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Abstract

In this paper, some open two-point Newton-Cotes type integral inequalities for functions whose first deriva-
tives are convex via Riemann-Liouville fractional integrals are established. Our finding generalize some
already known results. In order to illustrate the efficiency of our main results, some applications are given.
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1. Introduction

Let I be a real interval

Definition 1.1. [21] A function f : I → R is said to be convex, if

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f(y) (1.1)

holds for all x, y ∈ I and all t ∈ [0, 1].

Convexity plays an important role in many fields, such as economics, finance, optimization, and game
theory.
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This concept has a close relationship in the development of the theory of inequalities, which represents an
important and powerful tool in the study of the properties of solutions of differential and integral equations
as well as in the estimation of error of integration by quadrature methods.

The fundamental inequality for convex functions is the so-called Hermite-Hadamard inequality, which
can be stated as follows: For every convex function f on the interval [a, b] with a < b, we have

f
(
a+b
2

)
≤ 1

b−a

∫ b

a
f (x) dx ≤ f(a)+f(b)

2 . (1.2)

If the function f is concave, then (1.2) holds in the reverse direction see [10, 11].
The large family of quadratures related to inequality (1.2) is known as the n-point Newton-Cotes quadra-

ture rule see [13, 16, 17, 19]. The downside of these methods is that the error term involves a high-order
derivative and requires a lot of differentiation and computation.

In [7], Dragomir and Agarwal obtained the following closed two point Newton-Cotes type inequlities for
differentiable convex functions called trapezoid inequality or Dragomir and Agarwal type inequalities

Theorem 1.2. Let f : I◦ ⊂ R → R be a differentible mapping on I◦, a, b ∈ I◦ with a < b. If |f ′| is convex
on [a, b], then the following inequality holds:∣∣∣∣∣∣f(b)+f(a)

2 − 1
b−a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a
8

(∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣) .
Theorem 1.3. Let f : I◦ ⊂ R → R be a differentible mapping on I◦, a, b ∈ I◦ with a < b. If |f ′|q is convex
on [a, b], where q, p > 1 and 1

p + 1
q = 1, then the following inequality holds:∣∣∣∣∣∣f(a)+f(b)

2 − 1
b−a

b∫
a

f (u) du

∣∣∣∣∣∣ ≤ b−a

2(p+1)
1
p

(
|f ′(a)|q+|f ′(b)|q

2

) 1
q
.

In [15], Latif and Dragomir gave the following trapezoid type inequalities for differentiable convex func-
tions

Theorem 1.4. Let f : I◦ ⊂ R → R be a differentible mapping on I◦, a, b ∈ I◦ with a < b. If |f ′| is convex
on [a, b], then the following inequality holds:∣∣∣∣∣∣f(

3a+b
4 )+f(a+3b

4 )
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

96

(∣∣f ′ (a)
∣∣+ 4

∣∣f ′ (3a+b
4

)∣∣+ 2
∣∣f ′ (a+b

2

)∣∣+ 4
∣∣f ′ (a+3b

4

)∣∣+ ∣∣f ′ (b)
∣∣) .

Theorem 1.5. Let f : I◦ ⊂ R → R be a differentible mapping on I◦, a, b ∈ I◦ with a < b. If |f ′|q is convex
on [a, b], where q, p > 1 and 1

p + 1
q = 1, then the following inequality holds:∣∣∣∣∣∣f(

3a+b
4 )+f(a+3b

4 )
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

16(p+1)
1
p

((
|f ′(a)|q+|f ′( 3a+b

4 )|q
2

) 1
q

+

(
|f ′( 3a+b

4 )|q+|f ′(a+b
2 )|q

2

) 1
q

+

(
|f ′(a+b

2 )|q+|f ′(a+3b
4 )|q

2

) 1
q

+

(
|f ′(a+3b

4 )|q+|f ′(b)|q

2

) 1
q

)
.
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Theorem 1.6. Let f : I◦ ⊂ R → R be a differentible mapping on I◦, a, b ∈ I◦ with a < b. If |f ′|q is convex
on [a, b], where p ≥ 1, then the following inequality holds:∣∣∣∣∣∣f(

3a+b
4 )+f(a+3b

4 )
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ b−a

32

((
|f ′(a)|q+2|f ′( 3a+b

4 )|q
3

) 1
q

+

(
2|f ′( 3a+b

4 )|q+|f ′(a+b
2 )|q

3

) 1
q

+

(
|f ′(a+b

2 )|q+2|f ′(a+3b
4 )|q

3

) 1
q

+

(
2|f ′(a+3b

4 )|q+|f ′(b)|q

3

) 1
q

)
.

In [9], Guessab and Schmeisser proved the following companion of Ostrowski’s inequality

Theorem 1.7. Let f : I → R satisfy the Lipschitz condition i.e.|f(u)− f(v)| ≤ M |u− v|, then for each
x ∈

[
a, a+b

2

]
we have ∣∣∣∣∣∣f(x)+f(a+b−x)

2 − 1
b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ (b− a)

[
1
8 + 2

(x− 3a+b
4 )

2

(b−a)2

]
M.

Alomari et al. [1] discussed the following general two point Newton-Cotes for differentiable convex
functions known as companion Ostrowski’s inequalities

Theorem 1.8. Let f : [a, b] ⊂ I → R be an absolutely continuous mapping on I◦ with a < b, such that
f ′ ∈ L1 [a, b]. If |f ′| is convex on [a, b], then for all x ∈

[
a, a+b

2

]
, we have∣∣∣∣∣∣f(x)+f(a+b−x)

2 − 1
b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (x−a)2

6(b−a)

(∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣)+ 8(x−a)2+3(a+b−2x)2

24(b−a)

(∣∣f ′ (x)
∣∣+ ∣∣f ′ (a+ b− x)

∣∣) .
Theorem 1.9. Let f : [a, b] ⊂ I → R be an absolutely continuous mapping on I◦ with a < b, such that
f ′ ∈ L1 [a, b]. If |f ′|q is convex function on [a, b] where q > 1 with 1

p + 1
q = 1, then for x ∈

[
a, a+b

2

]
we have∣∣∣∣∣∣f(x)+f(a+b−x)

2 − 1
b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤

(
1

p+1

) 1
p

(
(x−a)2

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)2

2(b−a)

(
|f ′(x)|q+|f ′(a+b−x)|q

2

) 1
q

)
.

Fractional calculus is a branch of mathematical analysis whose study grows out of the classical definitions
of integral and derivative operators of non-integer order and provide an excellent tool for the description of
the memory and hereditary properties of various materials and processes.

Nowadays, fractional calculus has aroused the interest of many researchers and has become a very useful
new mathematical method and a powerful tool due to its wide field of applications in different scientific
fields such as physical and biological sciences as well as engineering sciences see [6, 12, 22, 23].

In the last decade various improvments, extensions and generalizations of certains integral inequalities
have been obtained via different fractional integration operators see [2, 3, 5, 8, 18, 20, 25, 26].
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Definition 1.10. [14] Let f ∈ L1[a, b]. The Riemann-Liouville fractional integrals Iαa+f and Iαb−f of order
α > 0 with a ≥ 0 are defined by

Iαa+f(x) = 1
Γ(α)

x∫
a

(x− t)α−1 f(t)dt, x > a

Iαb−f(x) = 1
Γ(α)

b∫
x

(t− x)α−1 f(t)dt, b > x

respectively, where Γ(α) =
∞∫
0

e−ttα−1dt, is the gamma function and I0a+f(x) = I0b−f(x) = f(x).

By using the above definition, sarikaya et al. [24], established the analogue fractional of inequality (1.2)

Theorem 1.11. Let f : [a, b] → R be a positive function with 0 ≤ a < b and ∈ L1 [a, b]. If f is a convex
function on [a, b], then for α > 0 the following inequalities for fractional integrals hold:

f
(
a+b
2

)
≤ Γ(α+1)

(b−a)α
(Iαa+f(b) + Iαb−f(a)) ≤

f(a)+f(b)
2 . (1.3)

In the same paper the authors proved the following fractional closed two point Newton-Cotes type
inequalities for differentiable convex functions

Theorem 1.12. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If |f ′| is convex on
[a, b], then the following inequality for fractional integrals holds:∣∣∣f(b)+f(a)

2 − Γ(α+1)
(b−a)α

(Iαa+f(b) + Iαb−f(a))
∣∣∣ ≤ b−a

2(α+1)

(
1− 1

2α

) (∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣) .
Motivated by the above results, in this paper we first establish a new integral identity, and then we derive

some new open two-point Newton-Cotes type nequalities for fonctions whose first derivatives are convex via
Riemann-Liouville fractional integrals.

2. Main results

We start this section with the following lemma, which represents a partial result.

Lemma 2.1. Let f : [a, b] → R be a differentiable mapping on [a, b] with a < b. If f ′ ∈ L1 [a, b], then the
following equality holds for all x ∈

(
a, a+b

2

)
Λα (a, x, b; f) = (b− a)α

(x−a
b−a

)α+1
1∫
0

tαf ′ ((1− t) a+ tx) dt

−
(
a+b−2x
2(b−a)

)α+1
1∫
0

(1− t)α f ′ ((1− t)x+ ta+b
2

)
dt

+
(
a+b−2x
2(b−a)

)α+1
1∫
0

tαf ′ ((1− t) a+b
2 + t (a+ b− x)

)
dt

−
(
x−a
b−a

)α+1
1∫
0

(1− t)α f ′ ((1− t) (a+ b− x) + tb) dt

 ,

where

Λα (a, x, b; f) = 2α(x−a)α+(a+b−2x)α

2α(b−a) (f (x) + f (a+ b− x)) (2.1)

−Γ(α+1)
b−a

(
Iαx−f(a) + Iαx+f(a+b

2 ) + Iα
(b+a−x)−

f(a+b
2 ) + Iα

(a+b−x)+
f(b)

)
.
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Proof. Let

I = (x− a)α+1 I1 −
(
a+b
2 − x

)α+1
I2 +

(
a+b
2 − x

)α+1
I3 − (x− a)α+1 I4, (2.2)

where

I1 =

1∫
0

tαf ′ ((1− t) a+ tx) dt,

I2 =

1∫
0

(1− t)α f ′ ((1− t)x+ ta+b
2

)
dt,

I3 =

1∫
0

tαf ′ ((1− t) a+b
2 + t (a+ b− x)

)
dt

and

I4 =

1∫
0

(1− t)α f ′ ((1− t) (a+ b− x) + tb) dt.

Integrating by parts I1, then using the change of variable, we get

I1 = 1
x−a t

αf ((1− t) a+ tx)
∣∣∣t=1

t=0
− α

x−a

1∫
0

tα−1f ((1− t) a+ tx) dt

= 1
x−af (x)− α

(x−a)α+1

x∫
a

(u− a)α−1 f (u) du

= 1
x−af (x)− 1

(x−a)α+1Γ (α+ 1) Iαx−f(a). (2.3)

Similarly, we have

I2 = − 2
a+b−2xf (x) +

(
2

a+b−2x

)α+1
Γ (α+ 1) Iαx+f(a+b

2 ), (2.4)

I3 =
2

a+b−2xf (a+ b− x)−
(

2
a+b−2x

)α+1
Γ (α+ 1) Iα

(b+a−x)−
f(a+b

2 ) (2.5)

and
I4 = − 1

x−af (a+ b− x) + 1
(x−a)α+1Γ (α+ 1) Iα

(a+b−x)+
f(b). (2.6)

Using (2.3)-(2.6) in (2.2), and then multiplying the resulting equality by 1
b−a , we get the desired result.

Theorem 2.2. Let f : [a, b] → R be differentiable mapping on [a, b] with a < b, such that f ′ ∈ L1 [a, b]. If
|f ′| is convex, then for all x ∈

(
a, a+b

2

)
the following fractional inequality holds

|Λα (a, x, b; f)|

≤ (b−a)α

(α+1)(α+2)

((
x−a
b−a

)α+1 (∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣)+ 2
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (a+b
2

)∣∣
+ (α+ 1)

((
x−a
b−a

)α+1
+
(
a+b−2x
2(b−a)

)α+1
)(∣∣f ′ (x)

∣∣+ ∣∣f ′ (a+ b− x)
∣∣)) .

where Λα (a, x, b; f) is defined by (2.1).
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Proof. From Lemma 2.1, properties of modulus and convexity of |f ′|, we have

|Λα (a, x, b; f)|

≤ (b− a)α

(x−a
b−a

)α+1
1∫
0

tα
∣∣f ′ ((1− t) a+ tx)

∣∣ dt
+
(
a+b−2x
2(b−a)

)α+1
1∫
0

(1− t)α
∣∣f ′ ((1− t)x+ ta+b

2

)∣∣ dt
+
(
a+b−2x
2(b−a)

)α+1
1∫
0

tα
∣∣f ′ ((1− t) a+b

2 + t (a+ b− x)
)∣∣ dt

+
(
x−a
b−a

)α+1
1∫
0

(1− t)α
∣∣f ′ ((1− t) (a+ b− x) + tb)

∣∣ dt


≤ (b− a)α

(x−a
b−a

)α+1
1∫
0

tα
(
(1− t)

∣∣f ′ (a)
∣∣+ t

∣∣f ′ (x)
∣∣) dt

+
(
a+b−2x
2(b−a)

)α+1
1∫
0

(1− t)α
(
(1− t)

∣∣f ′ (x)
∣∣+ t

∣∣f ′ (a+b
2

)∣∣) dt
+
(
a+b−2x
2(b−a)

)α+1
1∫
0

tα
(
(1− t)

∣∣f ′ (a+b
2

)∣∣+ t
∣∣f ′ (a+ b− x)

∣∣) dt
+
(
x−a
b−a

)α+1
1∫
0

(1− t)α
(
(1− t)

∣∣f ′ (a+ b− x)
∣∣+ t

∣∣f ′ (b)
∣∣) dt


= (b− a)α

(x−a
b−a

)α+1 ∣∣f ′ (a)
∣∣ 1∫

0

tα (1− t) dt+
(
x−a
b−a

)α+1 ∣∣f ′ (x)
∣∣ 1∫

0

tα+1dt

+
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (x)
∣∣ 1∫

0

(1− t)α+1 dt+
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (a+b
2

)∣∣ 1∫
0

t (1− t)α dt

+
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (a+b
2

)∣∣ 1∫
0

tα (1− t) dt+
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (a+ b− x)
∣∣ 1∫

0

tα+1dt

+
(
x−a
b−a

)α+1 ∣∣f ′ (a+ b− x)
∣∣ 1∫

0

(1− t)α+1 dt+
(
x−a
b−a

)α+1 ∣∣f ′ (b)
∣∣ 1∫

0

t (1− t)α dt


= (b−a)α

(α+1)(α+2)

((
x−a
b−a

)α+1 (∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣)+ 2
(
a+b−2x
2(b−a)

)α+1 ∣∣f ′ (a+b
2

)∣∣
+ (α+ 1)

((
x−a
b−a

)α+1
+
(
a+b−2x
2(b−a)

)α+1
)(∣∣f ′ (x)

∣∣+ ∣∣f ′ (a+ b− x)
∣∣)) .

The proof is completed.
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Corollary 2.3. In Theorem 2.2, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (x−a)2

6(b−a)

(∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣)+ (a+b−2x)2

12(b−a)

∣∣f ′ (a+b
2

)∣∣
+4(x−a)2+(a+b−2x)2

12(b−a)

(∣∣f ′ (x)
∣∣+ ∣∣f ′ (a+ b− x)

∣∣) .
Remark 2.4. Corollary 2.3 will be reduced to Theorem 1 from [15], if we choose x = 3a+b

4 .

Corollary 2.5. In Theorem 2.2, if we use the convexity of |f ′| i.e.
∣∣f ′ (a+b

2

)∣∣ ≤ |f ′(a)|+|f ′(b)|
2 , we get

|Λα (a, x, b; f)|

≤ 2α+1(x−a)α+1+(a+b−2x)α+1

2α+1(α+1)(α+2)(b−a)

×
(∣∣f ′ (a)

∣∣+ (α+ 1)
∣∣f ′ (x)

∣∣+ (α+ 1)
∣∣f ′ (a+ b− x)

∣∣+ ∣∣f ′ (b)
∣∣) .

Corollary 2.6. In Corollary 2.5, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ 4(x−a)2+(a+b−2x)2

24(b−a)

(∣∣f ′ (a)
∣∣+ 2

∣∣f ′ (x)
∣∣+ 2

∣∣f ′ (a+ b− x)
∣∣+ ∣∣f ′ (b)

∣∣) .
Corollary 2.7. In Theorem 2.2, if we use the convexity of |f ′| i.e.

∣∣f ′ (a+b
2

)∣∣ ≤ |f ′(x)|+|f ′(a+b−x)|
2 , we get

|Λα (a, x, b; f)|

≤ (x−a)α+1

(α+1)(α+2)(b−a)

(∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣)
+2α+1(α+1)(x−a)α+1+(α+2)(a+b−2x)α+1

2α+1(α+1)(α+2)(b−a)

(∣∣f ′ (x)
∣∣+ ∣∣f ′ (a+ b− x)

∣∣) .
Remark 2.8. Corollary 2.7 will be reduced to Theorem 5 from [1], if we take α = 1.

Theorem 2.9. Let f : [a, b] → R be differentiable mapping on [a, b] with a < b, such that f ′ ∈ L1 [a, b]. If
|f ′|q is convex where q > 1 with 1

p +
1
q = 1, then for all x ∈

(
a, a+b

2

)
the following fractional inequality holds

|Λα (a, x, b; f)|

≤
(

1
pα+1

) 1
p

(
(x−a)α+1

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)α+1

2α+1(b−a)

((
|f ′(x)|q+|f ′(a+b

2 )|q
2

) 1
q

+

(
|f ′(a+b

2 )|q+|f ′(a+b−x)|q

2

) 1
q

))
.

where Λα (a, x, b; f) is defined by (2.1).

Proof. From Lemma 2.1, properties of modulus and Hölder’s inequality, we have

|Λα (a, x, b; f)|

≤ (b− a)α

(x−a
b−a

)α+1

 1∫
0

tpαdt


1
p
 1∫

0

∣∣f ′ ((1− t) a+ tx)
∣∣q dt


1
q
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+
(
a+b−2x
2(b−a)

)α+1

 1∫
0

(1− t)pα dt


1
p
 1∫

0

∣∣f ′ ((1− t)x+ ta+b
2

)∣∣q dt


1
q

+
(
a+b−2x
2(b−a)

)α+1

 1∫
0

tpαdt


1
p
 1∫

0

∣∣f ′ ((1− t) a+b
2 + t (a+ b− x)

)∣∣q dt


1
q

+
(
x−a
b−a

)α+1

 1∫
0

(1− t)pα dt


1
p
 1∫

0

∣∣f ′ ((1− t) (a+ b− x) + tb)
∣∣q dt


1
q

 .

Since |f ′|q is convex, we have

|Λα (a, x, b; f)|

≤
(

1
pα+1

) 1
p

 (x−a)α+1

b−a

∣∣f ′ (a)
∣∣q 1∫

0

(1− t) dt+
∣∣f ′ (x)

∣∣q 1∫
0

tdt


1
q

+ (a+b−2x)α+1

2α+1(b−a)

∣∣f ′ (x)
∣∣q 1∫

0

(1− t) dt+
∣∣f ′ (a+b

2

)∣∣q 1∫
0

tdt


1
q

+ (a+b−2x)α+1

2α+1(b−a)

∣∣f ′ (a+b
2

)∣∣q 1∫
0

(1− t) dt+
∣∣f ′ (a+ b− x)

∣∣q 1∫
0

tdt


1
q

+ (x−a)α+1

b−a

∣∣f ′ (a+ b− x)
∣∣q 1∫

0

(1− t) dt+
∣∣f ′ (b)

∣∣q 1∫
0

tdt


1
q


=

(
1

pα+1

) 1
p

(
(x−a)α+1

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)α+1

2α+1(b−a)

((
|f ′(x)|q+|f ′(a+b

2 )|q
2

) 1
q

+

(
|f ′(a+b

2 )|q+|f ′(a+b−x)|q

2

) 1
q

))
.

The proof is completed.

Corollary 2.10. In Theorem 2.9, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤

(
1

p+1

) 1
p

(
(x−a)2

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)2

4(b−a)

((
|f ′(x)|q+|f ′(a+b

2 )|q
2

) 1
q

+

(
|f ′(a+b

2 )|q+|f ′(a+b−x)|q

2

) 1
q

))
.

Remark 2.11. Corollary 2.10 will be reduced to Theorem 2 from [15], if we choose x = 3a+b
4 .

Corollary 2.12. In Theorem 2.9, if we use the convexity of |f ′| i.e.
∣∣f ′ (a+b

2

)∣∣q ≤ |f ′(x)|q+|f ′(a+b−x)|q
2 , we get

|Λα (a, x, b; f)|
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≤
(

1
pα+1

) 1
p

(
(x−a)α+1

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)α+1

2α+1(b−a)

((
3|f ′(x)|q+|f ′(a+b−x)|q

4

) 1
q
+
(
|f ′(x)|q+3|f ′(a+b−x)|q

4

) 1
q

))
.

Corollary 2.13. In Corollary 2.12, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤

(
1

p+1

) 1
p

(
(x−a)2

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)2

4(b−a)

((
3|f ′(x)|q+|f ′(a+b−x)|q

4

) 1
q
+
(
|f ′(x)|q+3|f ′(a+b−x)|q

4

) 1
q

))
.

Corollary 2.14. In Corollary 2.12, if we use the discrete power mean inequality i.e. ar+ br ≤ 21−r (a+ b)r

for all a, b > 0 and 0 ≤ r ≤ 1 (see [4]), we obtain

|Λα (a, x, b; f)|

≤
(

1
pα+1

) 1
p

(
(x−a)α+1

b−a

((
|f ′(a)|q+|f ′(x)|q

2

) 1
q
+
(
|f ′(a+b−x)|q+|f ′(b)|q

2

) 1
q

)
+ (a+b−2x)α+1

2α(b−a)

(
|f ′(x)|q+|f ′(a+b−x)|q

2

) 1
q

)
.

Remark 2.15. Corollary 2.14 will be reduced to Theorem 6 from [1], if we take α = 1.

Theorem 2.16. Let f : [a, b] → R be differentiable mapping on [a, b] with a < b, such that f ′ ∈ L1 [a, b]. If
|f ′|q is convex where q ≥ 1, then for all x ∈

(
a, a+b

2

)
the following fractional inequality holds

|Λα (a, x, b; f)|

≤ (x−a)α+1

(α+1)(b−a)

((
|f ′(a)|q+(α+1)|f ′(x)|q

α+2

) 1
q
+
(
(α+1)|f ′(a+b−x)|q+|f ′(b)|q

α+2

) 1
q

)
+ (a+b−2x)α+1

2α+1(α+1)(b−a)

×

((
(α+1)|f ′(x)|q+|f ′(a+b

2 )|q
α+2

) 1
q

+

(
|f ′(a+b

2 )|q+(α+1)|f ′(a+b−x)|q

α+2

) 1
q

)
.

where Λα (a, x, b; f) is defined by (2.1) and x ∈
(
a, a+b

2

)
.

Proof. From Lemma 2.1, properties of modulus and power mean inequality, we have

|Λα (a, x, b; f)|

≤ (b− a)α

(x−a
b−a

)α+1


 1∫

0

tαdt

1− 1
q
 1∫

0

tα
∣∣f ′ ((1− t) a+ tx)

∣∣q dt


1
q

+

 1∫
0

(1− t)α dt

1− 1
q
 1∫

0

(1− t)α
∣∣f ′ ((1− t) (a+ b− x) + tb)

∣∣q dt


1
q


+
(
a+b−2x
2(b−a)

)α+1


 1∫

0

tαdt

1− 1
q
 1∫

0

tα
∣∣f ′ ((1− t) a+b

2 + t (a+ b− x)
)∣∣q dt


1
q
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+

 1∫
0

(1− t)α dt

1− 1
q
 1∫

0

(1− t)α
∣∣f ′ ((1− t)x+ ta+b

2

)∣∣q dt


1
q


 .

Since |f ′|q is convex, we have

|Λα (a, x, b; f)|

≤ (b− a)α
(

1
α+1

)1− 1
q

×

(x−a
b−a

)α+1


∣∣f ′ (a)

∣∣q 1∫
0

tα (1− t) dt+
∣∣f ′ (x)

∣∣q 1∫
0

tα+1dt


1
q

+

∣∣f ′ (a+ b− x)
∣∣q 1∫

0

(1− t)α+1 dt+
∣∣f ′ (b)

∣∣q 1∫
0

t (1− t)α dt


1
q


+
(
a+b−2x
2(b−a)

)α+1


∣∣f ′ (x)

∣∣q 1∫
0

(1− t)α+1 dt+
∣∣f ′ (a+b

2

)∣∣q 1∫
0

t (1− t)α dt


1
q

+

∣∣f ′ (a+b
2

)∣∣q 1∫
0

tα (1− t) dt+
∣∣f ′ (a+ b− x)

∣∣q 1∫
0

tα+1dt


1
q


= (x−a)α+1

(α+1)(b−a)

((
|f ′(a)|q+(α+1)|f ′(x)|q

α+2

) 1
q
+
(
(α+1)|f ′(a+b−x)|q+|f ′(b)|q

α+2

) 1
q

)
+ (a+b−2x)α+1

2α+1(α+1)(b−a)

×

((
(α+1)|f ′(x)|q+|f ′(a+b

2 )|q
α+2

) 1
q

+

(
|f ′(a+b

2 )|q+(α+1)|f ′(a+b−x)|q

α+2

) 1
q

)
.

The proof is completed.

Corollary 2.17. In Theorem 2.16, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (x−a)2

2(b−a)

((
|f ′(a)|q+2|f ′(x)|q

3

) 1
q
+
(
2|f ′(a+b−x)|q+|f ′(b)|q

3

) 1
q

)
+ (a+b−2x)2

8(b−a)

((
2|f ′(x)|q+|f ′(a+b

2 )|q
3

) 1
q

+

(
|f ′(a+b

2 )|q+2|f ′(a+b−x)|q

3

) 1
q

)
.

Remark 2.18. Corollary 2.17 will be reduced to Theorem 3 from [15], if we choose x = 3a+b
4 .

Corollary 2.19. In Theorem 2.16, if we use the convexity of |f ′| i.e.
∣∣f ′ (a+b

2

)∣∣q ≤ |f ′(x)|q+|f ′(a+b−x)|q
2 , we

get

|Λα (a, x, b; f)|

≤ (x−a)α+1

(α+1)(b−a)

((
|f ′(a)|q+(α+1)|f ′(x)|q

α+2

) 1
q
+
(
(α+1)|f ′(a+b−x)|q+|f ′(b)|q

α+2

) 1
q

)
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+ (a+b−2x)α+1

2α+1(α+1)(b−a)

((
(2α+3)|f ′(x)|q+|f ′(a+b−x)|q

2(α+2)

) 1
q
+
(
|f ′(x)|q+(2α+3)|f ′(a+b−x)|q

2(α+2)

) 1
q

)
.

Corollary 2.20. In Corollary 2.19, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (x−a)2

2(b−a)

((
|f ′(a)|q+2|f ′(x)|q

3

) 1
q
+
(
2|f ′(a+b−x)|q+|f ′(b)|q

3

) 1
q

)
+ (a+b−2x)2

8(b−a)

((
5|f ′(x)|q+|f ′(a+b−x)|q

6

) 1
q
+
(
|f ′(x)|q+5|f ′(a+b−x)|q

6

) 1
q

)
.

Corollary 2.21. In Corollary 2.19, if we use the discrete power mean inequality, we obtain

|Λα (a, x, b; f)|

≤ (x−a)α+1

(α+1)(b−a)

((
|f ′(a)|q+(α+1)|f ′(x)|q

α+2

) 1
q
+
(
(α+1)|f ′(a+b−x)|q+|f ′(b)|q

α+2

) 1
q

)
+ (a+b−2x)α+1

2α(α+1)(b−a)

(
|f ′(x)|q+|f ′(a+b−x)|q

2

) 1
q
.

Corollary 2.22. In Corollary 2.21, if we take α = 1, we obtain∣∣∣∣∣∣f(x)+f(a+b−x)
2 − 1

b−a

b∫
a

f (u) du

∣∣∣∣∣∣
≤ (x−a)2

2(b−a)

((
|f ′(a)|q+2|f ′(x)|q

3

) 1
q
+
(
2|f ′(a+b−x)|q+|f ′(b)|q

3

) 1
q

)
+ (a+b−2x)2

4(b−a)

(
|f ′(x)|q+|f ′(a+b−x)|q

2

) 1
q
.

3. Applications

Let Υ be the partition of the points a = x0 < x1 < ... < xn = b of the interval [a, b], and consider the
quadrature formula

b∫
a

f (u) du = λ (f,Υ) +R (f,Υ) ,

where

λ (f,Υ) =

n−1∑
i=0

(xi+1−xi)
2

(
f
(
5xi+xi+1

6

)
+ f

(
xi+5xi+1

6

))
and R (f,Υ) denotes the associated approximation error.

Proposition 3.1. Let n ∈ N and f : [a, b] → R be a differentiable function on (a, b) with 0 ≤ a < b and f ′

∈ L1 [a, b]. If |f ′| is convex function, we have

|R (f,Υ)| ≤
n−1∑
i=0

5(xi+1−xi)
2

36

×

(
|f ′(xi)|+10

∣∣∣f ′
(

5xi+xi+1
6

)∣∣∣+8
∣∣∣f ′

(
xi+xi+1

2

)∣∣∣+10
∣∣∣f ′

(
xi+5xi+1

6

)∣∣∣+|f ′(xi+1)|
30

)
.
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Proof. Applying Corollary 2.3 with x = 5xi+xi+1

6 on the subintervals [xi, xi+1] (i = 0, 1, ..., n− 1) of the
partition Υ, we get∣∣∣∣∣∣f

(
5xi+xi+1

6

)
+f

(
xi+5xi+1

6

)
2 − 1

xi+1−xi

xi+1∫
xi

f (u) du

∣∣∣∣∣∣ (3.1)

≤ 5(xi+1−xi)
36

(
|f ′(xi)|+10

∣∣∣f ′
(

5xi+xi+1
6

)∣∣∣+8
∣∣∣f ′

(
xi+xi+1

2

)∣∣∣+10
∣∣∣f ′

(
xi+5xi+1

6

)∣∣∣+|f ′(xi+1)|
30

)
.

Multiplying both sides of (3.1) by (xi+1 − xi), then adding the resulting inequalities for all i = 0, 1, ..., n−1,
and using the triangle inequality, we get the desired result.

3.1. Application to special means

For arbitrary real numbers a, b, a1, a2, ..., an we have:
The Arithmetic mean: A (a1, a2, ..., an) =

a1+a2+...+an
n .

The p-Logarithmic mean: Lp (a, b) =
(

bp+1−ap+1

(p+1)(b−a)

) 1
p
, a, b > 0, a ̸= b and p ∈ R‵ {−1, 0}.

Proposition 3.2. Let a, b ∈ R with 0 < a < b, then we have∣∣A2 (a, a, b) +A2 (a, b, b)− 2L2
2 (a, b)

∣∣
≤ b−a

9

(
2

(
aq+2( 2a+b

3 )
q

3

) 1
q

+ 2

(
2(a+2b

3 )
q
+bq

3

) 1
q

+

(
( 2a+b

3 )
q
+(a+2b

3 )
q

2

) 1
q

)
.

Proof. The assertion follows from Corollary 2.22, with x = 2a+b
3 and q ≥ 2, applied to the function f (x) =

x2.
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