (tg — Al)Oé
13 AQ — t3 s 41114 AQ — t3 , 1115 Al — t()
H . 13(t2 — Al)oz . 3(t0 + tQ)O[ B 13(t3 - AQ)O[
O T a6(A —to) T T (ta—to) T 16(Ay—ty)
(tl — 2A2 + (t;;)a 5(t3 - tl)a (tgtg — tth)Oé
Hiy = Hyp = 2370 1y ol mhif2)a
(totg — tth)Oé
Hyy = S0i37hif2)a
2 Aqts — Aoty

Remark 1. The Theorem 1 can only be used to preserve the monotonically
increasing curvature profile of spirals. However there are spirals with monoton-
ically decreasing curvature profile. To deal with these spirals it is necessary to
develop parametric rational cubic function (2) with monotonically decreasing
curvature. It can be easily concluded from (14) that parametric rational cubic
function (2) will have monotonically decreasing curvature profile i.e. ﬁ“—f <0
if

dx dy 3z d3y d*x d%y

— >0, —>0, — >0 <0, — >0
dt

a @l <0 e 0 e > (e ae) ~ O

dt dt2  dt dit2
(49)
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Values of these derivatives have been already defined. Substituting these val-
ues in Eqn. (49), it is observed that the conditions on derivatives given in (49)
are true if the free parameters a and 3 of the parametric rational cubic curve
(2) satisfy the following constraints:

a>0, B>W (50)
where
W = maz{0,Gy, k =1,2,3,...,17},
_ oo oot ooty o oty o altotity)
Gl - A17G2_A27G3_A17G4_A27G5_ Al )
Oé(tl + tg) (tg — Al)Oé 2(t0 — tQ)Oé Q(to — tQ)Oé
Go = 2th) g oA o Gy — ,
’ Az ’ (A1 —1o) * (A1 —to) ’ (t2 — Ay)
Gio = (Al — tO)a Gy = (t3 - A2)a Gro = 2(t1 - tg)Oé 15 = Q(tl — tg)O(
(ta — Ay) (Ag—t1) (Ag —t1) ' (ts — Ag) '
G14 _ (AQ - tl)O& 15 = 2(t1 — t3)0& G16 _ (t(]tg — tltg)a
(ts — Ag) ’ (ts3 — Ag) ’ Aoty — Aqty
G _ (totg — tth)Oé
1 Aqts — Asgts '

Algorithm 1.

Step 1: Input end points (zo, yo, z3,y3) and end tangents (o, t1, ta,t3)
of the given curve.

Step 2: Assign any positive value to free parameter a.

Step 3: If k-(0) > 0 & ky(S) > 0, then calculate the value U from
relation(47). If k(0) < 0 & kp(S) < 0, then calculate the value W
from relation (50).

Step 4: If k(0) > 0 & k(S) > 0, then 8 = U+wvy, v1 > 0. I k(0) < 0
& kp(S) <0, then 8 =W + vy, v > 0.

Step 5: Substitute the value of end points, end tangents and free pa-
rameters « and (3 from Steps 1, 2 and 4 in (2) and (5) to obtain a
Cl-parametric rational cubic curve with monotone curvature profile.

Remark 2. In Algorithm 1, vy is a positive real free parameter, so any positive
real value can be assigned to it. However, to avoid interval tension, it is advised
to assign small positive value to free parameter v;.

4. CONCLUSION

In this research paper, C'-parametric rational cubic curve with two param-
eters a and 3 is used to preserve the monotone curvature of the given curve.
Unlike [1], the developed approximation scheme of this research paper does
not require modification of arc length, end curvatures and free parameters. It
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does not involve any optimization technique therefore it is simpler than [10].
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