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Abstract

Face irregularity strength under ρ−labeling ξ with class (α1, β1, γ1) of plane graphs is a labeling from the
set of graph elements into the set of integers, that is, ξ : {V ∪ E ∪ F} → {1, 2, 3, .., ρ}, such that the face
weights are distinct at any stage in the graph labeling, that is, Wξ(α1,β1,γ1)(f) ̸= Wξ(α1,β1,γ1)(g), for any two
faces f and g of the graph G. The face irregular strength of a plane graph G is the least possible integer ρ
such that G admits face irregular ρ−labeling. In this research, authors have examined the exact tight lower
bounds for the face irregular strength of generalized plane graphs under ρ−labeling of class (α1, β1, γ1) for
vertex (1, 0, 0), edge (0, 1, 0), face (0, 0, 1), vertex-face (1, 0, 1), edge-face (0, 1, 1) and entire (1, 1, 1). Results
are verified by examples.
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1. Introduction and Preliminaries

In this article, all graphs are finite, simple, planar and undirected. They can be represented by G =
(V,E, F ), where V is the set of vertices, E is the set of edges and F is the set of faces. Graph labeling has
its origin long back ago but in 1967, Alexander Rosa did valuable work on graph labeling [1]. Since then,
many researchers put their interest in vertex labeling and edge labeling [4, 6, 10, 5]. Vertex labeling of a
graph means to assign some positive integer to all the vertices of a graph under some conditions. Similarly,
edge and face labeling of a graph have the same strategy. In this article, the labeling under discussion is
ρ−labeling. The parameter ξ is a mapping from the set of graph elements {V ∪ E ∪ F} into the set of
integers {1, 2, 3, .., ρ}, where ρ is the largest label in a graph labeling on which the face weights are distinct
[15]. Recent research on ρ−labeling of graphs can be seen in [3, 5, 7, 18]. The letters α1, β1, γ1 ∈ {0, 1} have
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association with graph vertices, edges and faces respectively according to [21]. The weight of a face f under
the ρ-labeling ξ of class (α1, β1, γ1), is

Wξ(α1,β1,γ1)
(f) = α1

∑
v∼f

ξ(v) + β1
∑
e∼f

ξ(e) + γ1 ξ(f) (1.1)

In this research, authors have investigated face irregularity strength of grid graphs. A grid graph is
represented by Gt

s = Ps+12Pt+1 such that 2 ≤ t < s, where s and t are the number of row-faces and
column-faces of the graph respectively. To understand the basics of irregularity strength in grid graphs, one
can study [14, 3, 19, 22]. Face irregularity strength and grid graphs will be abbreviated by FIS and GG
respectively. This research paper is based on the calculation of face irregularity strength under ρ−labeling ξ
by using vertex ρ−labeling (1, 0, 0), edge ρ−labeling (0, 1, 0), face ρ−labeling (0, 0, 1), vertex-face ρ−labeling
(1, 0, 1), edge-face ρ−labeling (0, 1, 1) and entire ρ−labeling (1, 1, 1) for grid graphs. In 2020, Baca et al.
investigated exact value for the FIS of ladder graphs [13]. Noshad and Aleem proved the following Theorem
1.1 to investigate the exact value for total FIS of grid graphs [21] and investigated the case (1, 1, 0).

Theorem 1.1. Suppose that G = (V,E, F ) is a plane graph with di where di is the number of i−sided
faces with i ≥ 3. Let (α1, β1, γ1) ∈ {0, 1}, [a = min{i}, for di ̸= 0], [b = max{i}, for di ̸= 0], db = 1 and
[c = max{i, i < b}, for di ̸= 0]. Then FIS with class (α1, β1, γ1) of G is

fs(α1,β1,γ1) (G) ≥
⌈
(α1 + β1) a+ γ1 + |F (G) | − 2

(α1 + β1) c+ γ1

⌉
. (1.2)

Proof. Proof of the theorem can be seen in [21].

2. Main results

Exact value for the lower bound holds if the horizontal differences in face weights are 1 and the vertical
differences in face weights are t. From Theorem 1.1, the lower bounds for the FIS of classes (1, 0, 0), (0, 1, 0),
(0, 0, 1), (1, 0, 1), (0, 1, 1) and (1, 1, 1) can be calculated easily.

For i = 1, 2, 3, . . . , s+1 and j = 1, 2, 3, · · · , t+1, the generalized formulas for vertices and edges around
Ps+12Pt+1 are as follows:

Vertices:
V (Gt

s) = {vji }

Horizontal Edges:
E(Gt

s) = {vji v
j+1
i }

Vertical Edges:
E(Gt

s) = {vji v
j
i+1}

Theorem 2.1. Let t, s ∈ N such that 2 ≤ t < s, then fs(1,0,0)(G
t
s) =

⌈
mn+3

4

⌉
.

Proof. The generalized labeling is as follows: We define the face irregular ρ-labeling ξ of class (1, 0, 0) of Gt
s

in the following way

ξ(vji ) =



⌈
j
4

⌉
+
⌊
t
2

⌋ ⌊
i+1
4

⌋
+
⌈
t
2

⌉ ⌊
i
4

⌋
,

if i = Odd numbers till s ; s ≡ 1(2) or i = Odd numbers till s+ 1 ; s ≡ 0(2).

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2).
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ξ(vji ) =



⌈
j
4

⌉
+
⌈
t
2

⌉ ⌊
i+1
4

⌋
+
⌊
t
2

⌋ ⌊
i
4

⌋
,

if i = Odd numbers till s ; s ≡ 1(2) or i = Odd numbers till s+ 1 ; s ≡ 0(2).

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).

ξ(vji ) =



⌈
j+2
4

⌉
+
⌊
t
2

⌋ ⌊
i
4

⌋
+
⌈
t
2

⌉ ⌊
i−1
4

⌋
,

if i = Even numbers till s+ 1 ; s ≡ 1(2) or i = Even numbers till s ; s ≡ 0(2).

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2).

ξ(vji ) =



⌈
j+2
4

⌉
+
⌈
t
2

⌉ ⌊
i
4

⌋
+
⌊
t
2

⌋ ⌊
i−1
4

⌋
,

if i = Even numbers till s+ 1 ; s ≡ 1(2) or i = Even numbers till s ; s ≡ 0(2).

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).

The weight formula under ρ−labeling ξ of class (1, 0, 0) is defined as

Wξ(1,0,0)(f
j
i ) = ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ).

The differences between the weights of the horizontal faces will be calculated as follows:

For i = Odd numbers till s ; s ≡ 1(2) or i = Odd numbers till s+ 1 ; s ≡ 0(2)

and

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2)

OR

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).

Wξ(1,0,0)(f
j+1
i )−Wξ(1,0,0)(f

j
i ) =

(
ξ(vj+1

i ) + ξ(vj+2
i ) + ξ(vj+1

i+1 ) + ξ(vj+2
i+1 )

)
−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 )

)
=

⌈
j

4

⌉
+

⌈
j + 1

4

⌉
+

⌈
j + 2

4

⌉
+

⌈
j + 3

4

⌉
+ 2t

⌊
i

4

⌋
+ 2t

⌊
i+ 1

4

⌋
+ 1−

⌈
j

4

⌉
−
⌈
j + 1

4

⌉
−
⌈
j + 2

4

⌉
−
⌈
j + 3

4

⌉
− 2t

⌊
i

4

⌋
− 2t

⌊
i+ 1

4

⌋
= 1.
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For i = Even numbers till s+ 1 ; s ≡ 1(2) or i = Even numbers till s ; s ≡ 0(2)

and

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2)

OR

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).

Wξ(1,0,0)(f
j+1
i )−Wξ(1,0,0)(f

j
i ) =

(
ξ(vj+1

i ) + ξ(vj+2
i ) + ξ(vj+1

i+1 ) + ξ(vj+2
i+1 )

)
−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 )

)
=

⌈
j

4

⌉
+

⌈
j + 1

4

⌉
+

⌈
j + 2

4

⌉
+

⌈
j + 3

4

⌉
+ t

⌊
i

4

⌋
+ t

⌊
i+ 2

4

⌋
+ t

⌊
i− 1

4

⌋
+ t

⌊
i+ 1

4

⌋
+ 1−

⌈
j

4

⌉
−
⌈
j + 1

4

⌉
−
⌈
j + 2

4

⌉
−
⌈
j + 3

4

⌉
− t

⌊
i

4

⌋
− t

⌊
i+ 2

4

⌋
− t

⌊
i− 1

4

⌋
− t

⌊
i+ 1

4

⌋
= 1.

So the horizontal differences in face weights are pairwise distinct.

Now let us calculate the vertical faces differences:

For i = Odd numbers till s ; s ≡ 1(2) or i = Odd numbers till s+ 1 ; s ≡ 0(2)

and

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2)

OR

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).

Wξ(1,0,0)(f
j
i+1)−Wξ(1,0,0)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 )

)
−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 )

)
= t

⌊
i+ 3

4

⌋
+ t

⌊
i+ 2

4

⌋
− t

⌊
i+ 1

4

⌋
− t

⌊
i

4

⌋
= t.

For i = Even numbers till s+ 1 ; s ≡ 1(2) or i = Even numbers till s ; s ≡ 0(2)

and

j = Odd numbers till t ; t ≡ 1(2) or j = Odd numbers till t+ 1 ; t ≡ 0(2)

OR

j = Even numbers till t+ 1 ; t ≡ 1(2) or j = Even numbers till t ; t ≡ 0(2).
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Wξ(1,0,0)(f
j
i+1)−Wξ(1,0,0)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 )

)
−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 )

)
= t

⌊
i+ 2

4

⌋
+ t

⌊
i+ 1

4

⌋
− t

⌊
i

4

⌋
− t

⌊
i− 1

4

⌋
.

= t.

This shows the differences among the vertically adjacent faces is t. Hence, all the weights are pairwise
distinct.

Theorem 2.2. Let t, s ∈ N such that 2 ≤ t < s, then fs(0,1,0)(Ps+12Pt+1) =
⌈
mn+3

4

⌉
.

Proof. Theorem can be proved on the similar way as Theorem 2.1.

Theorem 2.3. Let t, s ∈ N such that 2 ≤ t < s, then, fs(0,0,1)(Ps+1□Pt+1) = mn+ 1.

Proof. Theorem can be proved on the similar way as Theorem 2.1.

Theorem 2.4. Let t, s ∈ N such that 2 ≤ t < s, then for a grid graph Ps+12Pt+1, we have

fs(1,0,1)(Ps+12Pt+1) =

⌈
mn+ 4

5

⌉
.

Proof. We define vertex-face labeling ξ of class (1, 0, 1) of Gt
s as follows:

ξ(vji ) =



1 +
⌊
t
2

⌋ ⌊
i+1
4

⌋
+ ⌈ t

2⌉
⌊
i−1
4

⌋
, if i = 1, 2, . . . , 2⌊2ρt ⌋ and j = Odd numbers till t+ 1, t ≡ 0(2)

or j = Odd numbers till t, t ≡ 1(2)

1 +
⌈
t
2

⌉ ⌊
i+1
4

⌋
+ ⌊ t

2⌋
⌊
i−1
4

⌋
, if i = 1, 2, . . . , 2⌊2ρt ⌋ and j = Even numbers till t, t ≡ 0(2)

or j = Even numbers till t+ 1, t ≡ 1(2)

ρ, if i = 2⌊2ρt ⌋+ 1, . . . , s and j = Natural numbers till t+ 1.

ξ(f j
i ) =


j, if i = 1, 2, . . . , 2⌊2ρt ⌋ − 1 and j = Natural numbers till t(
i− 2⌊2ρt ⌋+ 1

)(
2 + t⌊2ρt ⌋ − 2ρ

)
+ j, if i = 2⌊2ρt ⌋, 2⌊

2ρ
t ⌋+ 1 and j = Natural numbers till t

t(i− 1)− 4(ρ− 1) + j, if i = 2⌊2ρt ⌋+ 2, . . . , s and j = Natural numbers till t.

The weight under labeling ξ of class (1, 0, 1) can be defined as

Wξ(1,0,1)(f
j
i ) = ξ(vji ) + ξ(vji+1) + ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(f j

i ).

Now let us calculate the horizontally faces differences:

For i = 1, 2, . . . , 2⌊2ρt ⌋ − 1 and j = Natural numbers till t.

Wξ(1,0,1)(f
j+1
i )−Wξ(1,0,1)(f

j
i ) =

(
ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(vj+2

i ) + ξ(vj+2
i+1 ) + ξ(f j+1

i )
)

−
(
ξ(vji ) + ξ(vji+1) + ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(f j

i )
)

= (j + 1)− j.

= 1.
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For i = 2⌊2ρt ⌋, 2⌊
2ρ
t ⌋+ 1 and j = Natural numbers till t.

Wξ(1,0,1)(f
j+1
i )−Wξ(1,0,1)(f

j
i ) =

(
ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(vj+2

i ) + ξ(vj+2
i+1 ) + ξ(f j+1

i )
)

−
(
ξ(vji ) + ξ(vji+1) + ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(f j

i )
)

= (j + 1)− j.

= 1.

For i = 2⌊2ρt ⌋+ 2, . . . , s and j = Natural numbers till t.

Wξ(1,0,1)(f
j+1
i )−Wξ(1,0,1)(f

j
i ) =

(
ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(vj+2

i ) + ξ(vj+2
i+1 ) + ξ(f j+1

i )
)

−
(
ξ(vji ) + ξ(vji+1) + ξ(vj+1

i ) + ξ(vj+1
i+1 ) + ξ(f j

i )
)

= (j + 1)− j.

= 1.

Now we measure the differences between the weights for every two vertically adjacent faces:

For i = 1, 2, . . . , 2⌊2ρt ⌋ − 2 and j = Natural numbers till t.

Wξ(1,0,1)(f
j
i+1)−Wξ(1,0,1)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 ) + ξ(f j

i+1)
)

−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ) + ξ(f j

i )
)

=

(
2 +

(⌊
t

2

⌋
+

⌈
t

2

⌉)⌊
i+ 3

4

⌋
+

(⌈
t

2

⌉
+

⌊
t

2

⌋)⌊
i+ 1

4

⌋)
−
(
2 +

(⌊
t

2

⌋
+

⌈
t

2

⌉)⌊
i+ 1

4

⌋
+

(⌈
t

2

⌉
+

⌊
t

2

⌋)⌊
i− 1

4

⌋)
.

= t

⌊
i+ 3

4

⌋
+ t

⌊
i+ 1

4

⌋
− t

⌊
i+ 1

4

⌋
− t

⌊
i− 1

4

⌋
.

= t

(⌊
i+ 3

4

⌋
−
⌊
i− 1

4

⌋)
.

= t.

For i = 2⌊2ρt ⌋ − 1 and j = Natural numbers till t.

Wξ(1,0,1)(f
j
i+1)−Wξ(1,0,1)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 ) + ξ(f j

i+1)
)

−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ) + ξ(f j

i )
)
.

= 2ρ−
(
2 + t

⌊
i+ 1

4

⌋
+ t

⌊
i− 1

4

⌋)
+

(
2 + t

⌊
2ρ

t

⌋
− 2ρ+ j − j

)
.

= 2ρ−

(
2 + t

⌊
⌊2ρt ⌋
2

⌋
+ t

⌊
⌊2ρt ⌋ − 1

2

⌋)
+ 2 + t

⌊
2ρ

t

⌋
− 2ρ.

= t

⌊
2ρ

t

⌋
− t

⌊
⌊2ρt ⌋
2

⌋
− t

⌊
⌊2ρt ⌋ − 1

2

⌋
.

= t

(⌊
2ρ

t

⌋
−
(⌊

2ρ

t

⌋
− 1

))
.

= t.
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For i = 2⌊2ρt ⌋ and j = Natural numbers till t.

Wξ(1,0,1)(f
j
i+1)−Wξ(1,0,1)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 ) + ξ(f j

i+1)
)

−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ) + ξ(f j

i )
)
.

= 2ρ−

1 +

⌈
t

2

⌉2
⌊
2ρ
t

⌋
+ 1

4

+

⌊
t

2

⌋2
⌊
2ρ
t

⌋
− 1

4


−

1 +

⌈
t

2

⌉2
⌊
2ρ
t

⌋
+ 1

4

+

⌊
t

2

⌋2
⌊
2ρ
t

⌋
− 1

4


+ 2

(
2 + t

⌊
2ρ

t

⌋
− 2ρ

)
−
(
2 + t

⌊
2ρ

t

⌋
− 2ρ

)
.

= t

⌊
2ρ

t

⌋
−
(⌊

t

2

⌋
+

⌈
t

2

⌉)2
⌊
2ρ
t

⌋
+ 1

4

−
(⌈

t

2

⌉
+

⌊
t

2

⌋)2
⌊
2ρ
t

⌋
− 1

4

 .

= t

⌊
2ρ

t

⌋
− t

2
⌊
2ρ
t

⌋
+ 1

4

+

2
⌊
2ρ
t

⌋
− 1

4

 .

= t

⌊
2ρ

t

⌋
− t

(⌊
2ρ

t

⌋
− 1

)
.

= t.

For i = 2
⌊
2ρ
t

⌋
+ 1 and j = Natural numbers till t.

Wξ(1,0,1)(f
j
i+1)−Wξ(1,0,1)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 ) + ξ(f j

i+1)
)

−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ) + ξ(f j

i )
)
.

= t+ 2

(
2 + t

⌊
2ρ

t

⌋
− 2ρ

)
+ j − 2

(
2 + t

⌊
2ρ

t

⌋
− 2ρ

)
− j.

= t.

For i = 2
⌊
2ρ
t

⌋
+ 2, . . . , , s and j = Natural numbers till t.

Wξ(1,0,1)(f
j
i+1)−Wξ(1,0,1)(f

j
i ) =

(
ξ(vji+1) + ξ(vj+1

i+1 ) + ξ(vji+2) + ξ(vj+1
i+2 ) + ξ(f j

i+1)
)

−
(
ξ(vji ) + ξ(vj+1

i ) + ξ(vji+1) + ξ(vj+1
i+1 ) + ξ(f j

i )
)
.

= mi− 4 (ρ− 1) + j − (t (i− 1)− 4 (ρ− 1) + j) .

= t.

Hence all the weights are distinct and the proof is complete.

Theorem 2.5. Let t, s ∈ N such that 2 ≤ t < s, then for a grid graph Gt
s, we have

fs(0,1,1)(Ps+12Pt+1) =

⌈
4 +mn

5

⌉
.
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Proof. Theorem can be proved on the similar way as Theorem 2.4.

Theorem 2.6. Let s and t be positive integers and Gt
s = Ps+12Pt+1 is a collection of grid graphs for

different values of s and t where 2 ≤ t < s and
⌊
t+1
3

⌋
= t − 2

⌊
t+1
3

⌋
. Then the exact value of entire FIS of

Gt
s under ρ−labeling of type (1, 1, 1) is

Efs(1,1,1)(G
t
s) =

⌈
mn+ 8

9

⌉
.

Proof. To prove the exact value for the entire FIS under ρ−labeling ξ of type (1, 1, 1) of grid graphs which
satisfy the condition

⌊
t+1
3

⌋
= t− 2

⌊
t+1
3

⌋
where 2 ≤ t < s, the weights differences of horizontally and verti-

cally adjacent faces should be 1 and t respectively.

Generalized results for vertex of grid graphs under ρ−labeling ξ of type (1, 1, 1) can be elaborated as
follows:

ξ
(
vji

)
=


1 +

⌊
i−1
2

⌋ ⌊
t+1
3

⌋
; i = 1, 2, 3, . . . , 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
; j = 1, 2, . . . , t+ 1

ρ ; i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1, . . . , s+ 1 ; j = 1, 2, . . . , t+ 1.

Generalized results for face of grid graphs under ρ−labeling ξ of type (1, 1, 1) can be elaborated as
follows:

ξ
(
f j
i

)
=



j

; i = 1, 2, · · · , 2
⌈

ρ

⌊ t+1
3 ⌋

⌉
+ 1 +

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

 ; j = 1, 2, · · · , t

j +

9 + t

2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

+ 1

− 8ρ− 1


; i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

+ 2 ; j = Natural numbers till t

j + 9 + t

2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

+ 1

− 8ρ− 1

+t

i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
−

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

− 2


; i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

+ 3, · · · , s ; j = Natural numbers till t.

Generalized results for horizontal edge of grid graphs under ρ−labeling ξ of type (1, 1, 1) can be elaborated
as follows:

ξ
(
vji v

j+1
i

)
=


1 +

⌊
i−1
2

⌋ ⌊
t+1
3

⌋
; i = 1, 2, 3, . . . , 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
; j = Natural numbers till t

ρ ; i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1, . . . , s ; j = Natural numbers till t.
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Generalized results for vertical edge of grid graphs under ρ−labeling ξ of type (1, 1, 1) can be elaborated
as follows:

ξ
(
vji v

j
i+1

)
=



1 ;

i = 1, 2, . . . , 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
− 1 ; j = Natural numbers till t+ 1

1 +

⌊
1
2

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)⌋⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1

)⌉
+

⌈
1
2

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)⌉⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉)⌉
;

i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
, 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1 ;

j = Odd numbers till t ; t ≡ 1 (2) OR j = Odd numbers till t+ 1 ; t ≡ 0 (2)

1 +

⌈
1
2

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)⌉⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1

)⌉
+

⌊
1
2

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)⌋⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉)⌉
;

i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
, 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 1 ;

j = Even numbers till t+ 1 ; t ≡ 1 (2) OR j = Even numbers till t ; t ≡ 0 (2) .

ξ
(
vji v

j
i+1

)
=



1 +
⌊
t
2

⌋ ⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
− 1

)⌉
+
⌈
t
2

⌉ ⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
− 2

)⌉
+t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3 ;

i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 2, . . . , 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 2 +

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

 ;

j = Odd numbers till t ; t ≡ 1 (2) OR j = Odd numbers till t+ 1 ; t ≡ 0 (2)

1 +
⌈
t
2

⌉ ⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
− 1

)⌉
+
⌊
t
2

⌋ ⌈
1
2

(
i− 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
− 2

)⌉
+t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3 ;

i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 2, . . . , 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 2 +

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

 ;

j = Even numbers till t+ 1 ; t ≡ 1 (2) OR j = Even numbers till t ; t ≡ 0 (2)

ρ ;

i = 2

⌈
ρ

⌊ t+1
3 ⌋

⌉
+

4ρ−t−t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈ t

2⌉

+ 2, · · · , s ; j = Natural numbers till t.

Let us first calculate the horizontal differences in weights among different intervals of i and j.
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For i = 1, 2, 3, . . . , 2

⌈
ρ⌊

t+1
3

⌋⌉− 2 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

= 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 + j + 1− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1

−
⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1− j.

= 1.

For i = 2

⌈
ρ⌊

t+1
3

⌋⌉− 1 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

= 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 + j + 1− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1

−
⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1− j.

= 1.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉ ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

= 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ ρ+ 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ ρ+ 1

+

⌊
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉

+

⌈
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉

+ j + 1− 1−
⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− ρ− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− ρ− 1

−

⌊
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉

−

⌈
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉− j.

= 1.

For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ 1

+

⌊
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉

+

⌈
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉
+ j + 1− ρ− ρ− ρ− ρ− 1

−

⌊
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉

−

⌈
1

2

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉− j.

= 1.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+ 2, · · · , 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1 +

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ 1 +

⌊
t

2

⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉− 1

)⌉

+

⌈
t

2

⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉− 2

)⌉
+ t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3 + j + 1

− ρ− ρ− ρ− ρ− 1−
⌊
t

2

⌋⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉− 1

)⌉

−
⌈
t

2

⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉− 2

)⌉
− t

⌈
ρ⌊

t+1
3

⌋⌉− 3

⌊
t+ 1

3

⌋
+ t+ 3ρ− 3− j.

= 1.

For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 2 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ ρ+ j + 1

+

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

− ρ− ρ− ρ

− ρ− ρ− j −

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

 .

= 1.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 3, · · · , s ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vj+1
i

)
+ ξ

(
vj+2
i

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vj+2
i+1

)
+ ξ

(
vj+1
i vj+2

i

)
+ ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
vj+1
i+1 v

j+2
i+1

)
+ ξ

(
vj+2
i vj+2

i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
+ ξ

(
f j+1
i

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ ρ+ j + 1 + 9

+ t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

+ t

i− 2

⌈
ρ⌊

t+1
3

⌋⌉−

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
− 2

− ρ− ρ− ρ− ρ− ρ− j

−

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

 .

= 1.

Now let us move to the calculation of vertical weights differences.
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For i = 1, 2, 3, . . . , 2

⌈
ρ⌊

t+1
3

⌋⌉− 2 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

= 1 +

⌊
i+ 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i+ 1

2

⌋⌊
t+ 1

3

⌋
+ 1 + 1 +

⌊
i+ 1

2

⌋⌊
t+ 1

3

⌋
+ 1 + j

− 1−
⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1− 1− j

= 3

⌊
i+ 1

2

⌋⌊
t+ 1

3

⌋
− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
.

= 3

⌊
t+ 1

3

⌋(⌊
i+ 1

2

⌋
−
⌊
i− 1

2

⌋)
Since

(⌊
i+ 1

2

⌋
−
⌊
i− 1

2

⌋)
= 1, for every value of i, so we have

= 3

⌊
t+ 1

3

⌋
.

= t.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉− 1 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ 1 + 1

+

⌈
1

2

(
i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




+ j − 1−
⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1− 1− j.

= 3ρ+ 2 + (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)
− 5− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
.

= 3ρ+ 2 + t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3− 5− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
.

= t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
.

= t.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉ ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ 2 +

⌈
1

2

(
i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




+

⌈
1

2

(
i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




+ j − 1−
⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 2

−

⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




−

⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




− j.

= 3ρ+ (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)

+ (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)
− 3− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋

− (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)
.

= 3ρ+ t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3 + t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

− 3− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− t

⌈
ρ⌊

t+1
3

⌋⌉− 3

⌊
t+ 1

3

⌋
+ t+ 3ρ− 3.

= t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
.

= t.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ 2 +

⌈
1

2

(
i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉− 1

)⌉{⌊
t

2

⌋
+

⌈
t

2

⌉}

+

⌈
1

2

(
i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉− 2

)⌉{⌈
t

2

⌉
+

⌊
t

2

⌋}
+ 2t

⌈
ρ⌊

t+1
3

⌋⌉+ 6

⌊
t+ 1

3

⌋
− 2t− 6ρ+ 6

+ j − ρ− ρ− ρ− 2−

⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉+ 1

)⌉


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2




−

⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉

(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
3 ⌋

⌉
+ 3

⌊
t+1
3

⌋
− t− 3ρ+ 3

)
2


− j.

= 3ρ+ 2 + (1) t+ 0 + 2t

⌈
ρ⌊

t+1
3

⌋⌉+ 6

⌊
t+ 1

3

⌋
− 2t− 6ρ+ 6− 3ρ− 2

− (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)
− (1)

(
t

⌈
ρ⌊

t+1
3

⌋⌉+ 3

⌊
t+ 1

3

⌋
− t− 3ρ+ 3

)
.

= 3ρ+ 2 + t− 3ρ− 2.

= t.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 2 ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ ρ+ j

+

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

− ρ− ρ− ρ− ρ

− ρ− j −

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉

− 8ρ− 1

 .

= 5ρ+ j +

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1 + 1− 1

− 8ρ− 1



− 5ρ− j −

9 + t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1− 1

− 8ρ− 1


= (9 + t (i+ 1− 1)− 8ρ− 1)− (9 + t (i− 1)− 8ρ− 1) .

= (9 + t (i)− 8ρ− 1)− (9 + t (i− 1)− 8ρ− 1) .

= 9 +mi− 8ρ− 1− 9−mi+ t+ 8ρ+ 1.

= t.
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For i = 2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 3, · · · , s ; j = 1, 2, . . . , t.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+1

)
+ ξ

(
vj+1
i+1

)
+ ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j+1
i+1

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji+1

)
− ξ

(
vj+1
i+1

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vji+1v

j+1
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ξ

(
vji+2

)
+ ξ

(
vj+1
i+2

)
+ ξ

(
vji+1v

j
i+2

)
+ ξ

(
vj+1
i+1 v

j+1
i+2

)
+ ξ

(
vji+2v

j+1
i+2

)
+ ξ

(
f j
i+1

)
− ξ

(
vji

)
− ξ

(
vj+1
i

)
− ξ

(
vji v

j+1
i

)
− ξ

(
vji v

j
i+1

)
− ξ

(
vj+1
i vj+1

i+1

)
− ξ

(
f j
i

)
.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ ρ+ ρ+ j + 9

+ t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

− 8ρ− 1

+ t

i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉−

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
− 2

− ρ− ρ− ρ− ρ− ρ− j − 9

− t

2

⌈
ρ⌊

t+1
3

⌋⌉+

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
+ 1

+ 8ρ+ 1

− t

i− 2

⌈
ρ⌊

t+1
3

⌋⌉−

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
− 2

 .

= t

i+ 1− 2

⌈
ρ⌊

t+1
3

⌋⌉−

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
− 2



− t

i− 2

⌈
ρ⌊
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3

⌋⌉−

4ρ− t− t

⌈
ρ
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3 ⌋

⌉
⌈
t
2

⌉
− 2

 .

= mi+ t− 2t

⌈
ρ⌊

t+1
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⌋⌉− t

4ρ− t− t

⌈
ρ

⌊ t+1
3 ⌋

⌉
⌈
t
2

⌉
− 2t−mi+ 2t

⌈
ρ⌊

t+1
3
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+ t

4ρ− t− t

⌈
ρ
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3 ⌋

⌉
⌈
t
2
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+ 2t.

= t.
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It can be clearly seen that the conditions regarding differences in weights are fulfilled and so we have

Efs(1,1,1)(G
t
s) =

⌈
mn+ 8

9

⌉
.

Example 2.7. Investigate the exact value of entire FIS of G15
18 by using ρ−lableing of type (1, 1, 1).

Proof. We will label a grid graph G15
18 under the supervision of generalized results about vertices, horizontal

edges, vertical edges and faces.

Figure1
Entire Face Irregularity Strength of G15

18 under 31−labeling of type (1, 1, 1)

In G15
18, the value of s is 18 and the value of t is 15. From Figure1, we see that the minimum integer for

which the face weights are distinct is 31. So, ρ = 31 and hence, we have

⌊
t
2

⌋
=
⌊
15
2

⌋
= 7 ,

⌈
t
2

⌉
=
⌈
15
2

⌉
= 8 ,

⌊
t+1
3

⌋
=
⌊
16
3

⌋
= 5 ,

⌈
ρ

⌊ t+1
3 ⌋

⌉
=
⌈
31
5

⌉
= 7.

To investigate the exact value of ρ = Efs(1,1,1)(G
15
18), we will calculate the horizontal and vertical differ-

ences in face weights.

Horizontal differences in face weights for different intervals of i and j can be calculated by the following
method.
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For i = 1, 2, 3, . . . , 12, ; j = 1, 2, . . . , 15.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1

+

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 + j + 1− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1− j.

For i = 1,we have

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= 1 + 0 + 1 + 0 + 1 + 0 + 1 + 0 + 1 + j + 1− 1

− 0− 1− 0− 1− 0− 1− 0− 1− j.

= 1.

For i = 2,we have

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= 1 + 0 + 1 + 5 + 1 + 0 + 1 + 5 + 1 + j + 1− 1− 0

− 1− 5− 1− 0− 1− 5− 1− j.

= 1.

Similarly for i = 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12, we have

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
= 1.

For i = 13 ; j = 1, 2, . . . , 15.

Wξ(1,1,1)

(
f j+1
i

)
−Wξ(1,1,1)

(
f j
i

)
=

= 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
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⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
+ 1 +

⌊
i

2

⌋⌊
t+ 1

3

⌋
+ 1 + j + 1− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1

−
⌊
i

2

⌋⌊
t+ 1

3

⌋
− 1− j.

= 1 + (6)(5) + 1 + (6)(5) + 1 + (6)(5) + 1 + (6)(5) + 1 + j + 1− 1− (6)(5)− 1− (6)(5).

− 1− (6)(5)− 1− (6)(5)− 1− j.

= 1.
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For i = 14 ; j = 1, 2, . . . , 15.
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(
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)
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i

)
=
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+

⌊
1

2
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t
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3
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⌊
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2
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⌈
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2
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3
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⌊
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3
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)⌋⌈
1

2

(
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⌈
ρ⌊
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3
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−

⌈
1

2

(
t

⌈
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3
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⌊
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3

⌋
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)⌉⌈
1

2

(
i− 2

⌈
ρ⌊

t+1
3

⌋⌉)⌉− j.

= 1 + (6)(5) + 31 + 1 + (6)(5) + 31 + 1 + (7)(1) + 0 + j + 1− 1− (6)(5)− ρ

− 1− (6)(5)− 31− 1− (7)(1)− 0− j.

= 1.

By using the similar method, reader can verify the upcoming horizontal differences in face weights, the
answer will always be 1 for all values of i and j.
Now we investigate the vertical differences in face weights by the following method.

For i = 1, 2, 3, . . . , 12 ; j = 1, 2, . . . , 15.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= 1 +

⌊
i+ 1

2
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⌋
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⌊
i+ 1

2
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3
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3

⌋
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⌊
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2
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3
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For i = 1, we have

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= 1 + (1)(5) + 1 + (1)(5) + 1 + 1 + (1)(5) + 1 + j − 1− 0− 1− 0− 1− 0− 1− 1− j.

= 15.

= t.
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For i = 2, we have

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= 1 + (1)(5) + 1 + (1)(5) + 1 + 1 + (1)(5) + 1 + j − 1− 0− 1− 0− 1− 0− 1− 1− j.

= 15.

= t.

For i = 3, we have

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= 1 + (2)(5) + 1 + (2)(5) + 1 + 1 + (2)(5) + 1 + j − 1− (1)(5)− 1− (1)(5)− 1− (1)(5)

− 1− 1− j.

= 15.

= t.

Similarly for i = 4, 5, 6, 7, 8, 9, 10, 11 and 12, we have

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= 15.

For i = 13 ; j = 1, 2, . . . , 15.

Wξ(1,1,1)

(
f j
i+1

)
−Wξ(1,1,1)

(
f j
i

)
= ρ+ ρ+ ρ+ 1 + 1 +

⌈
1

2

(
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)⌉


(
t

⌈
ρ
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⌉
+ 3

⌊
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3

⌋
− t− 3ρ+ 3

)
2

+


(
t

⌈
ρ

⌊ t+1
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3
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+ j − 1−
⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1−

⌊
i− 1

2

⌋⌊
t+ 1

3

⌋
− 1− 1− j.

= 31 + 31 + 31 + 1 + 1 + (1)(15) + j − 1− (6)(5)− 1− (6)(5)− 1− (6)(5)− 1− 1− j.

= 15.

Similarly, the upcoming differences can be calculated. The answer will always be t for all values of i and j.
Hence, the horizontal and vertical differences of face weights are verified and so the exact value of Efs(1,1,1)(G

15
18) =

31.

3. Conclusion

In this paper, we have applied new graph parameters (α1, β1, γ1) on grid graphs. Problems in this arti-
cle are based on face labeling of plane graphs. We investigated the tight lower bound for the face irregular
strength of vertex (1, 0, 0), edge (0, 1, 0), face (0, 0, 1), vertex-face (1, 0, 1), edge-face (0, 1, 1) and vertex-edge-
face (1, 1, 1) of Gt

s with the help of ρ−lableing of class (α1, β1, γ1) under some labeling conditions. Since
a plane graph can be labelled in many ways but we focus on obtaining a minimum number from the set
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of integers, so in this kind of calculation, graphs may undergo some conditions of labeling. We generalized
formulas to prove results and applied results to solve examples. The results of labeling depend on the size
of the graph. Sometimes, it happens that graphs do not provide exact results. In order to get exact and
precise results, we recommend the reader to work on bigger graphs. Face irregularity strength of graphs
under ρ−labeling of type (α1, β1, γ1) is an emerging topic in recent times. Many authors like Martin Baca,
Aleem Mughal and Noshad jamil have done valuable work on face labeling of graphs [15, 21, 22].
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