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Abstract

In this article, we study the split equality problem involving nonexpansive semigroup and convex minimiza-
tion problem. Using a Halpern iterative algorithm, we establish a strong convergence result for approximat-
ing a common solution of the aforementioned problems. The iterative algorithm introduced in this paper is
designed in such a way that it does not require the knowledge of the operator norm. We display a numerical
example to show the relevance of our result. Our result complements and extends some related results in
literature.
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1. Introduction

The Minimization Problem (MP) is one of the most important problems in optimization theory and
non-linear analysis. The MP is defined as follows: find x € H such that

() == minyegi(y), (1.1)

where ¢ : H — (—00,00] is a proper and convex function. We denote by argmingyecn(y) the set of all
minimizers of ¢ on H.
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Numerous problems in signal processing and imaging, statistical learning and data mining or computer
vision can be formulated as optimization problem that consists of a sum of convex functions which may not
be necessarily differentiable, possibly composed with linear operators and that in turn can be transformed
to Split Minimization Problem (SMP), see for example [T, [6].

Let Hy, H, and Hj be real Hilbert spaces and A : Hy — Hs, B : Ho — H3 be bounded linear operators. Let
C and @) be nonempty, closed and convex subsets of Hy and Hs respectively, the Split Equality Problem
(SEP) introduced by Moudafi [13] is to find

z* € C,y* € Q such that Az* = By*. (1.2)

A point = € C is called a fixed point of a single-valued mapping 7" if x = Tx. We denote by F(T'), the set
of all fixed points of T'.

In [15], Moudafi introduced the following Split Equality Fixed Point Problem (SEFPP): Let T': H; — H;
and S : Hy — Hj be nonlinear operators such that F(T') # 0 and F(S) # (. If C = F(T) and Q = F(S) in
(1.2), then the SEFPP is to find:

z* € F(T) and y* € F(S) such that Az* = By*. (1.3)

Since the inception of SEFPP (|1.3]), many authors working in this direction have used SEFPP to solve
different optimization problems (see [2| [3], (4, [5] [7, [T0) 11, 14} [16] 19, 18], 22] and the references therein).
Let C and @ be nonempty closed and convex subset of real Hilbert spaces H; and Hs respectively, v :
Hy - RU {400} and ¢ : Hy — RU {+00} be two proper and lower semi-continuous convex functions and
A : Hy — Hy a bounded linear operator. The SMP is to find

x* € C such that 2™ = argmin, -9 (x); and
y* = Az™ € Q solves y* = argmin,co(2). (1.4)
It is well-known that

1
x € argminy <= JZf(a:) = argmin, {¢(u) + ZHU —z|)*}.

The fixed point set of proximity mapping is precisely the set of minimizers of 1. Based on (1.4)), the Split
Equality Minimization Problem (SEMP) is to find

2" € argminy, y* € argmin ¢ such that Az* = By, (1.5)

hence (z*,y*) solves

. 1
ming., {¢)(z) + ¢(y) + 5|4z - By|[*},
an optimization problem with weak coupling in the objective function as well as

ming , {¢(z) + o(y), Az = By}.

The metric projection Pg is a map defined on H onto C which assigns to each # € H, the unique point in
C, denoted by Pgx such that
|z — Pox| = inf{[lz —y[| : y € C}.

It is well known that Poxz is characterized by the inequality (z — Pox,z — Pox) < 0, V z € C and P¢ is a
firmly nonexpansive mapping.

Motivated by the works of authors mentioned above, we introduce an iterative algorithm that does not
require the knowledge of operator norm to approximate a common solution of split equality minimization
problem and split equality fixed point problem of nonexpansive semigroup in real Hilbert space. We also
prove a strong convergence result for approximating a common solution of the aforementioned problems.
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2. Preliminaries

We state some known and useful results which will be needed in the proof of our main theorem. In the
sequel, we denote strong and weak convergence by ”—” and ”—", respectively.
One-parameter family mapping S = {T'(s) : 0 < s < oo} from H into itself is said to be a nonexpansive
semigroup (see [§]), if it satisfies the following conditions:
(i) T(0)z = =, for all x € H;
(i) T(s+t) =T(s)T(t), for all s,t > 0;
(iii) For each # € H, the mapping T'(.)x is continuous.
(iv) [|T(s)x — T(s)y|| < ||lx — yl|, for all z,y € H and s > 0.

Lemma 2.1. [J] Let H be a real Hilbert space, then
20w, y) = |2l + [yl = [lo = yll* = [le + yl* = l2]* — [lyl*, V 2,y € H.

Lemma 2.2. [20] Let C be a nonempty, closed and convex subset of a real Hilbert space H and S : C — C
be a nonexpansive mapping. Then I — T is demiclosed at 0 (i.e., if {x,} converges weakly to x € C' and
{xn — Txn} converges strongly to 0, then x = Tx).

Lemma 2.3. [9] Let H be a Hilbert space, then ¥ x,y € H and o € R, we have

(i) llaz + (1 = a)y|* = aflz]]” + (1 = a)|lyll* — a1 = a)l|z - y|*
(@) llz +yl* < ll=]* +2(y,x + v).

Lemma 2.4. [§] Let C be a nonempty closed and convex subset of a Hilbert space and {T'(s)}s>o0 be a
nonexpansive semigroup on H. Then, for every h > 0

t—o00

I t t I
limsupx € C’“i/ T(s)xds —T(h) (1/ T(s)xds) i1 =0.
0 0

Lemma 2.5. [12] Let H be a real Hilbert space and f : H — (—o0,00] be a proper conver and lower
semi-continuous function. Then, for all x,y € H and A > 0, we have

1 2 1 2 1 2
_ _ I | P i | P < .
S l17e = yllE = e =yl + o5l = TaalP + £(he) < 1)

Lemma 2.6. [16] Let H be a real Hilbert space and f : H — (—o00,00] be a proper conver and lower
semi-continuous function. Then, for all 0 < XA < u and x € N, we have

a2 = 2| < [Jux — x|,

Lemma 2.7. [21] Assume {ayn} is a sequence of nonnegative real sequence such that

ant1 < (1 - Un)an + 0ndp, n >0,
where {o,} is a sequence in (0,1) and {6,} is a real sequence such that
o0
(i) > on = o0,
n=1

o0
(1) limsup 6, <0 or Y |op0n| < 00.
n—00 n=1
Then lim a, = 0.
n—oo
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3. Main Result
In this section, we state and prove our main result. We denote by Jz:, the resolvent of MP.

Lemma 3.1. Let Hi,Hs and Hs3 be real Hilbert spaces, A : Hi — Hz and B : Hy — Hs be bounded
linear operators. Let ¢ : Hi — (—o00,400],¢ : Hy — (—o0,+00] be two proper, conver and lower semi-
continuous functions and {T(s) : 0 < s < oo}, {R(m) : 0 < m < oo} be two-parameters nonexpansive
semigroups on Hy and Hy respectively. Suppose I' := {p € F(T(s)) N argminycm,V(y),q € F(R(m)) N
argmingecm, o(y) and Ap = Bq} # 0 and the step size sequence {~y,} is chosen in such a way that for some
e>0

Yo € | € 2HAwn_anH2 —€], nef
" |[A*(Awn — Bzy)| [ + || B*(Awy, — Bzy)||? ’ '

Otherwise v, = v(y being any any nonnegative value), where the set of indexes & = {n : Aw, — Bz, # 0}.
Let u,xy € Hy and v,y1 € Hy be arbitrary and the sequence ({xn}, {yn}) be generated iteratively by

fwn = (1 — an)zn + any;
V2 = (1 — an)yn + an;
Uy, = Jg; (wy, — Y A*(Aw, — Bzy));
{ vp = Ji, (2n + 1 B*(Aw, — Bzy,));
' g1 = (1 — Bp)un + Bn% g" T(s)unds;
lyn—l-l = (1= Bn)vn + /Bn% [:"rn R(m)vpdm;

(3.1)

*

where {an },{Bn} are sequences in (0,1), A* and B* are adjoints of A and B respectively. Let 0 < p < pp,
0 <<y and {t,},{rn} be sequences in [0,00), then {z,} and {y,} are bounded.

Proof. Let (p,q) €T, ap, = wy, — 7 A*(Aw,, — Bzy,) and b, = z, + v, B*(Aw,, — Bz,) then from and
Lemma [2.I] we have that
llun = pl* = 1175, an — plI?

< |an —pl?

= |Jwn = p|[* + || A" (Aw, — Bz,)|* = 29n(wy — p, A*(Aw, — Bz,))

= [Jwn = p|[* + 72| |A* (Aw,, — Bz,)|* = 29n(Aw, — Ap, Aw, — Bzy,))

= [Jwy, = pII + 2| A" (Awy, — Bzy)|* = || Aw,, — Apl[®

— Yul|Awyn, — Bzp||? + 4n||Bzn — Ap||?. (3.2)

By similar steps as in (3.2)), we have
llon = dll* < [ — qll?

= [l2n — qlI* + 72|B*(Aw, — Bzn)||* — ynl| Bz — Byl
—7n||Awn_anH2+7n||Awn_Bq,|2- (3.3)

Adding (3.2)) and (3.3)), using the fact that Ap = Bq and noting the assumption on ~,, we obtain

llwn = pl* + v = all* < llan = pl* + [lbn — qll?
< [lwn = pII* + |20 = qlI* = [2]| Awy — Bznlf?
= Y[ A" (Awn — Bzn)|* + || B* (Awn — Bznl[?)]
< fJwn = pII* + [0 — gl (3.4)
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From (3.1)), we have that
||[wn _PH2 = [|(1 = an)zn + anu _pH2
= [|(1 = an)(@n = p) + an(u—p)|?
< (1= )|z — pII? + vl u — pl . (3.5)
Using the same approach in (3.5)), we have that
ll2n = all* < (1 = an)llyn — dl|* + anllv — ql*. (3.6)
Adding (3.5 and (3.6), we have
[lwn = pl* + 120 = all* < (1 = an)[lzn = plI* + llyn — all?] + enlllu = p|* + |lv — ql ] (3.7)
From (3.1) and Lemma we have that
lens1 = pI* + [lyns1 — qlf?
1 tn 1 Tn
1101 = BoJun + B [ T ds =gl + 11 = B+ B [ R P
1 tn 1 tn 9
=110 = B =) + Al [ TCuds = [ T)pas)]
1 Tn 1 Tn
10— )0 =)+ Bl [ Rlm)vdm == [ Rm)adm) |
< (1= Ba)llun = plI” + Ba" ; T(s)unds — — ; T(s)pds
1 [t 2
— Bn(1— Bn)”t— T(s)unds — up!!
n Jo
2 gl [T L/ 12
+ (= Bullon —qll” + 8" — [ R(m)vndm — — [ R(m)qdm
n Jo n Jo
1 [
— Bn(1— Bn)”/ R(m)vpdm — op!l?
T'n 0
2 2 1 1 fn 112
< (1= Bn)llun = plI" + Ballun = pII* = Bu(1 = Bn)"— ; T(s)unds — un
1 [
+ (1= Bullen = all® + Bullon — all* = Bu(1 = B)1V = | Rm)vudm — v,
n Jo
2 2 1 1 tn 112
= [[un = pII" + [[vn — 4| = Bn(1 = Bn) I T(s)unds — un
n Jo
1 [
+ 1= R(m)v,dm — vn”ﬂ
™ Jo
< lun = pII* + [lvn — qll*. (3-8)

Using (3.1)), (3.7) and (3.8), we have that

lzns1 = pI* + lyns1 = al® < [lun — qll” + [Jon — gl
< fwn = pl* + |20 — gl

< (1= an)lllzn = pIP + llyn — alP’] + anlllu = pl* + |lv - ql1?]

< max{||zn — p|* + llyn — al*, llu = p|I* + [Jv — ql|*}

< max{[lz1 = p|* + llyr — all?, llu = pII” + [Jv - ql*}.



H. A. Abass, O. K. Narain, Journal of Prime Research in Mathematics, 19(1) (2023), 1-13 6

Therefore, {||xn11 — p||? } + {HynH —q||*} is bounded Hence, {z,} and {y,} are bounded. Consequently,
{un}, {vn}, {wn}, {zn}, {tn fo (s)unds} and {1 —R(m)vp,dm} are also bounded.

Theorem 3.2. Suppose that Lemma[3.1] holds and let 0 < p < pn, 0 < p < pp and {sp}, {rn} be sequences
in [0, 00) with conditions

(i) hm an =0 and E Qy, = 00;
(ii) 0 < hmlnfﬂn < hmsupﬁn < 1.

Then ({xn} {yn}) converges strongly to (Z,y) € T.

From , and -, we have that
|zt —p||2 +1ynr1 — all* < llwn = p|* + 120 — qll* — (2] Awy — Bznl[?
— (|4 (Aw, — Bzy) + ||B*(Aw, — Bzy)||?)]
< (1= an)lllzn = pII® + llyn — al*) + anlllu = p|[* + |Jv - gl|]
— Tn[2[|Awy, — anHQ — M (|[[A"(Awy, — Bzy) + || B* (Awy, — an)Hz)] (3.9)

Case 1: Assume that {||z,, — p||*> + ||yn — ¢||?} is monotone decreasing, then {||z, — p||* + ||yn — ¢||?} is
convergent, thus lim [(|lzn41 = plI* + llyns1 — all?) = (llzn — pl* + [lyn — al*)] = 0
From (3.9), we have that

(14" (Aw, — Bzn) + || B*(Awy, — Bzn)|[)

< (1= an)lllen = 2l +lyn — adlPllllznsr = oI + [lgns1 — all’) + anlllu = pl* + v = ql[?].  (3.10)
From condition (i) of Theorem and the condition

Yo € | € 2| Awn — B[ —€e], ne
! || A*(Awn — Bzy)||* + || B*(Awn — Bz)|? ’ '

We conclude that
(||A*(Aw,, — Bz,)||> + || B*(Aw, — Bz,)||?) = 0, as n — oo.
Since Aw, — Bz, = 0, if n € ), therefore we have

hm ||A*(Aw, — Bzy)||? = hm ||B*(Aw, — Bz,)||* = (3.11)

From (3.1)), we have

[wn — zp[| = [|(1 — an)(@n — 2n) + an(u — zn)]|

< an|[u — x|
From condition (ii) of Theorem we have that
nh_)rrolo ||wn, — zp|| = 0. (3.12)
Also,

120 = yall = [I(1 = @n)(yn = yn) + an(v = ya )|
< aglv = ynl|

From condition (i) of (3.2), we have that

nlglgo l|2n — ynl|| = 0. (3.13)
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From (3.1)), (3.4) and (3.7)), we have that

lznt1 = oI + llynsr = all® < [Jun = pl* + llon = qll* -

tn
n(1— )[ / T(s)unds—un”2
0
tn 9
< Y — Pl + 2 — qll? = Bul1 — m[ = [ T s —
0
+”/ R(m)vpdm — v,

}
|

< (1= an)lllzn = pII* + llyn — alP’] + an[llu = pl* + [Jv - ql|?]

tn
—ﬁn(l—ﬁn){”tl/ T(s)unds—un||2+||/ R(m vndm—fun” )
n Jo

(3.14)
which implies that
nl [ LI 112
Bn(1 = By) |[— T(s)upds — u,'"" + H— R(m)vpdm — vy,
tn 0 n Jo
< (1= an)[llzn = pI? + llyn = all’] = (lznsr = Pl + [lyns1 — all’] + anlllu = plI* + [Jv — .
From condition (i) of Theorem we have that
b 2 I 2
”/ 8)Upds — uyp ! —|—”— R(m)vpdm — v, 11° = 0.
Hence,
I 1 (™
lim 1 — T(s)upds — u,! == R(m)vpdm — v, = 0. (3.15)
n— o0 n Jo ™n Jo
From Lemma we have that
"l — Bl + s an — Bl + 5 an — unl P < (y) ~ (un)
2m Up — P 2pm anp — P 2m Gp — Un Yy Un,
Since ¥ (p) < ¥ (uy) for all n > 1, we obtain
[lun = pI* < [lan = plI* = llan — unl[*. (3.16)
Similarly, from (2.5)), we have that
1 1 1
ﬁan —ql* + ﬂ”bn —qll* + ﬂ”bn —onl]? < g(y) — g(vn)-
n n n
Since g(q) < g(vy,) for all n > 1, we obtain
an_qH2 < an_qHQ_an_”nHz' (3.17)

By adding (3.16)) and ( -, we get

= pII* + llvn = gll* < lan = pl* + 11ba = all* = [lan = unll* + [Ibn = val*]. (3.18)
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On substituting (3.18]) into (3.8)), and applying (3.4) and (3.7]), we obtain
21 =21+ ynsr — all* < llun = pl1* + llon = glf* = [llan — wn]l + (160 — val?]
< llan = pI? + 1bn = qlI* = [lan = unl® + [[bn = va|?]
< Jlwn = plI* + 120 — all* = [llan — wnll® + 1|6 — va %]
< (1= an)lllzn = pl* + llyn — all?] + anlllu = p|* +[|v — gl |
- [Han_un”2+ an—vnHQ], (3.19)
which implies that
|| — anH2 + |Jvn — an2 < (1 —an)[l|2n _pH2 + |y — QHQ] — [llzn+1 — p”2 + lyn+1 — q”Q]
+ag[llu—pl* + [Jv - ql|?].
Hence, we obtain that
lim ||uy, — apl| = lim |Jv, — by|| = 0. (3.20)
n—oo n—oo
Using the definition of a,,, b, and applying (3.11]), we have that
lim ||a, — wy|* = lim ~2||A*(Aw, — Bz,)||* = 0. (3.21)
n—oo n—oo
Similarly,
lim ||by, — 2,||> = lim ~2||B*(Aw, — Bz,)||* = 0. (3.22)
n—oo n—oo
From (3.21)) and (3.22)), we have that
lim ||Jup, —wy|| =0= lm ||v, — 2] (3.23)
n—oo n—o0
Also, from ({3.12)), (3.13) and (3.23), we have
lim |lup — zn|| = ||vn — yn|| = 0. (3.24)
n—oo
From (3.1)), we obtain
1 [t
s = wnll = 111 = Bt + B [ T(s)unds =
n JO
1 [t
< (1= Bn)||lun — unl| + Bn”t/ T(s)upds — uy!l.
n JO
Thus, from (3.15)), we have that
lim ||zp+1 — unl| = 0. (3.25)
n—oo

Similarly, from (3.1]), we have that

1 [
s = vl = 110 = B + Bz [ Rmyosdm = v

n

1 Tn
< (1= B)l[om — vl + er/ R(m)vndm — v,
n J0O
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Thus, from (3.15)), we have obtain
lim ||yn41 — vn]| = 0. (3.26)
n—oo
From (3.1)), we have that
[[Tnt1 — Zal| < |[Tnt1 — unl| + [Jun — zn]|-
Thus, from (3.20)) and (3.25)), we obtain
lim ||zp+1 — zp|| = 0. (3.27)
n—oo
Also, from ({3.1)), we obtain
||yn+1 - ynH < HynJrl - Un” + an - ynH
Thus, from (3.20)) and (3.26]), we obtain

[Yn+1 — ynl| = 0. (3.28)
Note that

L[t I I
l[tn — T(u)un|| < Nu, — . T(s)unds!! + ”/ T(s)upds —T(u)— / T(s)upds!!
0 0

n JO n n

+ IIT(u)i /tn T(s)upds — T(u)un”
0

n

I 1 [t 1 [t
< 2y, — t/ T(s)unds!l + ”t/ T(s)upds — T'(u)— / T(s)upds!!.
n JO 0 0

n tn
It follows from and Lemma that
nh_)rrolo [|tn, — T'(w)uy|| = 0. (3.29)
Similarly, using the same approach as in , we have that
nh_}nolo [|on, — T'(v)vy|| = 0. (3.30)
Since p, > p > 0, we have from Lemma and that
[ Tpan — an|| < |[Jp, an — anl]-
Hence,
nlingo ||Jpan — anl| = 0. (3.31)
Similarly, from Lemma and , we have that
HJubn - bn” < HJMnbn - an
Thus, we obtain that

nh_}ngo ||Jbn — bal| = 0. (3.32)

Since {w,} is bounded, there exists a subsequence {z,,} of {z,} which converges weakly to z. It follows
from (3.12)) and (3.20) that the subsequences {u,,} and {wp;} of {u,} and {w,} converges weakly to 7.
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Similarly, since {y,} is bounded, there exists a subsequence {y,,} of {y,} which converges weakly to ¥ .
From and (3.20), we have that subsequences {vy,}, {zn,} of {v,} and {z,} also converges weakly to
y. Hence, from the nonexpansiveness of .J,, it follows from the demiclosedness principle (Lemma and
3.31) that = € F(J;p). Following the same approach and using , we have that y € F(J7). Using
3.29), (3-30) and Lemma 2.2 we have that T € F(T'(s)) y € F(R(m)).

Next, we show that AZ = By. Since A and B are bounded linear operators, we have Aw, — AZ and
Bz, — By.

Using the condition on {v,} and (3.9), we have that

lim || Aw, — Bz,|> = 0. (3.33)
By weakly semi continuity of the norm, we have
||AT — Byl|| < linrr_1>ioréf ||Aw,, — Bzy,|| = 0. (3.34)
Thus,
AT = By. (3.35)

Now, since {x,, } converges weakly to T, we obtain by the property of Pr that Next, we show that ({z}, {yn})
converges strongly to (Z, 7).
Now, since ({Zn,},{yn,}) converges weakly to (Z,%), we obtain by the property of Pr that

limsup(u — p, z, — p) + limsup(v — ¢, 4y, — ¢) = jlim (u—p,zn; —p) + jhjf}o@ ~ ¢ Yn; — Q)

n—300 n—00 00
=u=—pT-—p+v-qy—q
<. (3.36)
From , we have that
21 = 217 + [lyns1 = GI° < [Jwn =T + |20 — G
= (1 = an)?|lzn — 7II° + apllu = 71 + 2(1 — an)an(en — T,u — )
+ (1= an)’llyn = 7II* + apllo = 711> + 2(1 — an)an(yn — 7.0~ )
< (1= an)llzn = Z|* + [y = FII°] + anlonllu = 2] + 21 - an){zn — T, u — 7)
+an|lv =G +2(1 = an){yn — 7,0~ J)]. (3.37)
Applying Lemma[2.7] and condition (i) of Theorem ({3.2)), we have that ({z,}, {yn}) converges strongly
to (T,7).

Case 2: Assume that {||z,,—p||?>+||yn—q||*} is not monotone decreasing. Suppose Yy, := ||z, —p||*+||yn—q||?
and let 7 : N — N be a mapping defined for all n > ng (for some large ng) by

T(n):=max{k e N: k <n, Ty < Tpi1}.
Obviously, 7 is a non-decreasing sequence such that 7(n) — oo, as n — oo and
Trm) < Trmys1, V1 > no.
From , we have
YalllA*(Awrny = Bze)|?) + ||B*(Awrny = Bzrm))|I’]
< sy = pl* + 1Yy — all?

- [Hxﬂ'(n)Jrl - pH2 + HyT(n)+1 - pH2] + a‘r(n)mu - pH2 + HU - CIHz]
< armyllu = pl* + |lv = gl[?].
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Hence,
VI A* (Awr () — Bzro|IP) + ||B*(Awrny — Bzrn))|IP] = 0, as n — oo.
By the condition on {7,(,)}, we have
1A (A — Beruol?) + 1B (At — Bru)l[F] = 0, a5 n — oo.
Note that Aw, ) — Bz = 0, if 7(n) ¢ Q. Hence,

* 2
nlglgoHA (Awr(ny — Bzrm))||I” =0, (3.38)
and
2 _
nlg]gOHB (Aw;(ny — Bzymn))l|” = 0. (3.39)

Now for all n > ng, we have from (3.37) that
0< [HJ} (n)+1 _EHQ + HyT(n)—l—l _yH2 - (Hx‘r(n) - THZ + Hyr(n) - sz)]
< (1= are) ey = 2P + [Yrmy = I = Ul2rmy — 2 + [Yrm) — 3117
+ aT(TL)[ T(n)[Hu - £L'||2 + ||U - @HQ] + 2(1 - O‘T(n))(<$’r(n) —T,u— T) + <y7'(n) -y, v — y>)]a
which implies

ey = ZI? 4 [Yr(m) — 11
< O‘T(ﬂ)[”“ - §H2 + HU - yHQ] + 2(1 - a‘r(n))(<$‘r(n) —T,U— f> + <y7’(n) —Y,v _y>) — 0.

Hence,
=12 _=12) —
i ([ = 2|7 + |[yr(n) — 7lI7)
Therefore,
i Yoy = 0 Yoy =0

Moreso, for n > ng, it is clear that T,y < Y (41 if n # 7(n) (i.e 7(n) < n) because T; > ;1 for
T(n)+1<j<n.
Consequently for all n > ng,

0 < T, <max{Y q), T(n) + 1} = Trpq-

Therefore, we conclude that lim T, = 0, which also implies that {(z,y,)} converges strongly to (z,7). O
n—oo

4. Numerical Example

Let H = R? be endowed with the Euclidean norm and 7" : R? — R? be defined by T(z1,z2) = %(21,22)
and R(xl, x3) = Z(w1,22). Then T and R are nonexpansive mappings. Now, define 1 : R? — (—o0, 00] by
Y(z) = %||Bx — b||?, where B(z) = (221 + 22, 71 + 3z2) and b = (0,0). Then f is a proper convex and lower
semi- contmuous function, since B is a continuous linear mapping.

Also, define ¢ : R? — (—o00, 0] by ¢(z) = ||Mz — m||*> by M(z) = (3z1 — 29,221 + 3x2) and m = (0,0).
Then ¢ is a proper convex and lower semi-continuous function. Let p, = p, =1V n > 1, then

. 1 _
J{ (x) = argminyew [ (y) + 5lly — 2l[*) = [ + B"B] ! (x + B"b")

N (11331 — 5332 —5.%‘1 + 6.1‘2)
N 41 ’ 41 ’
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Also,
. 1 _
T () = argmin,ezso(y) + 5 lly = al ) = [T+ MTM] " @+ MTm")

. (11.’)31 — 3(15'2 —3$1 + 14ZE2)

B 145 145 '
Now take a,, = %—5—5 and 3, = ﬁ,v n > 1.
Then (3.1) becomes

{wn = %l‘n + %ﬁua

'V on = 2y 4 v,
{ Up = Jléb (wn - ’YnA*(Awn - BZ’H))?
vp = Ji (20 + W A*(Aw, — Bzy,)),

_ nt3 n
' Tl = 573Un t Gryg Un,

lyn+1 = 22133”?1 + 103i15“n
Let A(x1,x2) = 2 and B(x1,x2) = 6, so that A*(z) = 2z and B*(z) = 6x.

2|| Awy,, — B2y || . o . .
€ A (Awn =Bz HB* (Awn—BaZ ~ € ) " € Q. Otherwise 7, = v(v being any any nonnegative

Let v, € <
value), where the set of indexes Q = {n : Aw,, — Bz, # 0}.
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