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Abstract

We study the composition of F. R. Cohen’s map B,, — B, with the standard representation of B, where
B,, is the braid group on n strings. We prove that the obtained representation of B,, is isomorphic to the
direct sum of k copies of the standard representation of B,. A similar work is done for the welded braid
group why,.
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1. Introduction

There are many kinds of representations of B,,, the braid group on n strings. Some of the main rep-
resentations of the braid group are the Burau representation, Wada representations, and the standard
representation. The standard representation is known for its simplicity. In fact, it was first discovered only
in 1996 by Dian-Min Tong et al. [12], and it was studied by I. Sysoeva [11].

In this paper, we consider wB,, the welded braid group, which is a 3-dimensional analogue of B,.
Welded braid groups, also known as loop braid groups, have different definitions in terms of configuration
spaces of circles in the 3-ball B3, as automorphisms of free groups, or as tubes in R*. In [9], C. Damiani
presented various definitions of welded braid groups and proved the equivalence of these definitions. The
representation theory for these groups is recently studied. Burau representation extends, in terms of Fox
derivatives and Magnus expansion, to welded braid groups [3]. In [4], Bellingeri and Soulié extended Long-
Moody procedure to wB,, and compared different Burau representations for wB,,. They extended some types
of Wada representations to welded braid groups. Also, they introduced the Tong-Yang-Ma representations
of wB,, and its dual. The standard representation of wB,, is obtained in a similar way.
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We consider the map B, — B introduced by F. R. Cohen, which is defined on geometric braids by
replacing each string with & strings [8]. In [1], M. N. Abdulrahim studied the composition of the Burau
representation and the natural map B, — B,;. Constructing a free group, Gpm, of rank nm, M. Abdulrahim
and N. Kassem composed Cohen’s map on m strings and the embedding By, — Aut(Gp,) via Wada’s map
12].

In Section two of this paper, we give basic definitions concerning B,, and wB,, and introduce some of
their main representations. Also, we present some previous known results, needed in our work, concerning
monomial matrices.

In Section three, we study the composition of Cohen’s map, B,, — Bk, and the standard representation,
Bk — GLyp(Z[t, t71]). Our main result is Theorem which shows that the linear representation obtained
by composing Cohen’s map and the standard representation is isomorphic to a direct sum of k copies of the
standard representation of B,,.

In Section four, we extend this work to the welded braid group. We aim to construct linear representations
of wB,, of high degree. Using Cohen’s map on k strings, we define a map 9 : wB;,, — wBy,, and we show
that it is a well defined homomorphism. We compose 1 with the standard representation of wB,,;, to obtain
a representation of wB,, of degree nk. The composition of 1) with representations of B,, may result in new
representations of whB,,.

2. Definitions and Known Results

We recall some basic definitions of braid groups and welded braid groups. In particular, we define the
standard representation of the braid group and that of the welded braid group. Also, we present Cohen’s
map. Then, we give some previous result of monomial matrices that are needed in our work.

Definition 2.1. [5] The braid group on n strings, B, is the abstract group with generators o1, ..., 0,1 and
a presentation as follows:
Oi0i+10; = 0i410i0i+1, =1,2,...,n —2

oioj =004, |i—j|>2.

There are many representations of the braid group B,. One of these is the standard representation of
degree n.

Definition 2.2. [12] The standard representation is the representation
p: Bn — GLn(Z[t*))

given by :

0 t .
ploi) =11 @ <1 0) ®lyi—1,fori=1,2,..,.n—1.

Here, I is the k x k identity matrix.

According to [0], the fundamental group of the space of configurations of n unlinked Euclidean circles
being all parallel to a fixed plane is generated by two types of moves. The move 7; is the path permuting
the ¥ and the (i + 1)*" circles by passing over or around, and the move o; permutes them by passing the
it" circle through the (i + 1),
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Definition 2.3. [6] The welded braid group on n generators wB,, admits a presentation with generators
{oi,7i;i € {1,...,n — 1}} together with relations:

r o;0] = 0105 if ‘i—l’ZQ (1)
, 0i0i410i = 0100541 if i€ {l,...,n—2} (2)
, T =TT if |i—11]>2 (3)

TiTit1Ti = Ti+1TiTi+1 if i€ {1,...,%—2} (4)

=1 if ie{l,...,n—1} (5)
, OiTl = Ti0; if |[i—1|>2 (6)
y Ti0i410; = 0 410Tj+1 if ¢ {1, Lo, = 2} (7)
( OiTit1Ty = Ti+1TiOi+1 if 7¢ {1, Lo, = 2} (8)

In [12], Tong, Yang and Ma investigated the representations of braid group where the i*" generator is
sent to a non-singular matrix of the form

a b
plo;) =1Idi—1 @ (c d) ®Idy—i—1.

They proved that only two non trivial representations of this type exist (up to equivalence and transpose):
the unreduced Burau representations and the Tong-Yang-Ma representation. The standard representation
is the transpose of the Tong-Yang-Ma representation. This representation can be extended to welded braid
groups in the following way:

Proposition 2.4. The standard representation of the welded braid group is the representation

wB, — GL,(Z[t*"])

given by
0 t 0 1
ploi) =1dia @ | )@ ldp—i1 , p(ri) =ldia @ || ) @ Ldni
for all natural numbers i € {1,...,n — 1}.

Proof. The matrices for o; define the standard representation of the braid group and those of 7; define
the permutation representation of the symmetric group. It follows that we only need to check the mixed
relations between the braid and symmetric generators of wB,, (see Definition [2.3)). O

To construct representations of higher degree, F. R. Cohen defined a map on geometric braids that
replaces each string with k& strings.

Definition 2.5. ([7], [8]) The Cohen representation is the map B, — By defined as follows:
0i = (OkiOkit1 - - - Ohith—1)(Oki—10ki - - - Okitk—2) - - - (Ohi—kt10ki—k+2 - - - Oki)-

The image of the braid o; is the braid obtained by replacing each string of the geometric braid, o;, with k
parallel strings. This tensor product of braids is a homomorphism. For more details see [7].

The images of the generators of braid group under the standard representation are monomial matrices.
Thus, we introduce some results concerning this type of matrices.

Definition 2.6. [I0] A Monomial matrix of order n is a regular n x n-matrix which has in each row and in
each column exactly one non-zero component. Monomial matrices form a group. Permutation matrices are
monomial matrices in which all nonzero components are equal to 1. Its rows are a permutation of the rows
of the identity matrix.
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Let P(i1,...,i,) be the permutation matrix associated to the permutation
(11, .-y in).

Lemma 2.7. [10] Every monomial matriz is a product of a diagonal matriz with a permutation matriz. In
general, any monomial matriz can be written in the following way:

M(ay,...,ap;i1,. .., i) = diag(ai,...,an)Pi1, ..., 0,).

The notation for the diagonal matriz is the obvious one: diag(ai,...,ay,) is the diagonal matriz with (i, i)
entry a;.

We consider the cycle decomposition of a monomial matrix M (a1, ...,an;41,...,i,) as the cycle decompo-
sition of the permutation (i1, ...,1,).

Note. Let {ej,1 < j < n} be the standard basis and M be a monomial matrix. Then, M(e;) = a;;e;;,

where a;; is the non zero element in the i;h row, and i; is the image of j under the considered permutation.

3. Composition of Cohen’s map and the standard representation
In this section, we study the image of the composition map
¢(n,k) : By = By, — GLuk(Z[t,t71]),

where the first map is Cohen’s map (see Definition , and the second is the standard representation, p

(see Definition [2.2)).
¢(n, k) (o) =

= P((Ukiaki+1 - -UkiJrkfl)(UkiflUki cee Uki+k72) o (Oki—k 1Ok~ kt2 - - Uki))-
Thus, the image of o; under ¢(n, k) is a product of k factors of the form
P(Uki—j+10ki—j+2 e Uki—j+k)a

starting from j = 1 till j = k. Therefore, to obtain our result we consider two steps. In the first, we
compute p(Oki—j+10ki—j+2 - - - Oki—j+%) for each j. In the second, we compute their product. These two steps
are represented in the next two propositions. In what follows, let p be the standard representation of B,.

Proposition 3.1. For any positive integer k, and 1 <1i < n — 1 we have:

p(aki—j+10ki_j+2 N Uki—j—f—k)

( L | 0 0 \
0 tF
@ 0 0 D Ink—k

\0 Ikoo IH/

= Ir(i-1) (i+1)

oralll <j <k.
[ J

Proof. We use induction to show that, for any natural number m such that 1 <m <k,

P(Oki—j410ki—j42 - - - Oki—jtm) = P(Oki—j+1)P(Oki—jt2) - - - P(Oki—jtm)

(i+1)-

Ii—; 0 0

=1 1) D 0 0 " 0 @1
= tk(i-1) \ I, 0 nk—k
0

0 Tt j—m—1
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For m = 1, it is true, by Definition We easily see that

( Iij| 0 0 \
0 ¢
p(oki—jr1) = ey ® 1 0 | | 0 D Lnk—k(it1)-
\ 0 0 | Ihyj

Assume it is true for m = r with 1 <r < k. Then, for m = r + 1 we have

p(UkifjJrl)P(UkifjJﬂ) s p(UkifjJrrJrl) = (P(Umejﬂ) ‘e p(Ukifj+r))P(Ukifj+r+1)-

By assumption, p(ogi—jy1) - - p(Ohijir) =

Li;| 0 0
0
= Iii-1) @ 0 I 0 0 & Ink—k(i+1)
0 0 Ik+j—r—1
L 0 0
0 ¢ 0
=l-ny®y 0 | I, 00 0 1 D Lnk—k(iv1)- (1)
0 0 1
\ 0 0 Ty jr—2 /
Again, from Definition we have that p(opi—jiri1)
T jir 0 0
0 ¢
= Ik(ifl) ® 0 1 0 0 D Inkfk(z#l)
\ 0 0 | Tpyjr—2
L 0 0
I. 0 0
0 1 0
\ 0 0 Ik+j—r—2 /

Using (1) and (2) we get

P(Oki—j+1)p(Oki—j+2) - - - P(Oki—jrr+1) = (P(Oki—j+1) - - - P(Oki—jtr)) P(Ohimjtrs1)

s 0 0
0 0 ¢t
=Li-n®, 0 | I, 0 0 0 1 D Lnk—k(it1)
0O 1 O
\ 0 0 Iiyjr o /
I 0 0
0 t?“+1
= Iyi-1) ® 0 L1 0 0 ® Ink—k(iv1)-
\ 0 0 Ty jr—2 }

So, it is true for m = r + 1, and thus, it is true for all m such that 1 <m < k.
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Proposition 3.2. Let k be a positive integer, then

P(OkiOkit1 - - - Okitk—1)(Ohi=10ki - - - Okitk—2) - - - (Thi—k 1 Oki—k42 - - - Oki))

0 t*] .
= Ipi-1)® (Ik 0k> ® Lip—r(ivy 1=1,2,...,n—1

Proof. Let s be the number of consecutive factors of the form
P(Oki—j+10ki—j+2 - - - Oki—j+k) - We use induction on s, 1 < s <k, to show that

P((OkiOki+1 - - - Ohith—1)(Tki—10ki - - - Ohi+k—2) - - - (Jki—(s—l) o Okitk—s))

L] 0] 0
= Iyi1) @ 0 [0t | ® Lu—kitn-
0 [I,] 0

We show it is true for s = 1. Using the result of Proposition [3.1} we have that

( Lal o o \
k
o | Y T lo lar,,

P(OkiOkit1 -+ - Okivk—1) = Ip(i—1) D I, 0 (i+1)
0 0 Iy
I._1]1 010
= Iii-1) @ 0 |0t | ® Lkt
0 I. | 0

Assume it is true for s = r where 1 < r < k. We show it is true for s = r + 1. By assumption, we have for

s=r
P((OkiOkit1 - Okivk—1)(Oki—10ki - - - Ohirk—2) - - - (Ohiz(r—1) - - - Okitk—r))

Iy 0] O
= Ik(i—l) D O O tkLn D Ink—k(i—‘rl)'
0 |I| O

Using Proposition for j=r+1, p(oki—r-.. aka,(rH))

(Ikrl 0 0 \
0 tF
= ITpi-1) @ 0 I, 0 0 V& Lng—k(iv1)-
\ 0 0 |1 /

Using direct computations, we obtain that

P((OkiOkit1 - Okivk—1) -+ - (Thiz(r—1) - - - Okitk—r) (Ohkir - - - Ohiph—(r41)))

karfl 0 0
= ITpi-1) @ 8 IO t’“ISH & Ink—k(it1)-
k

Therefore, it is true for all s such that 1 < s < k.

Using Proposition [3.1| and Proposition we state the following lemma.
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Lemma 3.3. Consider the composition map ¢(n,k) : B, — Bui — GLnk(Z[t,t7Y]), where the first map is
Cohen’s map and the second is the standard representation, p. The images of the generators of B, under
o(n, k), are given by

0 t+] :
d(n,k)(0:) = Ip(i—1) ® <Ik 0k> ® Ink—k(iv1) » =12,...,n—1

After obtaining explicitly the images of the generators of B,, under ¢(n, k), we now study the irreducibility
of p(n, k).

Theorem 3.4. The linear representation, ¢(n, k) : By, — B — GLnp(Z[t, t71]), obtained by composing
Cohen’s map with the standard representation is the direct sum of k copies of the standard representation of
B,, after replacing t by t*.

Proof. We first prove that there exists k£ non trivial invariant subspaces each of dimension n. Let U; be the
subspace generated by €j, €; 1k, €42k, - - -, €4 (n—1)k for 1 < j < k. We show that Uj is an invariant subspace,
for all j. Using the result of Lemma |3.3| and the fact that each matrix ¢(n, k)(o;) is a monomial matrix, we
consider the cycle decomposition of each matrix ¢(n, k)(o;), for 1 < i <n — 1, as follows:

(1)(2)... (ki — 1))
(k(i — 1) + 1,k + 1) (k(i — 1) + 2,k + 2) ... (ki ik + k)
(k(t+1)4+1)...(kn).
Using the above cycle decomposition and the result of Lemmal[3.3|and Lemmal[2.7, we compute ¢(n, k)(04)(ej41x),
for0<i<n-—1.
Since 1 < j < K, it follows that j + (i — 2)k < k(¢ — 1). Then, the images of the first i — 1 vectors in U;

under ¢(n, k)(o;) are as follows:

o(n, k)(0i)(ej) = e;
o(n, k) (0i)(ejrk) = €jik

d(n, k) (03) (€4 (i—2)k) = €jt(i—2)k-

Also, we have that 14+ (i — 1)k < j+ (i — 1)k < ki, and 1 + ik < j + ik < k(i + 1). Then, the images of the
vectors e; ;1) and eji are as follows:

P(n, k) (03)(ejoi—1)r) = €j+ik

d(n, k) (o) (ejyir) = tkej-i-(i—l)k
Moreover, 1 + (i + 1)k < j + (i + 1)k, and j + (n — 1)k < nk. Then the images of the vectors e; (1) till
€j+(n—1)k are as follows:

(1, k)(0i)(€j4(i+1)k) = €ja(it1)k

é(”? k)(o'i)(ejJr(nfl)k) = €jt(n—1)k-

We observe that ¢(n, k)(0;)(ejqik) € Uj for all 0 <1 < n — 1, which completes the proof .
Second, we consider, U, the new basis formed by the generating vectors of U;. In other words, consider the
new basis

U ={e1,e11k 142> - - - €14 (n—1)k» €2, €24k - - €24 (n—1)k> - - - €k 2k» - - - Enk -
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We have ey, € Uj , for 0 <1 <n —1. We computed the vectors ¢(n, k)(o;)(ejyix), for 1 < j < k. Thus,
we determine the matrices ¢(n, k)(o;) with respect to the new basis U. For each j, we obtain a block of the

following form:
{ I 0 0 \
k
0 01 0

1 0
\ 0 0 In—i—l }

which is, by Definition the standard representation after replacing ¢ by t*. For j = 1,...,k, we then
obtain the required result. O

9

4. Cohen’s map and Welded braid group

We now consider the welded braid group. We extend the work done on composing Cohen’s map with
representations of the braid group to the welded braid group. Using Cohen’s map on k strings, we define the
map Y : wB, — wB,,. We prove v is a well defined homomorphism, then we compose it with the standard
representation of wB,.

Proposition 4.1. For all natural numbers i € {1,...n — 1}, the map
Y wBy, = wBp, defined by:

w(Uz‘) = (UkigkiJrl cee Uki+k71)((7ki710ki e Uki+k72) ce (Ukifk+10ki7k+2 cee Uki)

and
V(7i) = (ThiThit1 - - - Thith—1) (Thi—1Tki - - Thith—2) - - - (Thiek+1Thi—k+2 - - - Thi)

is a well defined homomorphism.

Proof. To show it is a well-defined homomorphism, we prove it respects the relations of wB,, (see Defini-

tion2.3) . Tt is enough to show that ¢(7;)? = 1 and (7:)¢(0i41)1(03) = P(oer1)P(0:)t(Tira).
(2) ¥(m)* =1

Each 9 (7;) is the composition of k factors of which each is of the form
Thki—j+1Tki—j+2 - - - Thi—j+k>

starting from j = 1 till j = k. Each one of these factors is a composition of k£ consecutive terms (consecutive
generators) itself. In each 9 (7;), for 1 < r < k, let f. be the r* factor appearing in the product of words
above. For 1 < m < k, let t,, represent the m!® term in the factor f.. Using properties (5) and (3), we
compose terms of the second generator ¥(7;) (that comes from the right of (7;)?) with some identical terms
in the first 1(7;) to obtain one. Precisely, starting from f; till fi and for each f, starting from ¢; till ¢,
we compose the term t,, in the factor f, of the second generator ¢(7;) with the term ¢;_,,; in the factor
fr—m+1 of the first 1(7;) to obtain the desired result.

(#2) ()Y (0ir1)¥(0i) = P(0it1)Y(00)(Tit1).

(1) V(034 1)0(00) = (ThiThit1 - - - Thitk—1) - -+ (Thimk-1 Thi—k+2 - - - Thi)

(Okitk - Okitok—1) - (Okit2 - Okitkt1)(Tkit1 - - Okivk)

(UkiUkiJrl e UkiJrkfl)(UkiflUki o Okih—2) - (UkikarlUkikarQ e Uki)-
We show that the last term in ¢(7;), Tx;, becomes Ty 1 after its action on ¥ (o;41)1(0;). To do so, we take
T; the last term in v (7;) and oy; the first term in ¢ (o), using relations (6) and (1), to obtain 7y;0k;+10k;-
That is,

V(1) (0ir1)0(00) = (ThiThitr -+ Thivh—1) -+ (Thi— k-t 1Thi—k42 - - - Thi—1)

(Uki+k < Uki+2k—1) cee (Uki+2 <. Uki+k+1) Tki(Uki+10kiaki+2 s Uki+k)
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(Uki+10ki+2 cee Uki+k71)<gkiflaki cee Uki+kf2) oo (Ukifk+10kifk+2 .- -Uki)-
Then, by relation (7), we replace Ti;0ki+10ki DY Oki+10kiThi+1, to obtain the following:
(1) V(0i41)Y(05) = (ThiThit1 - - - Thitk—1) - - (Thi—k-1Thi—k+2 - - - Thi—1)
(Ohith - Okigok—1) - - (Okit2 - - Ohitht1) (Okit1OkiThi+10ki42 - - - Okitk)
N————
(Okit1 Okit2 -+ Okith—1)(Oki—10ki - - Okith—2) - - (Oki—k+10ki—k42 - - - Oki)-
——

By a similar work, we now take o;41, the first term of ¢(0;). Using relation (1), we now change the place
of the first term of 1 (0;), namely ox;+1, and write it in the second line of the equation above. That is,

(1) V(i) (05) = (ThiThit1 - - - Thicth—1) - - (Thi—k+1Thi—k+2 - - - Thi—1)
(Okith - - Okig2k—1) - - - (Okit2 - - - Okitht1) (Oki+10ki Thit1Oki+20kit1 - - - Okitk)
—_————

(Okit2 - - Okitk—1)(Oki=10ki - - - Okitk—2) - - - (Ohi—kt10ki—k+2 - - - Oki)-

Again by relation (7), we replace Tx;110ki+20ki+1 DY Okit20ki+1Tkir2. We repeat the process for a total
of k times, we obtain the following :

V(7)Y (0ir1)V(03) = (ThiThit1 -+ - Thitk—1) - -« (Thi—k+1Thi—k+2 - - - Thi—1)

(OkithOkith+1 - Okit2k—1) - - - (Oki+20kit3 - - - Okitht1)

Oki+10kiOki+20ki+10ki+30ki+2 - - - Oki+kOki+k—1Tki+k

(Oki—10%ki -+ Okivk—2) - - (Okik410ki—k+2 - - - Oki)-
Using the relations (6) and (1), we rearrange the terms to obtain the desired result.
Similarly, 73;_1 becomes 7g; 1,1 after its action on ¥ (0;41)¥(0;) . Following these steps for all the 7’s, the
proof is completed.

A similar proof is done by replacing the relations (1)(6) and (7) by (3) (6) and (8) respectively, which
shows (03)4(Tit1)Y (1) = P(7i1) ¥ (i)Y (0i41). O

We now present the following example to demonstrate the proof (ii) in Propositio

Example 4.2. For k = 2, we consider the map
Y wB, — wBay,

defined in Proposition We verify, for this particular case, the proof of (ii) in Propositio namely

Y(1i)(0ir1)(0i) = (oir1) (o) (i)
Y(1ri)Y(oiv1)Y(oi) =

= (72i722‘+1)(72z'—1 T2 )(U2i+202i+3)(02i+102i+2)( 02 U2z‘+1)(02z‘—102i)-
Rearranging the terms and using relations (6) and (1), we get,
¢(Ti)¢(0i+1)¢(01) = T2iT2i+172i—102{+202i+3 72;02{4+102; 02i4+202;+102;—-102;
N’

= TRiT2i+1T2i—102i4+202i+3 02i+102iT2i+1 02i4+202i+102i—102; (using relation (7))
—_  ——

= T24T2i+172i—102i+202i+302i+102{ T2+102i{+202i+1 02{—102;
= T2iT2i4172i—102i+202i1302i+102; 02i1202i+1T2i+2 02;—102; (using relation (7))
= T2iT2i+17T2i—102i+202i+302i+102i+202i02i+102i—102T2i+2 (A)
Similarly, we move the term 79;_; in equation (A) few places and proceed as above to get
T2iT2i+102i4202{+302i{+102{+202{02{4+102{—102{T2i+17T2i+2
Doing the same for 79,11, and 7o; we get
02i+4+202i+302i+102i+202i02i+102i—102iT2+2T2i+3T2i+172i+2

= Y(0i11)Y(0:)Y(Tiv1)-
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Using this result, we aim to construct a linear representation of wB, of degree nk. In Section 3, we
studied the composition of the Cohen’s map with the standard representation of B,,. In a similar way, we
compose 1 with the standard representation of wB,,.

Proposition 4.3. The linear representation,
a(n, k) : wBy, = wBp — GLnk(Z]t, 1),

obtained by composing the map 1 with the standard representation of the welded braid group is the direct
sum of k copies of the standard representation of wB,, after replacing t by t* .

Proof. Using Theorem [3.4) we have that the images of the generators o; under a(n, k) are the direct sum
of k copies of the standard representation of B,,. By substituting ¢ = 1 in the matrices corresponding to o;
the same result holds for the permutation matrices corresponding to ;. O
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