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M. C. Benkara Mostefaa,∗, A. Çeteb, N. Touafekc, Y. Yazlikd

aDepartment of Mathematics, Faculty of Exact Sciences, University of Mentouri Constantine 1, Constantine, Algeria.
bNevsehir Haci Bektas Veli University, Faculty of Science and Art, Department of Mathematics, Nevsehir, Turkey.
cLMAM Laboratory, Faculty of Exact Sciences and Informatics, University of Jijel, 18000 Jijel, Algeria.
dNevsehir Haci Bektas Veli University, Faculty of Science and Art, Department of Mathematics, Nevsehir, Turkey.

Abstract

The solvability in a closed form of the following three-dimensional system of difference equations of second
order with arbitrary powers

xn+1 =
yny

q
n−1

xpn(a+ byny
q
n−1)

, yn+1 =
znz

r
n−1

yqn(c+ dznzrn−1)
, zn+1 =

xnx
p
n−1

zrn(h+ kxnx
p
n−1)

, n, p, q, r ∈ N0

where the initial values x−i, y−i, zi, i = 0, 1 are non-zero real numbers and the parameters a, b, c, d, h, are
real numbers, will be the subject of the present work. We will also provide the behavior of the solutions of
some particular cases of our system.

Keywords: Systems of difference equations, form of the solutions, limiting behavior of the solutions,
periodic solutions.
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1. Introduction

The study of solvable systems of difference equations and systems continues to attract with great interest
researchers [1]-[18]. In particular some models of systems of difference equations with powers of variables
are the goal of some recently published papers. Here are some examples.
In [12], the authors studied the following higher order system of difference equations

xn+1 =
xpn−k+1yn

aypn−k + byn
, yn+1 =

ypn−k+1xn

αxpn−k + βxn
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this system is a generalization of the following systems investigated in [17]

xn+1 =
xn−1yn

yn−2 ± byn
, yn+1 =

yn−1xn
xn−2 ± xn

, n ∈ N0.

As a generalization of the work of [12], Akrour et al. in [2], studied the following three dimensional system

xn+1 =
xpn−k+1yn

αypn−k + βyn
, yn+1 =

ypn−k+1zn

αzpn−k + βzn
, zn+1 =

zpn−k+1xn

Axpn−k +Bxn
.

Hamioud et al. in [14], solved in closed form the following third order system

xn+1 =
ynyn−1x

p
n−1

xn(any
q
n−2 + bnynyn−1)

, yn+1 =
xnxn−1y

q
n−1

yn(cnx
p
n−2 + dnxnxn−1)

, , n ∈ N0, p, q ∈ N

and as a generalization of this system, a more general system defined by one to one functions was also
presented.
Alzahrani et al. in [3], presented the form of the solutions of the following second order system of difference
equations

xn+1 =
ynyn−1

xn(±1± ynyn−1)
, yn+1 =

xnxn−1
yn(±1± xnxn−1)

, n ∈ N0 (1.1)

this system was generalized to the more general system with variable coefficients

xn+1 =
ynyn−1

xn(an + bnynyn−1)
, yn+1 =

xnxn−1
yn(αn + βnxnxn−1)

, n ∈ N0 (1.2)

by Stevic et al. in [16].
Motivated by all the above mentioned works, we will solve in a closed form the following three-dimensional
system of difference equations of second order with arbitrary powers

xn+1 =
yny

q
n−1

xpn(a+ byny
q
n−1)

, yn+1 =
znz

r
n−1

yqn(c+ dznzrn−1)
, zn+1 =

xnx
p
n−1

zrn(h+ kxnx
p
n−1)

, n ∈ N0 (1.3)

where the initial values x−i, y−i, zi, i = 0, 1 are non-zero real numbers, the parameters a, b, c, d, h, are real
numbers and p, q ,r ∈ N0. The behavior of the solutions of the two particular cases of System (1.3) when
p = q = r = 0 and p = q = r = 1 will be also showed. It is not hard to see that our system is a three
dimensional generalization Systems (1.1) and System (1.2) when the coefficients are constant.

Definition 1.1. By a well defined solution of System (1.3), we mean a solution such that

xpny
q
nz

r
n(a+ byny

q
n−1)(c+ dznz

r
n−1)(h+ kxnx

p
n−1) 6= 0, n = 0, 1, · · · .

Arguing as in [16] it is very easy to see that

xpny
q
nz

r
n 6= 0, n = 1, 2, · · · .⇔ x−iy−izi 6= 0, i = 0, 1

and this explain why we have to choose the initial values non-zero, otherwise solutions of System (1.3) will
be not defined. For the rest of a paper by a solution of System (1.3) we mean a well-defined solution.

To solve our system, we first transform it to solvable linear system and then we deduce the solutions of
System (1.3) from those of the linear one.
Now, we recall the following well-known result.

Lemma 1.2. The solutions of the following third order linear difference equation

yn+3 = αyn + β, n ∈ N0, α, β ∈ R

are given for i = 0, 1, 2 by

y3n+i = yi + βn, if α = 1, and, y3n+i = αnyi + (
1− αn

1− α
)β, if α 6= 1
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2. Explicit formulas for the solutions of System (1.3)

Assume that (xn, yn, zn)n≥−1 is a solution of System (1.3). Multiplying the first equation in (1.3) by xpn,
the second one by yqn, and the third equation by zrn, and let

un =
1

xnx
p
n−1

, vn =
1

yny
q
n−1

, wn =
1

znzrn−1
, n ∈ N0, (2.1)

The changes of variables (2.1) are always defined as we have

xnynzn 6= 0, n = −1, 0, · · · .

Using (2.1), System (1.3) is transformed in following linear one:

un+1 = avn + b, vn+1 = cwn + d wn+1 = hun + k, ∀n ∈ N0. (2.2)

So, for all n ∈ N0, 
un+3 = achun + ack + ad+ b,
vn+3 = achvn + chb+ ck + d,
wn+3 = achwn + ahd+ hb+ k.

From this, we get, for all n ∈ N0, the following linear first order nonhomogeneous difference equations,
u3(n+1)+i = achu3n+i + ack + ad+ b,

v3(n+1)+i = achv3n+i + chb+ ck + d,

w3(n+1)+i = achw3n+i + ahd+ hb+ k,
for i = 0, 1, 2.

Then, from Lemma (1.2) we get for all n ∈ N0 and for i = 0, 1, 2,

u3n+i = { ui + (ack + ad+ b)n, ach = 1,

(ach)nui + (1−(ach)
n

1−ach )(ack + ad+ b), otherwise,

=

{
ui + (ack + ad+ b)n, ach = 1,
ack+ad+b+(ach)n(ui(1−ach)−ack−ad−b)

1−ach , otherwise,
; (2.3)

v3n+i =

{
vi + (chb+ ck + d)n, ach = 1,

(ach)nvi + (1−(ach)
n

1−ach )(chb+ ck + d), otherwise,

=

{
vi + (ack + ad+ b)n, ach = 1,
chb+ck+d+(ach)n(vi(1−ach)−chb−ck−d)

1−ach , otherwise,
; (2.4)

w3n+i =

{
wi + (ahd+ hb+ k)n, ach = 1,

(ach)nwi + (1−(ach)
n

1−ach )(ahd+ hb+ k), otherwise,

=

{
wi + (ahd+ hb+ k)n, ach = 1,
ahd+hb+k+(ach)n(wi(1−ach)−ahd−hb−k)

1−ach , otherwise,
. (2.5)

Now, by rearranging equations in (2.1), we get for all n ∈ N0,
xn+1 = up

n
un+1

xp
2

n−1,

yn+1 = vqn
vn+1

yq
2

n−1,

zn+1 = wr
n

wn+1
zr

2

n−1,

(2.6)
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from which it follows that
x2n = xp

2n

0

n−1∏
j=0

up(2(n−j−1)+1)

2j+1

up2(n−j−1)

2j+2

= xp
2n

0

n−1∏
j=0

(
up
2j+1

u2j+2
)p

2(n−j−1)
,

x2n−1 = xp
2n

−1
n−1∏
j=0

up(2(n−j−1)+1)

2j

up2(n−j−1)

2j+1

= xp
2n

−1
n−1∏
j=0

(
up
2j

u2j+1
)p

2(n−j−1)
,

(2.7)


y2n = yq

2n

0

n−1∏
j=0

vq
(2(n−j−1)+1)

2j+1

vq
2(n−j−1)

2j+2

= yq
2n

0

n−1∏
j=0

(
vp2j+1

v2j+2
)q

2(n−j−1)
,

y2n−1 = yq
2n

−1
n−1∏
j=0

vq
(2(n−j−1)+1)

2j

vq
2(n−j−1)

2j+1

= yq
2n

−1
n−1∏
j=0

(
vp2j

v2j+1
)q

2(n−j−1)
,

(2.8)


z2n = zr

2n

0

n−1∏
j=0

wr(2(n−j−1)+1)

2j+1

wr2(n−j−1)

2j+2

= zr
2n

0

n−1∏
j=0

(
wr

2j+1

w2j+2
)r

2(n−j−1)
,

z2n−1 = zr
2n

−1
n−1∏
j=0

wp(2(n−j−1)+1)

2j

wr2(n−j−1)

2j+1

= zr
2n

−1
n−1∏
j=0

(
wr

2j

w2j+1
)r

2(n−j−1)
.

(2.9)

Then for all n ∈ N0 and i ∈ {0, 1}, we have

x2n−i = xp2n
−i

n−1∏
j=0

(
up2j+1−i
u2j+2−i

)p
2(n−j−1)

, (2.10)

y2n−i = yq
2n

−i

n−1∏
j=0

(
vq2j+1−i
v2j+2−i

)q
2(n−j−1)

, (2.11)

z2n−i = zr
2n

−i

n−1∏
j=0

(
wp
2j+1−i

w2j+2−i
)r

2(n−j−1)
. (2.12)

Now, we will distinguish the following situations:
i) If n = 3m, m ∈ N0, then, from (2.7), (2.8) and (2.9), we have

x2(3m) = xp
6m

0

m−1∏
j=0

(
up
3(2j)+1

u3(2j)+2
)p

2(3(m−j)−1)
m−1∏
j=0

(
up
3(2j+1)

u3(2j+1)+1
)p

2(3(m−j)−2)
m−1∏
j=0

(
up
3(2j+1)+2

u3(2j+2)
)p

6(m−j−1)
,

x2(3m)−1 = xp
6m

−1
m−1∏
j=0

(
up
3(2j)

u3(2j)+1
)p

2(3(m−j)−1)
m−1∏
j=0

(
up
3(2j)+2

u3(2j+1)
)p

2(3(m−j)−2)
m−1∏
j=0

(
up
3(2j+1)+1

u3(2j+1)+2
)p

6(m−j−1)
,

(2.13)


y2(3m) = yq

6m

0

m−1∏
j=0

(
vq
3(2j)+1

v3(2j)+2
)q

2(3(m−j)−1)
m−1∏
j=0

(
vq
3(2j+1)

v3(2j+1)+1
)q

2(3(m−j)−2)
m−1∏
j=0

(
vq
3(2j+1)+2

v3(2j+2)
)q

6(m−j−1)
,

y2(3m)−1 = yq
6m

−1
m−1∏
j=0

(
vq
3(2j)

v3(2j)+1
)q

2(3(m−j)−1)
m−1∏
j=0

(
vq
3(2j)+2

v3(2j+1)
)q

2(3(m−j)−2)
m−1∏
j=0

(
vq
3(2j+1)+1

v3(2j+1)+2
)q

6(m−j−1)
,

(2.14)


z2(3m) = zr

6m

0

m−1∏
j=0

(
wr

3(2j)+1

w3(2j)+2
)r

2(3(m−j)−1)
m−1∏
j=0

(
wr

3(2j+1)

w3(2j+1)+1
)r

2(3(m−j)−2)
m−1∏
j=0

(
wr

3(2j+1)+2

w3(2j+2)
)r

6(m−j−1)
,

z2(3m)−1 = zr
6m

−1
m−1∏
j=0

(
wr

3(2j)

w3(2j)+1
)r

2(3(m−j)−1)
m−1∏
j=0

(
wr

3(2j)+2

w3(2j+1)
)r

2(3(m−j)−2)
m−1∏
j=0

(
wr

3(2j+1)+1

w3(2j+1)+2
)r

6(m−j−1)
.

(2.15)

ii) If n = 3m+ 1, m ∈ N0, then, from (2.7), (2.8) and (2.9), we get
x2(3m+1) = xp

6m+2

0

m∏
j=0

(
up
3(2j)+1

u3(2j)+2
)p

6(m−j)
m−1∏
j=0

(
up
3(2j+1)

u3(2j+1)+1
)p

2(3(m−j)−1)
m−1∏
j=0

(
up
3(2j+1)+2

u3(2j+2)
)p

2(3(m−j)−2)
,

x2(3m)+1 = xp
6m+2

−1
m∏
j=0

(
up
3(2j)

u3(2j)+1
)p

6(m−j)
m−1∏
j=0

(
up
3(2j)+2

u3(2j+1)
)p

2(3(m−j)−1)
m−1∏
j=0

(
up
3(2j+1)+1

u3(2j+1)+2
)p

2(3(m−j)−2)
,

(2.16)
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y2(3m+1) = yq

6m+2

0

m∏
j=0

(
vq
3(2j)+1

v3(2j)+2
)q

6(m−j)
m−1∏
j=0

(
vq
3(2j+1)

v3(2j+1)+1
)q

2(3(m−j)−1)
m−1∏
j=0

(
vq
3(2j+1)+2

v3(2j+2)
)q

2(3(m−j)−2)
,

y2(3m)+1 = yq
6m+2

−1
m∏
j=0

(
vq
3(2j)

v3(2j)+1
)q

6(m−j)
m−1∏
j=0

(
vq
3(2j)+2

v3(2j+1)
)q

2(3(m−j)−1)
m−1∏
j=0

(
vq
3(2j+1)+1

v3(2j+1)+2
)q

2(3(m−j)−2)
,

(2.17)


z2(3m+1) = zr

6m+2

0

m∏
j=0

(
wr

3(2j)+1

w3(2j)+2
)r

6(m−j)
m−1∏
j=0

(
wr

3(2j+1)

w3(2j+1)+1
)r

2(3(m−j)−1)
m−1∏
j=0

(
wr

3(2j+1)+2

w3(2j+2)
)r

2(3(m−j)−2)
,

z2(3m)+1 = zr
6m+2

−1
m∏
j=0

(
wr

3(2j)

w3(2j)+1
)r

6(m−j)
m−1∏
j=0

(
wr

3(2j)+2

w3(2j+1)
)r

2(3(m−j)−1)
m−1∏
j=0

(
wr

3(2j+1)+1

w3(2j+1)+2
)r

2(3(m−j)−2)
.

(2.18)

iii) If n = 3m+ 2, m ∈ N0, then, from (2.7), (2.8) and (2.9), we obtain
x2(3m+2) = xp

6m+4

0

m∏
j=0

(
up
3(2j)+1

u3(2j)+2
)p

2(3(m−j)+1)
m∏
j=0

(
up
3(2j+1)

u3(2j+1)+1
)p

6(m−j)
m−1∏
j=0

(
up
3(2j+1)+2

u3(2j+2)
)p

2(3(m−j)−1)
,

x2(3m)+3 = xp
6m+4

−1
m∏
j=0

(
up
3(2j)

u3(2j)+1
)p

2(3(m−j)+1)
m∏
j=0

(
up
3(2j)+2

u3(2j+1)
)p

6(m−j)
m−1∏
j=0

(
up
3(2j+1)+1

u3(2j+1)+2
)p

2(3(m−j)−1)
,

(2.19)


y2(3m+2) = yq

6m+4

0

m∏
j=0

(
vq
3(2j)+1

v3(2j)+2
)q

2(3(m−j)+1)
m∏
j=0

(
vq
3(2j+1)

v3(2j+1)+1
)q

6(m−j)
m−1∏
j=0

(
vq
3(2j+1)+2

v3(2j+2)
)q

2(3(m−j)−1)
,

y2(3m)+3 = yq
6m+4

−1
m∏
j=0

(
vq
3(2j)

v3(2j)+1
)q

2(3(m−j)+1)
m∏
j=0

(
vq
3(2j)+2

v3(2j+1)
)q

6(m−j)
m−1∏
j=0

(
vq
3(2j+1)+1

v3(2j+1)+2
)q

2(3(m−j)−1)
,

(2.20)


z2(3m+2) = zr

6m+4

0

m∏
j=0

(
wr

3(2j)+1

w3(2j)+2
)r

2(3(m−j)+1)
m∏
j=0

(
wr

3(2j+1)

w3(2j+1)+1
)r

6(m−j)
m−1∏
j=0

(
wr

3(2j+1)+2

w3(2j+2)
)r

2(3(m−j)−1)
,

z2(3m)+3 = zr
6m+4

−1
m∏
j=0

(
wr

3(2j)

w3(2j)+1
)r

2(3(m−j)+1)
m∏
j=0

(
wr

3(2j)+2

w3(2j+1)
)r

6(m−j)
m−1∏
j=0

(
wr

3(2j+1)+1

w3(2j+1)+2
)r

2(3(m−j)−1)
.

(2.21)

Again we will consider two cases. Using (2.3), (2.4) and (2.5), we have

First Case ach 6= 1.
i) If n = 3m, m ∈ N0, then, from (2.13), (2.14) and (2.15), we have

x2(3m) = xp
6m

0

m−1∏
j=0

( (ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−2)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j−1)
,

x2(3m)−1 = xp
6m

−1
m−1∏
j=0

( (ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)

m−1∏
j=0

( (ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−2)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j−1)
.

(2.22)



M. C. Benkara Mostefa et al., Journal of Prime Research in Mathematics, 19(2) (2023), 37–59 42



y2(3m) = yq
6m

0

m−1∏
j=0

( (chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−2)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))p
(chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

6(m−j−1)
,

y2(3m)−1 = yq
6m

−1
m−1∏
j=0

( (chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)

m−1∏
j=0

( (chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−2)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

6(m−j−1)
.

(2.23)



z2(3m) = zr
6m

0

m−1∏
j=0

( (ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−2)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j−1)
,

z2(3m)−1 = zr
6m

−1
m−1∏
j=0

( (ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)

m−1∏
j=0

( (ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−2)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j−1)
.

(2.24)

ii) If n = 3m+ 1, m ∈ N0, then, from (2.16), (2.17) and (2.18), we have

x2(3m+1) = xp
6m+2

0

m∏
j=0

( (ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−2)
,

x2(3m)+1 = xp
6m+2

−1
m∏
j=0

( (ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j)

m−1∏
j=0

( (ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−2)
.

(2.25)
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y2(3m+1) = yq
6m+2

0

m∏
j=0

( (chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

6(m−j)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))p
(chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−2)
,

y2(3m)+1 = yq
6m+2

−1
m∏
j=0

( (chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))(1−ach)q−1 )q

6(m−j)

m−1∏
j=0

( (chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−2)
.

(2.26)



z2(3m+1) = zr
6m+2

0

m∏
j=0

( (ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j))

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−2)
,

z2(3m)+1 = zr
6m+2

−1
m∏
j=0

( (ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j)

m−1∏
j=0

( (ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w2(1−ach)−ahb−hb−k))(1−ach)r−1 )r

2(3(m−j)−2)
.

(2.27)

iii) If n = 3m+ 2, m ∈ N0, then, from (2.19), (2.20) and (2.21), we get

x2(3m+2) = xp
6m+4

0

m∏
j=0

( (ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)+1)

m∏
j=0

( (ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)
,

x2(3m)+3 = xp
6m+4

−1
m−1∏
j=0

( (ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)+1)

m−1∏
j=0

( (ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b))(1−ach)p−1 )p

6(m−j)

m−1∏
j=0

( (ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b))p
(ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b))(1−ach)p−1 )p

2(3(m−j)−1)
.

(2.28)
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y2(3m+2) = yq
6m+4

0

m∏
j=0

( (chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)+1)

m∏
j=0

( (chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ckb−d))(1−ach)q−1 )q

6(m−j)

m−1∏
j=0

( (chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))p
(chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)
,

y2(3m)+3 = yq
6m+4

−1
m−1∏
j=0

( (chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)+1)

m∏
j=0

( (chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d))(1−ach)q−1 )q

6(m−j)

m∏
j=0

( (chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d))q
(chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d))(1−ach)q−1 )q

2(3(m−j)−1)
.

(2.29)



z2(3m+2) = zr
6m+4

0

m∏
j=0

( (ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)+1)

m∏
j=0

( (ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)
,

z2(3m)+3 = zr
6m+4

−1
m∏
j=0

( (ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)+1)

m∏
j=0

( (ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k))(1−ach)r−1 )r

6(m−j)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k))r
(ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k))(1−ach)r−1 )r

2(3(m−j)−1)
.

(2.30)

Second case ach = 1. We have
i) If n = 3m, m ∈ N0, then, from (2.13), (2.14) and (2.15), we have

x2(3m) = xp
6m

0

m−1∏
j=0

( (u1+(ack+ad+b)(2j))p

u2+(ack+ad+b)(2j) )p
2(3(m−j)−1)

m−1∏
j=0

( (u0+(ack+ad+b)(2j+1))p

u1+(ack+ad+b)(2j+1) )p
2(3(m−j)−2)

m−1∏
j=0

( (u2+(ack+ad+b)(2j+1))p

u0+(ack+ad+b)(2j+2) )p
6(m−j−1)

,

x2(3m)−1 = xp
6m

−1
m−1∏
j=0

( (u0+(ack+ad+b)(2j))p

u1+(ack+ad+b)(2j) )p
2(3(m−j)−1)

m−1∏
j=0

( (u2+(ack+ad+b)(2j))p

u0+(ack+ad+b)(2j+1))
p2(3(m−j)−2)

m−1∏
j=0

( (u1+(ack+ad+b)(2j+1))p

u2+(ack+ad+b)(2j+1) )p
6(m−j−1)

.

(2.31)



y2(3m) = yq
6m

0

m−1∏
j=0

( (v1+(chb+ck+d)(2j))q

v2+(chb+ck+d)(2j) )q
2(3(m−j)−1)

m−1∏
j=0

( (v0+(chb+ck+d)(2j+1))q

v1+(chb+ck+d)(2j+1) )q
2(3(m−j)−2)

m−1∏
j=0

( (v2+(chb+ck+d)(2j+1))q

v0+(chb+ck+d)(2j+2) )q
6(m−j−1)

,

y2(3m)−1 = xq
6m

−1
m−1∏
j=0

( (v0+(chb+ck+d)(2j))q

v1+(chb+ck+d)(2j) )q
2(3(m−j)−1)

m−1∏
j=0

( (v2+(chb+ck+d)(2j))q

v0+(chb+ck+d)(2j+1))
q2(3(m−j)−2)

m−1∏
j=0

( (v1+(chb+ck+d)(2j+1))q

v2+(chb+ck+d)(2j+1) )q
6(m−j−1)

.

(2.32)
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z2(3m) = zr
6m

0

m−1∏
j=0

( (w1+(ahd+hb+k)(2j))r

w2+(ahd+hb+k)(2j) )r
2(3(m−j)−1)

m−1∏
j=0

( (w0+(ahd+hb+k)(2j+1))r

w1+(ahd+hb+k)(2j+1) )r
2(3(m−j)−2)

m−1∏
j=0

( (w2+(ahd+hb+k)(2j+1))r

w0+(ahd+hb+k)(2j+2) )r
6(m−j−1)

,

z2(3m)−1 = zr
6m

−1
m−1∏
j=0

( (w0+(ahd+hb+k)(2j))r

w1+(ahd+hb+k)(2j) )r
2(3(m−j)−1)

m−1∏
j=0

( (w2+(ahd+hb+k)(2j))p

w0+(ahd+hb+k)(2j+1))
r2(3(m−j)−2)

m−1∏
j=0

( (w1+(ahd+hb+k)(2j+1))r

w2+(ahd+hb+k)(2j+1) )r
6(m−j−1)

.

(2.33)

ii) If n = 3m+ 1, m ∈ N0, then, from (2.16), (2.17) and (2.18), we obtain

x2(3m+1) = xp
6m+2

0

m∏
j=0

( (u1+(ack+ad+b)(2j))p

u2+(ack+ad+b)(2j) )p
6(m−j)

m−1∏
j=0

( (u0+(ack+ad+b)(2j+1))p

u1+(ack+ad+b)(2j+1) )p
2(3(m−j)−1)

m−1∏
j=0

( (u2+(ack+ad+b)(2j+1))p

u0+(ack+ad+b)(2j+2) )p
2(3(m−j)−2)

,

x2(3m)+1 = xp
6m+2

−1
m∏
j=0

( (u0+(ack+ad+b)(2j))p

u1+(ack+ad+b)(2j) )p
6(m−j)

m−1∏
j=0

( (u2+(ack+ad+b)(2j))p

u0+(ack+ad+b)(2j+1))
p2(3(m−j)−1)

m−1∏
j=0

( (u1+(ack+ad+b)(2j+1))p

u2+(ack+ad+b)(2j+1) )p
2(3(m−j)−2)

.

(2.34)



y2(3m+1) = yq
6m+2

0

m∏
j=0

( (v1+(chb+ck+d)(2j))q

v2+(chb+ck+d)(2j) )q
6(m−j)

m−1∏
j=0

( (v0+(chb+ck+d)(2j+1))q

v1+(chb+ck+d)(2j+1) )q
2(3(m−j)−1)

m−1∏
j=0

( (v2+(chb+ck+d)(2j+1))q

v0+(chb+ck+d)(2j+2) )q
2(3(m−j)−2)

,

y2(3m)+1 = yq
6m+2

−1
m∏
j=0

( (v0+(chb+ck+d)(2j))q

v1+(chb+ck+d)(2j) )q
6(m−j)

m−1∏
j=0

( (v2+(chb+ck+d)(2j))q

v0+(chb+ck+d)(2j+1))
q2(3(m−j)−1)

m−1∏
j=0

( (v1+(chb+ck+d)(2j+1))q

v2+(chb+ck+d)(2j+1) )q
2(3(m−j)−2)

.

(2.35)



z2(3m+1) = zr
6m+2

0

m∏
j=0

( (w1+(ahd+hb+k)(2j))r

w2+(ahd+hb+k)(2j) )r
6(m−j)

m−1∏
j=0

( (w0+(ahd+hb+k)(2j+1))r

w1+(ahd+hb+k)(2j+1) )r
2(3(m−j)−1)

m−1∏
j=0

( (w2+(ahd+hb+k)(2j+1))r

w0+(ahd+hb+k)(2j+2) )r
2(3(m−j)−2)

,

z2(3m)+1 = zr
6m+2

−1
m∏
j=0

( (w0+(ahd+hb+k)(2j))r

w1+(ahd+hb+k)(2j) )r
6(m−j)

m−1∏
j=0

( (w2+(ahd+hb+k)(2j))r

w0+(ahd+hb+k)(2j+1))
r2(3(m−j)−1)

m−1∏
j=0

( (w1+(ahd+hb+k)(2j+1))r

w2+(ahd+hb+k)(2j+1) )r
2(3(m−j)−2)

.

(2.36)

iii) If n = 3m+ 2, m ∈ N0, then, from (2.19), (2.20) and (2.21), we get

x2(3m+2) = xp
6m+4

0

m∏
j=0

( (u1+(ack+ad+b)(2j))p

u2+(ack+ad+b)(2j) )p
2(3(m−j)+1)

m∏
j=0

( (u0+(ack+ad+b)(2j+1))p

u1+(ack+ad+b)(2j+1) )p
6(m−j)

m−1∏
j=0

( (u2+(ack+ad+b)(2j+1))p

u0+(ack+ad+b)(2j+2) )p
2(3(m−j)−1)

,

x2(3m)+3 = xp
6m+4

−1
m∏
j=0

( (u0+(ack+ad+b)(2j))p

u1+(ack+ad+b)(2j) )p
2(3(m−j)+1)

m∏
j=0

( (u2+(ack+ad+b)(2j))p

u0+(ack+ad+b)(2j+1))
p6(m−j)

m−1∏
j=0

( (u1+(ack+ad+b)(2j+1))p

u2+(ack+ad+b)(2j+1) )p
2(3(m−j)−1)

.

(2.37)
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y2(3m+2) = yq
6m+4

0

m∏
j=0

( (v1+(chb+ck+d)(2j))q

v2+(chb+ck+d)(2j) )q
2(3(m−j)+1)

m∏
j=0

( (v0+(chb+ck+d)(2j+1))q

v1+(chb+ck+d)(2j+1) )q
6(m−j)

m−1∏
j=0

( (v2+(chb+ck+d)(2j+1))q

v0+(chb+ck+d)(2j+2) )q
2(3(m−j)−1)

,

y2(3m)+3 = yq
6m+4

−1
m∏
j=0

( (v0+(chb+ck+d)(2j))q

v1+(chb+ck+d)(2j) )q
2(3(m−j)+1)

m∏
j=0

( (v2+(chb+ck+d)(2j))q

v0+(chb+ck+d)(2j+1))
q6(m−j)

m−1∏
j=0

( (v1+(chb+ck+d)(2j+1))q

v2+(chb+ck+d)(2j+1) )q
2(3(m−j)−1)

.

(2.38)



z2(3m+2) = zr
6m+4

0

m∏
j=0

( (w1+(ahd+hb+k)(2j))r

w2+(ahd+hb+k)(2j) )r
2(3(m−j)+1)

m∏
j=0

( (w0+(ahd+hb+k)(2j+1))r

w1+(ahd+hb+k)(2j+1) )r
6(m−j)

m−1∏
j=0

( (w2+(ahd+hb+k)(2j+1))r

w0+(ahd+hb+k)(2j+2) )r
2(3(m−j)−1)

,

z2(3m)+3 = zr
6m+4

−1
m∏
j=0

( (w0+(ahd+hb+k)(2j))r

w1+(ahd+hb+k)(2j) )r
2(3(m−j)+1)

m∏
j=0

( (w2+(ahd+hb+k)(2j))r

w0+(ahd+hb+k)(2j+1))
r6(m−j)

m−1∏
j=0

( (w1+(ahd+hb+k)(2j+1))r

w2+(ahd+hb+k)(2j+1) )r
2(3(m−j)−1)

.

(2.39)

In summary, we have the following theorem.

Theorem 2.1. Consider System (1.3). Then, the following statements hold:

(a) If n = 3m, m ∈ N0, every solution of System (1.3) is given by (2.22), (2.23), (2.24), (2.31), (2.32)
and (2.33).

(b) If n = 3m+ 1, m ∈ N0, every solution of System (1.3) is given by (2.25), (2.26), (2.27), (2.34), (2.35)
and (2.36).

(c) If n = 3m+ 2, m ∈ N0, every solution of System (1.3) is given by (2.28), (2.29), (2.30), (2.37), (2.38)
and (2.39).

3. Asymptotics behavior of the solutions of System (1.3) when p = q = r = 0 and p = q =
r = 1

In this section, we focus our attention on two special cases of System (1.3). We examine the
boundendness, periodicity and asymptotic behavior of solutions of System (1.3) when p = q = r = 0 and p =
q = r = 1.

3.1. Case p = q = r = 0.

If p = q = r = 0, System (1.3) takes the form
xn+1 = yn

a+byn
,

yn+1 = zn
c+dzn

,

zn+1 = xn
h+kxn

,

n ∈ N0. (3.1)

As in the previous section every solution (xn, yn, zn)n∈N0 of System (3.1) is assumed to be well defined,
which means that

(a+ byn)(c+ dzn)(h+ kxn) 6= 0, n ∈ N0.

As the initial values are such that x0y0z0 6= 0, it is not hard to see that

xnynzn 6= 0, n ∈ N0.
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By using the following changes of variables

un =
1

xn
, vn =

1

yn
, wn =

1

zn
, n ∈

N0,

(3.2)

then, for n ∈ N0 and i = 0, 1, 2, every solution of System (3.1) is given by

x3n+i = {
1

ui+(ack+ad+b)n , ach = 1,
1

(ach)nui+(
1−(ach)n

1−ach
)(ack+ad+b)

, otherwise,

=

{
1

ui+(ack+ad+b)n , ach = 1,
1−ach

ack+ad+b+(ach)n(ui(1−ach)−ack−ad−b) , otherwise,
; (3.3)

y3n+i =

{ 1
vi+(chb+ck+d)n , ach = 1,

1

(ach)nvi+(
1−(ach)n

1−ach
)(chb+ck+d)

, otherwise,

=

{
1

vi+(chb+ck+d)n , ach = 1,
1−ach

chb+ck+d+(ach)n(vi(1−ach)−chb−ck−d) , otherwise,
; (3.4)

z3n+i =

{ 1
wi+(ahd+hb+k)n , ach = 1,

1

(ach)nwi+(
1−(ach)n

1−ach
)(ahd+hb+k)

, otherwise,

=

{
1

wi+(ahd+hb+k)n , ach = 1,
1−ach

ahd+hb+k+(ach)n(wi(1−ach)−ahd−hb−k) , otherwise,
. (3.5)

Theorem 3.1. Let (xn, yn, zn)n≥0 be a solution of System (3.1). Then the following statements are true.

(a) If ach = 1, ack+ ad+ b = 0, chb+ ck+ d = 0, and ahd+hb+ k = 0, then for n ∈ N0 and i = 0, 1, 2, we
get x3n+i = xi, y3n+i = yi and z3n+i = zi. That is the solution (xn, yn, zn)n≥0 is periodic of period 3.

(b) If ach = 1, (ack + ad+ b)(chb+ ck + d)(ahd+ hb+ k) 6= 0, then (xn, yn, zn)→ (0, 0, 0), as n→∞.

(c) If (ack + ad + b)(chb + ck + d)(ahd + hb + k) 6= 0 and | ach |< 1, then xn → 1−ach
ack+ad+b , yn → 1−ach

chb+ck+d

and zn → 1−ach
ahd+hb+k , as n→∞.

(d) If ach 6= 1, u0 = u1 = u2 = ack+ad+b
1−ach , then the sequence (xn)n≥0 is constant.

(e) If ach 6= 1, v0 = v1 = v2 = chb+ck+d
1−ach , then the sequence (yn)n≥0 is constant.

(f) If ach 6= 1, w0 = w1 = w2 = ahd+hb+k
1−ach , then the sequence (zn)n≥0 is constant.

(g) If ui 6= ack+ad+b
1−ach , i = 0, 1, 2 and | ach |> 1 then xn → 0, as n→∞.

(h) If vi 6= chb+ck+d
1−ach , i = 0, 1, 2 and | ach |> 1 then yn → 0, as n→∞.

(i) If wi 6= ahd+hb+k
1−ach , i = 0, 1, 2 and | ach |> 1 then zn → 0, as n→∞.

Proof.

From (3.3), (3.4) and (3.5), the proof is easily seen.
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3.2. Case p = q = r = 1

If p = q = r = 1 then System (1.3) will be
xn+1 = ynyn−1

xn(a+bynyn−1)
,

yn+1 = znzn−1

yn(c+dznzn−1)
,

zn+1 = xnxn−1

zn(h+kxnxn−1)
,

n ∈ N0. (3.6)

Remark 3.2. Before we deal with this system we want to mention the following.
- System (3.6) was treated by A. Cete under the supervision of Y. Yazlik in [4] and separately by M. C.
Bekara Mostefa and N. Touafek.
- It is worth noting that in dealing with System (3.6), we are mainly inspired by the paper of Stevic et al.
[16], this is why we use and follows practically the same notations and technics.

From the general case, we have the following formulas of the well-defined solutions of System (3.6),
depending on ach 6= 1 or ach = 1. Let (xn, yn, zn)n≥−1 be a well-defined solution of System (3.6), we have

1) Case ach 6= 1.
i) If n = 3m, m ∈ N0. Then, from (2.22), (2.23) and (2.24), we have

x2(3m) = x0
m−1∏
j=0

ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b) ,

x2(3m)−1 = x−1
m−1∏
j=0

ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b))
ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b) .

(3.7)



y2(3m) = y0
m−1∏
j=0

chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d)

m−1∏
j=0

(chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d) ,

y2(3m)−1 = y−1
m−1∏
j=0

chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d) .

(3.8)
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z2(3m) = z0
m−1∏
j=0

ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k))
ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k) ,

z2(3m)−1 = z−1
m−1∏
j=0

ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k) .

(3.9)

ii) If n = 3m+ 1, m ∈ N0, then, from (2.25), (2.26) and (2.27), we have

x2(3m+1) = x0
m∏
j=0

ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b) ,

x2(3m)+1 = x−1
m∏
j=0

ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b) .

(3.10)



y2(3m+1) = y0
m∏
j=0

chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d) ,

y2(3m)+1 = y−1
m∏
j=0

chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d) .

(3.11)
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z2(3m+1) = z0
m∏
j=0

ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k) ,

z2(3m)+1 = z−1
m∏
j=0

ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)

m−1∏
j=0

( (ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w2(1−ach)−ahb−hb−k) .

(3.12)

iii) If n = 3m+ 2, m ∈ N0, then, from (2.28), (2.29) and (2.30), we get

x2(3m+2) = x0
m∏
j=0

ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)

m∏
j=0

ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+2(u0(1−ach)−ack−ad−b) ,

x2(3m)+3 = x−1
m∏
j=0

ack+ad+b+(ach)2j(u0(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j(u1(1−ach)−ack−ad−b)

m∏
j=0

ack+ad+b+(ach)2j(u2(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u0(1−ach)−ack−ad−b)

m−1∏
j=0

ack+ad+b+(ach)2j+1(u1(1−ach)−ack−ad−b)
ack+ad+b+(ach)2j+1(u2(1−ach)−ack−ad−b) .

(3.13)



y2(3m+2) = y0
m∏
j=0

chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)

m∏
j=0

(chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ckb−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+2(v0(1−ach)−chb−ck−d) ,

y2(3m)+3 = y−1
m∏
j=0

chb+ck+d+(ach)2j(v0(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j(v1(1−ach)−chb−ck−d)

m∏
j=0

chb+ck+d+(ach)2j(v2(1−ach)−chb−ck−d)
(chb+ck+d+(ach)2j+1(v0(1−ach)−chb−ck−d)

m−1∏
j=0

chb+ck+d+(ach)2j+1(v1(1−ach)−chb−ck−d)
chb+ck+d+(ach)2j+1(v2(1−ach)−chb−ck−d) .

(3.14)



M. C. Benkara Mostefa et al., Journal of Prime Research in Mathematics, 19(2) (2023), 37–59 51



z2(3m+2) = z0
m∏
j=0

ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)

m∏
j=0

ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+2(w0(1−ach)−ahd−hb−k) ,

z2(3m)+3 = z−1
m∏
j=0

ahd+hb+k+(ach)2j(w0(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j(w1(1−ach)−ahd−hb−k)

m∏
j=0

ahd+hb+k+(ach)2j(w2(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w0(1−ach)−ahd−hb−k)

m−1∏
j=0

ahd+hb+k+(ach)2j+1(w1(1−ach)−ahd−hb−k)
ahd+hb+k+(ach)2j+1(w2(1−ach)−ahd−hb−k) .

(3.15)

2) Case ach = 1. We have
i) If n = 3m, m ∈ N0, then, from (2.31), (2.32) and (2.33), we obtain

x2(3m) = x0
m−1∏
j=0

u1+(ack+ad+b)(2j)
u2+(ack+ad+b)(2j)

m−1∏
j=0

u0+(ack+ad+b)(2j+1)
u1+(ack+ad+b)(2j+1)

m−1∏
j=0

u2+(ack+ad+b)(2j+1)
u0+(ack+ad+b)(2j+2) ,

x2(3m)−1 = x−1
m−1∏
j=0

u0+(ack+ad+b)(2j)
u1+(ack+ad+b)(2j)

m−1∏
j=0

u2+(ack+ad+b)(2j)
u0+(ack+ad+b)(2j+1)

m−1∏
j=0

u1+(ack+ad+b)(2j+1)
u2+(ack+ad+b)(2j+1) .

(3.16)



y2(3m) = y0
m−1∏
j=0

v1+(chb+ck+d)(2j)
v2+(chb+ck+d)(2j)

m−1∏
j=0

v0+(chb+ck+d)(2j+1)
v1+(chb+ck+d)(2j+1)

m−1∏
j=0

v2+(chb+ck+d)(2j+1)
v0+(chb+ck+d)(2j+2) ,

y2(3m)−1 = y−1
m−1∏
j=0

v0+(chb+ck+d)(2j)
v1+(chb+ck+d)(2j)

m−1∏
j=0

v2+(chb+ck+d)(2j)
v0+(chb+ck+d)(2j+1)

m−1∏
j=0

v1+(chb+ck+d)(2j+1)
v2+(chb+ck+d)(2j+1) .

(3.17)



z2(3m) = z0
m−1∏
j=0

w1+(ahd+hb+k)(2j)
w2+(ahd+hb+k)(2j)

m−1∏
j=0

w0+(ahd+hb+k)(2j+1)
w1+(ahd+hb+k)(2j+1)

m−1∏
j=0

w2+(ahd+hb+k)(2j+1)
w0+(ahd+hb+k)(2j+2) ,

z2(3m)−1 = z−1
m−1∏
j=0

w0+(ahd+hb+k)(2j)
w1+(ahd+hb+k)(2j)

m−1∏
j=0

w2+(ahd+hb+k)(2j)
w0+(ahd+hb+k)(2j+1)

m−1∏
j=0

w1+(ahd+hb+k)(2j+1)
w2+(ahd+hb+k)(2j+1) .

(3.18)

ii) If n = 3m+ 1, m ∈ N0, then, from (2.34), (2.35) and (2.36), we have
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x2(3m+1) = x0
m∏
j=0

u1+(ack+ad+b)(2j)
u2+(ack+ad+b)(2j)

m−1∏
j=0

u0+(ack+ad+b)(2j+1)
u1+(ack+ad+b)(2j+1)

m−1∏
j=0

u2+(ack+ad+b)(2j+1)
u0+(ack+ad+b)(2j+2) ,

x2(3m)+1 = x−1
m∏
j=0

u0+(ack+ad+b)(2j)
u1+(ack+ad+b)(2j)

m−1∏
j=0

u2+(ack+ad+b)(2j)
u0+(ack+ad+b)(2j+1)

m−1∏
j=0

u1+(ack+ad+b)(2j+1)
u2+(ack+ad+b)(2j+1) .

(3.19)



y2(3m+1) = y0
m∏
j=0

v1+(chb+ck+d)(2j)
v2+(chb+ck+d)(2j)

m−1∏
j=0

v0+(chb+ck+d)(2j+1)
v1+(chb+ck+d)(2j+1)

m−1∏
j=0

v2+(chb+ck+d)(2j+1)
v0+(chb+ck+d)(2j+2) ,

y2(3m)+1 = y−1
m∏
j=0

v0+(chb+ck+d)(2j)
v1+(chb+ck+d)(2j)

m−1∏
j=0

v2+(chb+ck+d)(2j)
v0+(chb+ck+d)(2j+1)

m−1∏
j=0

v1+(chb+ck+d)(2j+1)
v2+(chb+ck+d)(2j+1) .

(3.20)



z2(3m+1) = z0
m∏
j=0

w1+(ahd+hb+k)(2j)
w2+(ahd+hb+k)(2j)

m−1∏
j=0

w0+(ahd+hb+k)(2j+1)
w1+(ahd+hb+k)(2j+1)

m−1∏
j=0

w2+(ahd+hb+k)(2j+1))
w0+(ahd+hb+k)(2j+2) ,

z2(3m)+1 = z−1
m∏
j=0

w0+(ahd+hb+k)(2j)
w1+(ahd+hb+k)(2j)

m−1∏
j=0

w2+(ahd+hb+k)(2j)
w0+(ahd+hb+k)(2j+1)

m−1∏
j=0

w1+(ahd+hb+k)(2j+1)
w2+(ahd+hb+k)(2j+1) .

(3.21)

iii) If n = 3m+ 2, m ∈ N0, then, from (2.37), (2.38) and (2.39), we get

x2(3m+2) = x0
m∏
j=0

u1+(ack+ad+b)(2j)
u2+(ack+ad+b)(2j)

m∏
j=0

u0+(ack+ad+b)(2j+1)
u1+(ack+ad+b)(2j+1)

m−1∏
j=0

u2+(ack+ad+b)(2j+1)
u0+(ack+ad+b)(2j+2) ,

x2(3m)+3 = x−1
m∏
j=0

u0+(ack+ad+b)(2j)
u1+(ack+ad+b)(2j)

m∏
j=0

u2+(ack+ad+b)(2j)
u0+(ack+ad+b)(2j+1)

m−1∏
j=0

u1+(ack+ad+b)(2j+1)
u2+(ack+ad+b)(2j+1) .

(3.22)



y2(3m+2) = y0
m∏
j=0

v1+(chb+ck+d)(2j)
v2+(chb+ck+d)(2j)

m∏
j=0

v0+(chb+ck+d)(2j+1)
v1+(chb+ck+d)(2j+1)

m−1∏
j=0

v2+(chb+ck+d)(2j+1)
v0+(chb+ck+d)(2j+2) ,

y2(3m)+3 = y−1
m∏
j=0

v0+(chb+ck+d)(2j)
v1+(chb+ck+d)(2j)

m∏
j=0

v2+(chb+ck+d)(2j)
v0+(chb+ck+d)(2j+1)

m−1∏
j=0

v1+(chb+ck+d)(2j+1)
v2+(chb+ck+d)(2j+1) .

(3.23)
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z2(3m+2) = z0
m∏
j=0

w1+(ahd+hb+k)(2j)
w2+(ahd+hb+k)(2j)

m∏
j=0

w0+(ahd+hb+k)(2j+1)
w1+(ahd+hb+k)(2j+1)

m−1∏
j=0

w2+(ahd+hb+k)(2j+1)
w0+(ahd+hb+k)(2j+2) ,

z2(3m)+3 = z−1
m∏
j=0

w0+(ahd+hb+k)(2j)
w1+(ahd+hb+k)(2j)

m∏
j=0

w2+(ahd+hb+k)(2j)
w0+(ahd+hb+k)(2j+1)

m−1∏
j=0

w1+(ahd+hb+k)(2j+1)
w2+(ahd+hb+k)(2j+1) .

(3.24)

In the following theorems, we are interested in the long-term behavior of well-defined solutions of System
(3.6).

Theorem 3.3. Let (xn, yn, zn)n≥−1 be a well-defined solution of System (3.6). Assume that |ach| 6= 1, then
the following statements are true.

a) If ack + ad+ b 6= 0, chb+ ck + d 6= 0, ahd+ hb+ k 6= 0 and | ach |< 1, then (xn, yn, zn) converges to a
periodic solution.

b) If u0 = u1 = u2 = ack+ad+b
1−ach , then the sequences (x6m+j)m≥0, for j ∈ {−1, 0, 1, 2, 3, 4}, are constant.

c) If v0 = v1 = v2 = chb+ck+d
1−ach , then the sequences (y6m+j)m≥0, for j ∈ {−1, 0, 1, 2, 3, 4}, are constant.

d) If w0 = w1 = w2 = ahd+hb+k
1−ach , then the sequences (z6m+j)m≥0, for j ∈ {−1, 0, 1, 2, 3, 4}, are constant.

e) If ack + ad+ b = 0 and | ach |< 1, then | xn |→ ∞, as n→∞.

f) If chb+ ck + d = 0 and | ach |< 1, then | yn |→ ∞, as n→∞.

g) If ahd+ hb+ k = 0 and | ach |< 1, then | zn |→ ∞, as n→∞.

h) If ack + ad+ b = 0 and | ach |> 1, then xn → 0, as n→∞.

j) If chb+ ck + d = 0 and | ach |> 1, then yn → 0, as n→∞.

k) If ahd+ hb+ k = 0 and | ach |> 1, then zn → 0, as n→∞.

l) If | ach |> 1, u0 = u1 = ack+ad+b
1−ach 6= u2, then xn → 0, as n→∞.

m) If | ach |> 1, u0 = u2 = ack+ad+b
1−ach 6= u1, then xn → 0, as n→∞.

n) If | ach |> 1, u1 = u2 = ack+ad+b
1−ach 6= u0, then xn → 0, as n→∞.

o) If | ach |> 1, v0 = v1 = chb+ck+d
1−ach 6= v2, then yn → 0, as n→∞.

p) If | ach |> 1, v0 = v2 = chb+ck+d
1−ach 6= v1, then yn → 0, as n→∞.

q) If | ach |> 1, v1 = v2 = chb+ck+d
1−ach 6= v0, then yn → 0, as n→∞.

r) If | ach |> 1, w0 = w1 = ahd+hb+k
1−ach 6= w2, then zn → 0, as n→∞.

s) If | ach |> 1, w0 = w2 = ahd+hb+k
1−ach 6= w1, then zn → 0, as n→∞.

t) If | ach |> 1, w1 = w2 = ahd+hb+k
1−ach 6= w0, then zn → 0, as n→∞.

u) If | ach |> 1 and ui 6= ack+ad+b
1−ach , for every i ∈ {0, 1, 2}, then xn → 0, as n→∞.

v) If | ach |> 1 and vi 6= ack+ad+b
1−ach , for every i ∈ {0, 1, 2}, then yn → 0, as n→∞.
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y) If | ach |> 1 and wi 6= ack+ad+b
1−ach , for every i ∈ {0, 1, 2}, then zn → 0, as n→∞.

Proof. Let

p(0)m =
ack + ad+ b+ (ach)2m+1(u0(1− ach)− ack − ad− b)
ack + ad+ b+ (ach)2m+1(u1(1− ach)− ack − ad− b)

,

p(1)m =
ack + ad+ b+ (ach)2m(u1(1− ach)− ack − ad− b)
ack + ad+ b+ (ach)2m(u2(1− ach)− ack − ad− b)

, (3.25)

p(2)m =
ack + ad+ b+ (ach)2m+1(u2(1− ach)− ack − ad− b)
ack + ad+ b+ (ach)2m+2(u0(1− ach)− ack − ad− b)

,

q(0)m =
chb+ ck + d+ (ach)2m+1(v0(1− ach)− chb− ck − d)

chb+ ck + d+ (ach)2m+1(v1(1− ach)− chb− ck − d)
,

q(1)m =
chb+ ck + d+ (ach)2m(v1(1− ach)− chb− ck − d)

chb+ ck + d+ (ach)2m(v2(1− ach)− chb− ck − d)
, (3.26)

q(2)m =
chb+ ck + d+ (ach)2m+1(v2(1− ach)− chb− ck − d)

chb+ ck + d+ (ach)2m+2(v0(1− ach)− chb− ck − d)
,

and

r(0)m =
ahd+ hb+ k + (ach)2m+1(w0(1− ach)− ahd− hb− k)

ahd+ hb+ k + (ach)2m+1(w1(1− ach)− ahd− hb− k)
,

r(1)m =
ahd+ hb+ k + (ach)2m(w1(1− ach)− ahd− hb− k)

ahd+ hb+ k + (ach)2m(w2(1− ach)− ahd− hb− k)
, (3.27)

r(2)m =
ahd+ hb+ k + (ach)2m+1(w2(1− ach)− ahd− hb− k)

ahd+ hb+ k + (ach)2m+2(w0(1− ach)− ahd− hb− k)
.

Using the result (1 + x)−1 = 1− x+O
(
x2
)
, as x→ 0, we have

p(0)m =
1 + (ach)2m+1(u0(1− ach)− ack − ad− b)(ack + ad+ b)−1

1 + (ach)2m+1(u1(1− ach)− ack − ad− b)(ack + ad+ b)−1
,

= 1 + (u0 − u1)(1− ach)(ack + ad+ b)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.28)

p(1)m =
1 + (ach)2m(u1(1− ach)− ack − ad− b)(ack + ad+ b)−1

1 + (ach)2m(u2(1− ach)− ack − ad− b)(ack + ad+ b)−1
,

= 1 + (u1 − u2)(1− ach)(ack + ad+ b)−1(ach)2m +O
(
(ach)2m

)
, (3.29)

p(2)m =
1 + (ach)2m+1(u2(1− ach)− ack − ad− b)(ack + ad+ b)−1

1 + (ach)2m+2(u0(1− ach)− ack − ad− b)(ack + ad+ b)−1
,

= 1 + (u2 − achu0 − ack − ad− b)(1− ach)(ack + ad+ b)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.30)

q(0)m =
1 + (ach)2m+1(v0(1− ach)− chb− ck − d)(chb+ ck + d)−1

1 + (ach)2m+1(v1(1− ach)− chb− ck − d)(chb+ ck + d)−1
,

= 1 + (v0 − v1)(1− ach)(chb+ ck + d)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.31)

q(1)m =
1 + (ach)2m(v1(1− ach)− chb− ck − d)(chb+ ck + d)−1

1 + (ach)2m(v2(1− ach)− chb− ck − d)(chb+ ck + d)−1
,

= 1 + (v1 − v2)(1− ach)(chb+ ck + d)−1(ach)2m +O
(
(ach)2m

)
, (3.32)
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q(2)m =
1 + (ach)2m+1(v2(1− ach)− chb− ck − d)(chb+ ck + d)−1

1 + (ach)2m+2(v0(1− ach)− chb− ck − d)(chb+ ck + d)−1
,

= 1 + (v2 − achv0 − chb− ck − d)(1− ach)(chb+ ck + d)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.33)

r(0)m =
1 + (ach)2m+1(w0(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1

1 + (ach)2m+1(w1(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1
,

= 1 + (w0 − w1)(1− ach)(ahd+ hb+ k)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.34)

r(1)m =
1 + (ach)2m(w1(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1

1 + (ach)2m(w2(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1
,

= 1 + (w1 − w2)(1− ach)(ahd+ hb+ k)−1(ach)2m +O
(
(ach)2m

)
, (3.35)

r(2)m =
1 + (ach)2m+1(w2(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1

1 + (ach)2m+2(w0(1− ach)− ahd− hb− k)(ahd+ hb+ k)−1
,

= 1 + (w2 − achw0 − ahd− hb− k)(1− ach)(ahd+ hb+ k)−1(ach)2m+1 +O
(
(ach)2m

)
, (3.36)

for sufficiently large m.

(a) From (3.28)-(3.36), (3.7)-(3.15) and using condition | ach |< 1 and a well-know criterion for conver-
gence of products, the result easily follows.

(b) By employing the condition u0 = u1 = u2 = ack+ad+b
1−ach in (3.7), (3.10) and (3.13), the result can be

easily obtained.

(c) By employing the condition v0 = v1 = v2 = chb+ck+d
1−ach in (3.8), (3.11) and (3.14), the result can be

easily seen.

(d) By employing the condition w0 = w1 = w2 = ahd+hb+k
1−ach in (3.9), (3.12) and (3.15), the result easily

follows.

(e)-(k) In here we will only prove (e) and (h) since the proofs of the others can be done in a similar way. By
using the condition ack + ad+ b = 0 in (3.25), we have

p(0)m p(1)m p(2)m =
1

ach
, (3.37)

from which along with (3.7), (3.10), (3.13) and using the assumptions |ach| < 1 in the case (e) and
|ach| > 1 in the case (h), the results immediately follow.

(l) By using the condition u0 = u1 = ack+ad+b

1−ach 6= u2 in (3.25), we obtain

p(0)m p(1)m p(2)m =
ack + ad+ b+ (ach)2m+1(u2(1− ach)− ack − ad− b)ack + ad+ b+ (ach)2m(u2(1− ach)− ack − ad− b)

. (3.38)

Letting m → ∞ in (3.38) and using the assumption |ach| > 1, we obtain |p(0)m p
(1)
m p

(2)
m | →

∞, from which along with (3.7), (3.10) and (3.13), the result can be easily seen.

(m) By using the condition u0 = u2 = ack+ad+b

1−ach 6= u1 in (3.25), we get

p(0)m p(1)m p(2)m =
ack + ad+ b+ (ach)2m(u1(1− ach)− ack − ad− b)
ack + ad+ b+ (ach)2m+1(u1(1− ach)− ack − ad− b)

. (3.39)

Letting m → ∞ in (3.39) and using the assumption |ach| > 1, we have p
(0)
m p

(1)
m p

(2)
m → 0, from which

along with (3.7), (3.10) and (3.13), the result immediately follows.
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(n) By using the condition u1 = u2 = ack+ad+b
1−ach 6= u0 in (3.25), we get

p(0)m p(1)m p(2)m =
ack + ad+ b+ (ach)2m(u1(1− ach)− ack − ad− b)
ack + ad+ b+ (ach)2m+1(u1(1− ach)− ack − ad− b)

. (3.40)

Letting m→∞ in (3.40) and using the assumption |ach| > 1, we obtain p
(0)
m p

(1)
m p

(2)
m → 0, from which

along with (3.7), (3.10) and (3.13), the result can be easily seen.

(o)-(t) Since the proofs of (o)-(q) and (r)-(t) are similar to (l)-(n), we will omit them in here.

(u)-(y) From (3.25)-(3.27), we have

lim
m→∞

p(0)m p(1)m p(2)m = lim
m→∞

q(0)m q(1)m q(2)m = lim
m→∞

r(0)m r(1)m r(2)m =
1

ach
(3.41)

from which along with (3.7)-(3.15) and using the assumption |ach| > 1, the results immediately follow.

Theorem 3.4. Assume that (xn, yn, zn)n≥−1 is a well-defined solution of System (3.6). Assume that ach =
1, then the following statements are true.

a) If ack + ad+ b = 0, then the sequence (xn)n≥−1 is six-periodic.

b) If chb+ ck + d = 0, then the sequence (yn)n≥−1 is six-periodic.

c) If ahb+ hb+ k = 0, then the sequence (zn)n≥−1 is six-periodic.

d) If ack + ad+ b 6= 0, then xm → 0, as m→∞.

e) If chb+ ck + d 6= 0, then ym → 0, as m→∞.

f) If ahb+ hb+ k 6= 0, then zm → 0, as m→∞.

Proof.

Let

R
(0)
m = u0+(ack+ad+b)(2m+1)

u1+(ack+ad+b)(2m+1) , R
(1)
m = u1+(ack+ad+b)(2m)

u2+(ack+ad+b)(2m) , R
(2)
m = u2+(ack+ad+b)(2m+1)

u0+(ack+ad+b)(2m+2) ,

S
(0)
m = v0+(chb+ck+d)(2m+1)

v1+(chb+ck+d)(2m+1) , S
(1)
m = v1+(chb+ck+d)(2m)

v2+(chb+ck+d)(2m) , S
(2)
m = v2+(chb+ck+d)(2m+1)

v0+(chb+ck+d)(2m+2) ,

T
(0)
m = w0+(ahd+hb+k)(2m+1)

w1+(ahd+hb+k)(2m+1) , T
(1)
m = w1+(ahd+hb+k)(2m)

w2+(ahd+hb+k)(2m) , T
(2)
m = w2+(ahd+hb+k)(2m+1)

w0+(ahd+hb+k)(2m+2) ,

(3.42)

for m ∈ N0.

(a)-(d): From (3.16)-(3.24), these statements easily follow.

(e)-(f): Employing the Taylor expansion for (1 + x)−1, we have for sufficiently large m

R(0)
m R(1)

m R(2)
m =

(
u0 + (ack + ad+ b)(2m+ 1)

u1 + (ack + ad+ b)(2m+ 1)

)(
u1 + (ack + ad+ b)(2m)

u2 + (ack + ad+ b)(2m)

)(
u2 + (ack + ad+ b)(2m+ 1)

u0 + (ack + ad+ b)(2m+ 2)

)
=

(
1 +

u0 − u1
(ack + ad+ b)2m

+O(
1

m2
)

)(
1 +

u1 − u2
(ack + ad+ b)2m

+O(
1

m2
)

)
×
(

1 +
u2 − u0 − ack − ad− b

(ack + ad+ b)2m
+O(

1

m2
)

)
= 1− 1

2m
+O(

1

m2
), (3.43)
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S(0)
m S(1)

m S(2)
m =

(
v0 + (chb+ ck + d)(2m+ 1)

v1 + (chb+ ck + d)(2m+ 1)

)(
v1 + (chb+ ck + d)(2m)

v2 + (chb+ ck + d)(2m)

)(
v2 + (chb+ ck + d)(2m+ 1)

v0 + (chb+ ck + d)(2m+ 2)

)
=

(
1 +

v0 − v1
(chb+ ck + d)2m

+O(
1

m2
)

)(
1 +

v1 − v2
(chb+ ck + d)2m

+O(
1

m2
)

)
×
(

1 +
v2 − v0 − chb− ck − d

(chb+ ck + d)2m
+O(

1

m2
)

)
= 1− 1

2m
+O(

1

m2
), (3.44)

T (0)
m T (1)

m T (2)
m =

(
w0 + (ahd+ hb+ k)(2m+ 1)

w1 + (ahd+ hb+ k)(2m+ 1)

)(
w1 + (ahd+ hb+ k)(2m)

w2 + (ahd+ hb+ k)(2m)

)(
w2 + (ahd+ hb+ k)(2m+ 1)

w0 + (ahd+ hb+ k)(2m+ 2)

)
=

(
1 +

w0 − w1

(ahd+ hb+ k)2m
+O(

1

m2
)

)(
1 +

w1 − w2

(ahd+ hb+ k)2m
+O(

1

m2
)

)
×
(

1 +
w2 − w0 − ahd− hb− k

(ahd+ hb+ k)2m
+O(

1

m2
)

)
= 1− 1

2m
+O(

1

m2
). (3.45)

From (3.43)-(3.45) and (3.16)-(3.23), we can write the following equality

m∏
j=1

(
1− 1

2m
+O(

1

m2
)

)
= e

∑m
j=1 ln

(
1− 1

2j
+O( 1

j2
)
)

= e
− 1

2

∑m
j=1

(
1
j
+O( 1

j2
)
)
, (3.46)

from which along with limm→∞
∑m

j=1
1
j = ∞ and

∑∞
j=1 |O( 1

j2
| < ∞, these statements can be easily

seen.

Theorem 3.5. Let (xn, yn, zn)n≥−1 be a well-defined solution of System (3.6). Assume that ach = −1, then
the following statements are true.

a) If |L1| < 1, then |x6m+2j | → ∞ and x6m+2j−1 → 0, for j ∈ {0, 1, 2}, as m→∞.

b) If |L1| > 1, then x6m+2j → 0 and |x6m+2j−1| → ∞, for j ∈ {0, 1, 2}, as m→∞.

c) If L1 = 1, then the sequence (xn)n≥−1 is six-periodic.

d) If L1 = −1, then the sequence (xn)n≥−1 is twelve-periodic.

e) If |L2| < 1, then |y6m+2j | → ∞ and y6m+2j−1 → 0, for j ∈ {0, 1, 2}, as m→∞.

f) If |L2| > 1, then y6m+2j → 0 and |y6m+2j−1| → ∞, for j ∈ {0, 1, 2}, as m→∞.

g) If L2 = 1, then the sequence (yn)n≥−1 is six-periodic.

h) If L2 = −1, then the sequence (yn)n≥−1 is twelve-periodic.

i) If |L3| < 1, then |z6m+2j | → ∞ and z6m+2j−1 → 0, for j ∈ {0, 1, 2}, as m→∞.

j) If |L3| > 1, then z6m+2j → 0 and |z6m+2j−1| → ∞, for j ∈ {0, 1, 2}, as m→∞.

k) If L3 = 1, then the sequence (zn)n≥−1 is six-periodic.
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l) If L3 = −1, then the sequence (zn)n≥−1 is twelve-periodic.

where

L1 :=
u0u2 (ack + ad+ b− u1)

u1 (ack + ad+ b− u0) (ack + ad+ b− u2)
,

L2 :=
v0v2 (chb+ ck + d− v1)

v1 (chb+ ck + d− v0) (chb+ ck + d− v2)
,

L3 :=
w0w2 (ahb+ hb+ k − w1)

w1 (ahb+ hb+ k − w0) (ahb+ hb+ k − w2)
.

Proof. By taking ach = −1 in (3.7)-(3.15), we obtain

x6m−1 = x−1L
m
1 , x6m = x0

1
Lm
1
, x6m+1 = x−1

u0
u1
Lm
1 ,

x6m+2 = x0
u1
u2

1
Lm
1
, x6m+3 = x−1

u0u2
u1(ack+ad+b−u0)

Lm
1 , x6m+4 = x0

u1(ack+ad+b−u0)
u2(ack+ad+b−u1)

1
Lm
1
,

(3.47)

y6m−1 = y−1L
m
2 , y6m = y0

1
Lm
2
, y6m+1 = y−1

v0
v1
Lm
2 ,

y6m+2 = y0
v1
v2

1
Lm
2
, y6m+3 = y−1

v0v2
v1(chb+ck+d−v0)L

m
2 , y6m+4 = y0

v1(chb+ck+d−v0)
v2(chb+ck+d−v1)

1
Lm
2
,

(3.48)

z6m−1 = z−1L
m
3 , z6m = z0

1
Lm
3
, z6m+1 = z−1

w0
w1
Lm
3 ,

z6m+2 = z0
w1
w2

1
Lm
3
, z6m+3 = z−1

w0w2
w1(ahb+hb+k−w0)

Lm
3 , z6m+4 = z0

w1(ahb+hb+k−w0)
w2(ahb+hb+k−w1)

1
Lm
3
,

(3.49)

for m ∈ N0. From (3.47)-(3.49), all of the statements can be easliy seen.

Lemma 3.6.

If ach 6= 1, ack + ad + b 6= 0, chb + ck + d 6= 0, ahd + hb + k 6= 0. Then system (3.6) has two-periodic
solutions.

Proof.

The equilibrium solution to system (2.2) is
un = u∗ = ack+ad+b

1−ach ,

vn = v∗ = chb+ck+d
1−ach ,

wn = w∗ = ahd+hb+k
1−ach .

n ∈ N0. (3.50)

From (2.1), (3.50) and p = q = r = 1, it follows that

xn+1 =
1− ach

(ack + ad+ b)xn
= xn−1, n ∈ N0, (3.51)

yn+1 =
1− ach

(chb+ ck + d)yn
= yn−1, n ∈ N0, (3.52)

and

zn+1 =
1− ach

(ahd+ hb+ k)zn
= zn−1, n ∈ N0, (3.53)

which is desired.
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