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(A, u)-FUZZY IDEALS IN TERNARY SEMIRINGS

T. ANITHA', D. KRISHNASWAMY?

ABSTRACT. In this paper we introduce the notion of (X, u)-Fuzzy ternary
subsemirings and (A, pu)-Fuzzy ideals in ternary semirings which can be
regarded as the generalization of fuzzy ternary subsemirings and fuzzy
ideals in ternary semirings.
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1. INTRODUCTION

The notion of ternary algebraic system was introduced by Lehmer [2] in
1932. He investigated certain ternary algebraic systems called triplexes. In
1971, Lister [15] characterized additive semigroups of rings which are closed
under the triple ring product and he called this algebraic system a ternary
ring. Dutta and Kar [8] introduced a notion of ternary semirings which is a
generalization of ternary rings and semirings, and they studied some properties
of ternary semirings [8, 9, 10, 11, 12, 13, 14, 7]. The theory of fuzzy sets was
first studied by Zadeh [5] in 1965. Many papers on fuzzy sets appeared showing
the importance of the concept and its applications to logic, set theory, group
theory, ring theory, real analysis, topology, measure theory, etc. Kavikumar
et. al.[3] and [4] studied fuzzy ideals, fuzzy bi-ideals and fuzzy quasi-ideals
in ternary semirings. Ronnason Chinram et. al. [6] studied L-fuzzy ideals
in ternary semirings. In this paper we introduce the notion of (\, u)-Fuzzy
ternary subsemirings and (A, pu)-Fuzzy ideals in ternary semirings which can
be regarded as the generalization of fuzzy ternary subsemirings and fuzzy
ideals in ternary semirings.
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2. PRELIMINARIES

In this section, we refer to some elementary aspects of the theory of semir-
ings and ternary semirings and fuzzy algebraic systems that are necessary for
this paper.

Definition 1. A nonempty set S together with two binary operations called ad-
dition and multiplication (denoted by + and - respectively) is called a semiring
if (S,+) is a commutative semigroup, (S,-) is a semigroup and multiplicative
distributes over addition both from the left and the right, i.e., a(b+c) = ab+ac
and (a + b)e = ac+ be for all a,b,c € S.

Definition 2. A nonempty set S together with a binary operation called, ad-
dition + and a ternary multiplication, denoted by juxtaposition, is said to be a
ternary semiring if (S, +) is a commutative semigroup satisfying the following
conditions:

(i) (abc)de = a(bed)e = ab(cde),

(i) (a + b)ed = acd + bed,

(i) a(b+ c)d = abd + acd

and (iv) ab(c + d) = abc + abd for all a,b,c,d,e € S.

We can see that any semiring can be reduced to a ternary semiring. How-
ever, a ternary semiring does not necessarily reduce to a semiring by this
example. We consider Z,, the set of all non-positive integers under usual ad-
dition and multiplication, we see that Z; is a commutative semigroup which
is closed under the triple multiplication but is not closed under the binary
multiplication. Moreover, Z; is a ternary semiring but is not a semiring un-
der usual addition and multiplication.

Throughout this paper S denotes a ternary semiring with zero.

Definition 3. Let S be a ternary semiring. If there exists an element 0 € S
such that 0+ =a = 2 + 0 and Oxy = 20y = xy0 = 0 for all x,y € S, then
0 is called the zero element or simply the zero of the ternary semiring S. In
this case we say that S is a ternary semiring with zero.

Definition 4. An additive subsemigroup T of S is called a ternary subsemiring
Of S ’Zf titots €T fO?“ all t1,t2,13 € T.

Definition 5. An additive subsemigroup I of S is called a left [resp. right,
lateral] ideal of S if s1s9i € I [resp. is189 € I, 81189 € I] for all s1,s2 € S and
i€ 1. If I is a left, right and lateral ideal of S, then I is called an ideal of S.

It is obvious that every ideal of a ternary semiring with zero contains the
zero element.

Definition 6. Let S1 and So be ternary semirings. A mapping f : S1 —
Sy is said to be a homomorphism if f(x +1vy) = f(x) + f(y) and f(xyz) =
f(@)f(y)f(z) for all z,y,z € Si.
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Let f: 51 — S5 be an onto homomorphism of ternary semirings. Note that
if I is an ideal of Sy, then f(I) is an ideal of So. If S; and Sy be ternary
semirings with zero 0, then f(0) = 0.

Let X be a non-empty set. A map A : X — [0, 1] is called a fuzzy set in X.

Definition 7. Let A, B and C be any three fuzzy subsets of a ternary semiring
S. Then ANB, AUB, A+ B, A-B-C are fuzzy subsets of S defined by
(AN B)(x) = min{A(x), B(x)}
(AU B)(x) = maz{A(z), B(z)}

(A+ B)(x) - { supnin M) B} 1S 5=+

sup{min{A(u), B(v),C(w)}} if = = ww,
0 otherwise

(A-B‘C)(fv)={

Definition 8. Let a,b € [0, 1] then a A b= min{a,b} and a V b = max{a,b}.

Definition 9. Let X be a nonempty set and let A be a fuzzy subset of X. Let
0 <t <1. Then the set Ay ={x € X |/ A(z) > t} is called a level set of X
with respect to A.

Definition 10. Let A be a fuzzy set of a ternary semiring S. Then A is called
a fuzzy ternary subsemiring of S if

1. A(z +y) > min{A(z), A(y)}

2. A(zyz) > min{A(z), A(y), A(z)} for all z,y,z € S.

Definition 11. A fuzzy set A of a ternary semiring S is called a fuzzy ideal
of S if

(i) Az +y) > min{A(z), A()}

(1) Alzyz) > Ax)

(iii) A(xyz) > A(z) and

(iv) A(zyz) > A(y) for all xz,y,z € S.

A fuzzy subset A with conditions (i) and (ii) is called a fuzzy right ideal of S. If
A satisfies (i)and(iii), then it is called a fuzzy left ideal of S. Also if A satisfies
(i)and(iv), then it is called a fuzzy lateral ideal of S. It is clear that A is a fuzzy
ideal of a ternary semiring S if and only if A(xyz) > maz{A(z), A(y), A(z)}
forall z,y,z € S.

3. (A, p)- Fuzzy IDEALS

Based on the concept of (A, p)-fuzzy subrings and (A, p)-fuzzy ideals in-
troduced by B.Yao [1], we introduce the following concepts which are the
generalization of fuzzy sets. Throughout this paper A and p (0 < A < p < 1),
are arbitrary, but fixed. In this section we introduce the notion of (A, p)-fuzzy
ideals in ternary semirings.
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Definition 12. Let A be a fuzzy set of S. Then A is called a (A, p)-fuzzy
ternary subsemiring of S if

1. A(z+y) VA > Alz) NA(y) A p

2. Alzyz) VA > A(x) NA(y) NA(z) A p for all x,y,z € S.

Theorem 1. Let A be a fuzzy set of a ternary semiring S. Then A is a (A, p)-
fuzzy ternary subsemiring of S if and only if A; is a ternary subsemiring of S
for all t € (A, p] whenever non-empty.

Proof. Let A be a (A, u)-fuzzy ternary subsemiring of S and ¢ € (A, u|. Let
z,y,z € Ay then A(x) > t, A(y) > t, A(z) > t. Now A(zx +y) VA >
A(x) NA(y) ANp > t. Thus A(x +y) > t. Hence x +y € A;. Similarly
xyz € A;. Hence A, is a ternary subsemiring of S.

Conversely, let A; be a ternary subsemiring of S for all ¢ € (A, u]. If there exist
z,y,z € S such that A(z +y) VA <t = A(x) N A(y) A p then t € (\, u] and
x,y € Ay with x +y ¢ A, this contradicts to that A, is a ternary subsemiring.
Hence A(z +y) VA > A(z) AN A(y) A p. Similarly we have A(zyz) V A >
A(xz) N A(y) N A(z) A p. Therefore A is a (A, p)-fuzzy ternary subsemiring of
S. O

Remark 1. Every fuzzy ternary subsemiring is a (A, u)-fuzzy ternary sub-
semiring by taking A =0 and p = 1. But the converse need not be true.

Example 1. Consider the set of integer modulo 6, non-positive integer Z; =
{0,—1,—2, -3, —4, -5} with the addition modulo 6 and ternary multiplication
modulo 6. Then (Zg ,®¢,D¢) is a ternary semiring. Let a fuzzy subset A :
Zg — [0,1] be defined by A(0) = 0.9, A(—1) =0, A(=2) = 0.9, A(=3) =
0, A(—4) = 0.8 and A(—5) = 0. Clearly, A is a (A = 0.3, p = 0.8)-fuzzy
ternary subsemiring. But A is not a fuzzy ternary subsemiring, since A(—4 =

24 (=2)) < A(=2) A A(~2).

Definition 13. Let A be a fuzzy set of a ternary semiring S. A is called a
(A, p)-fuzzy right (resp. left, lateral) ideal of S if

1. Alz+y) VA > Alz) NA(y) A p

2. A(zyz)VA > A(x)Ap (resp. Alxyz)VA > A(z) A, Alzyz)VA > A(y)Ap)
for all x,y,z € S.

Definition 14. Let A be a fuzzy set of a ternary semiring S. A is called a
(A, p)-fuzzy ideal of S if

1. Alz+y) VA > Alz) NA(y) A p

2. A(zyz) V> [A(x) VA(y) VA(z)| A p for all z,y,z € S.

Theorem 2. Let A be a fuzzy set of a ternary semiring S. Then A is a (A, p)-
fuzzy right (resp. left, lateral) ideal of S if and only if Ay is a right (resp. left,
lateral) ideal of S for all t € (A, p] whenever nonempty.
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Proof. Let A be a (A, p)-fuzzy right ideal of S and t € (A, pu]. By Theorem 1,
A; is a ternary subsemiring. Let z € A; and y,z € S. Then A(zyz) vV A >
A(x) A p > t. Thus A(zyz) > t, then zyz € A;. Hence A; is a right ideal
of S. Conversely, let A; be a right ideal for all ¢ € (A, u]. By Theorem 1,
A is a (A, u)-fuzzy ternary subsemiring. If there exist z,y,z € S such that
Alxyz) VA <t = A(x) A p, then z € A; and y,z € S with zyz ¢ A;. This
contradicts that A; is a right ideal. Hence A(zyz) Vv A > A(x) A p. Therefore
A is a (A, p)-fuzzy right ideal of S. O

Remark 2. Every fuzzy right (resp. left, lateral) ideal is a (A, p)-fuzzy right
(resp. left, lateral) ideal by taking X\ = 0 and p = 1. But the converse need
not be true.

Example 2. Let S be a ternary semiring consists of non-positive integers.
Let

09if x=—-4

08 if v € (=2)+ (=5) and v # —4

0.3if v ¢ (—=2)+ (=5) and z # —3

0.24f x=-3

Clearly A is a (0.3, 0.8)-fuzzy right ideal. But A is not a fuzzy right ideal,
since A(—64 = —4-—4-—4) < A(—4).

Az) =

Definition 15. Let I be any subset of a ternary semiring S. The (A, pu)-
characteristic function of I denoted by x7 is defined as

. { pwifxel

Xr= A otherwise
Theorem 3. x7 is a (A, p)-fuzzy ideal of S if and only if I is an ideal of S.

Proof. Let x7 be a (A, u)-fuzzy ideal of a ternary semiring S. Let z,y € I.
Then xj(z+y) VA > xj(x) Axj(y) Ap = p which implies xj(z+y) > p. Thus
x4y € I. Similarly if z € I; y,z € S we have xyz, yzx, yrz € I. Therefore
I is an ideal of S.

Conversely, if there exist x,y € S such that xj(z+y)VA < p = xj(x)Ax](y)Ap
then xj(x+y) < i, xj(x) = p, x7(y) = p. Thus z,y € I and x+y ¢ I which
is a contradiction. Thus xj(z+y) VA > x7(z) A xj(y) A p. Similarly we prove
that xj(zyz) VA > [x7(x) V xj(y) V X(2)] A p. Therefore x7 is a (A, p)-fuzzy
ideal of S. g

Theorem 4. Let f: 51 — Sy be an epimorphism of ternary semirings. Let B
be a fuzzy set of So. Then B is a (X, u)-fuzzy ideal of S if and only if f~(B)
is a (A, pt)-fuzzy ideal of Sy where [f~1(B)|(z) = B(f(z)) for all z € S.



90 T.Anitha, D. Krishnaswamy

Proof. Let B be a (\, u)-fuzzy ideal of Sy. Let x1,x9,23 € S7.

Now f~H(B)(x1 4+ x2) VA = B(f(x1 4+ 22)) VA = B(f(x1) + f(x2)) VA >
B(f (1)) A B(f(x2)) A i = £~ (B) () A F(B)(2) A .

Now f~!(B)(z12223) VA = B(f(z12273)) VA = B(f(z1)f(22)f(x3)) VA >
(B () B(f (22))VB(f (s)) A = [~ (B) VI (B) )V~ (B)(as)]
p. Thus f=H(B) is a (A, u)-fuzzy ideal of S1. Conversely let f~1(B)is a (\, u)-
fuzzy ideal of Sy. Let y1,y2,y3 € Sz such that f(z1) = y1, f(z2) = y2 and
f(z3) = y3, where x1, 29,23 € S1. B(y1 + y2) VA = B(f(21) + f(z2)) VA=
B(f(x1 +22)) VA = fHB)(z1 +22) VA > fTH(B) (1) A fH(B)(22) A=
B(f(x1))AB(f(z2)) A = B(y1)AB(y2) Ap. Similarly we have B(y1yays3) VA >
[B(y1) V B(y2) V B(y3)] A . Thus B is a (A, p)-fuzzy ideal of Ss. O

Theorem 5. Let f : Sy — Sy be an epimorphism of ternary semirings and
let A be a fuzzy set of S1. If A is a (A, p)-fuzzy ideal of Sy then f(A) is a
(A, p)~fuzzy ideal of Sy where f(A)(y) = sup{A(z)/f(z) = y}.

Proof. Let us assume that A is a (A, p)-fuzzy ideal of Si1. Let y1,y2,y3 € So
then there exist x1, z2,x3 € S; such that f(x1) = y1, f(x2) = y2 and

f(x3) = y3. Now f(A)(y1 +y2) VA= SUP{A( )/ f(x) =y1 +y2} VA

TEST

> Sup {A(z1 +22)/ f(21 +72) =91 + Y2} VA
T1,L2€01

= SUPS {A(z1 +22) VA f(z1) + f(22) = y1 + y2}
T1,X2€01

> sup{A(x1) A A(z2) A p/f(x1) = y1, f(22) =y}
= sup{A(x1)/f(z1) = y1} Asup{A(z2)/f(z2) = ya} A p
= f(A)(y1) A fF(A)(y2) A e
Now f(A)(y1y2y3) V A > sup{A(z17273)/ f(z12223) = Y1y2y3} V A
= sup{ A(x12223) V A/ f(21) f(22) f (23) = y192y3}
> sup{[A(x1) V A(x2) V A(x3)] A p/ f(z1) = y1, f(x2) = o, f(w3) = y3}
= {[sup{A(z1)/f(z1) = y1}] V [sup{A(z2)/ f (z2) = y2}]
V [sup{A(x3)/f(x3) = y3}]} A p
= [f(A)(y1) V f(A)(y2) V [(A)(ys)] A .
Thus f(A) is a (A, u)-fuzzy ideal of Ss. O

The following example shows that converse of the above theorem need not
be true.

Example 3. Let Z; and Zg be the ternary semirings of negative integers and
negative integer modulo 6 respectively. The mapping f defined by f : Z, —
Zg, f(x) =k (mod 6) where k = x(mod 6), =5 < k <0 is a homomorphism
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and f is onto. Let

0.8if x=-18

04if z e (=9) and x # —18
0.74f x € (=3) and x ¢ (—9)
0.2 otherwise

Az) =

Then
0.8if x=0
f(A)(x) = 0.7if v =-3

0.2 otherwise

Clearly, f(A) is a (0.3, 0.8)-fuzzy ideal of Zg but A is not a (0.3, 0.8)-fuzzy
ideal of Z , since A(—18 + (—18)) V0.3 < A(—18) A A(—18) A 0.8.
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