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RECIPROCAL PRODUCT DEGREE DISTANCE OF STRONG
PRODUCT OF GRAPHS

K. PATTABIRAMAN! A. ARIVALAGAN? V.S.A. SUBRAMANIAN?

ABSTRACT. In this paper, the exact formula for the reciprocal product
degree distance of strong product of a connected graph and the complete
multipartite graph with partite sets of sizes mo, mi, ..., m,—_1 is obtained.
Using the results obtained here, the formula for the reciprocal degree dis-
tance of the closed fence graph is computed.

Key words : degree distance,reciprocal product degree distance, strong
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1. INTRODUCTION

All the graphs considered in this paper are simple and connected. For
vertices u,v € V(G), the distance between u and v in G, denoted by dg(u,v),
is the length of a shortest (u,v)-path in G and let dg(v) be the degree of a
vertex v € V(G). The strong product of graphs G and H, denoted by GK H, is
the graph with vertex set V(G) x V(H) = {(u,v) : v € V(G),v € V(H)} and
(u,z)(v,y) is an edge whenever (i) u = v and zy € E(H), or (ii) wv € E(G)
and x =y, or (i4i) wv € E(G) and zy € E(H).

A topological index of a graph is a real number related to the graph; it does
not depend on labeling or pictorial representation of a graph. In theoretical
chemistry, molecular structure descriptors (also called topological indices) are
used for modeling physicochemical, pharmacologic, toxicologic, biological and
other properties of chemical compounds [6]. There exist several types of such
indices, especially those based on vertex and edge distances. One of the most
intensively studied topological indices is the Wiener index.
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Let G be a connected graph. Then Wiener index of G is defined as

WG =3 3 “ dg(u,v) with the summation going over all pairs of dis-
u,veV
tinct vertices of G. Dobrynin and Kochetova [2] and Gutman [5] independently
proposed a vertex-degree-weighted version of Wiener index called degree dis-
tance or Schultz molecular topological index, which is defined for a connected
graph G as DD(G) = 1 > (dg(u) + dg(v))de(u,v), where dg(u) is the
u,veV(G)

degree of the vertex v in GG. Note that the degree distance is a degree-weight
version of the Wiener index. In the literature, many results on the degree dis-
tance DD(G) have been put forward in past decades and they mainly deal with
extreme properties of DD(G). Tomescu[18] showed that the star is the unique
graph with minimum degree distance within the class on n-vertex connected
graphs. Tomescu[19] deduced properties of graphs with minimum degree dis-
tance in the class of n-vertex connected graphs with m > n — 1 edges. For
other related results along this line, see [3, 8, 11].

Additively weighted Harary index(H 4) or reciprocal degree distance(RDD)

is defined in [1] as Ha(G) = RDD(G) = § Y, Uelltdell) 1, 17,
u,veV(Q)

Hamzeh et. al recently introduced generalized degree distance of graphs.
Hua and Zhang [9] have obtained lower and upper bounds for the recipro-
cal degree distance of graph in terms of other graph invariants including the
degree distance, Harary index, the first Zagreb index, the first Zagreb coindex,
pendent vertices, independence number, chromatic number and vertex-, and
edge-connectivity. Pattabiraman and Vijayaragavan [13, 14] have obtained the
reciprocal degree distance of join, tensor product, strong product and wreath
product of two connected graphs in terms of other graph invariants. The
chemical applications and mathematical properties of the reciprocal degree
distance are well studied in [1, 12, 16].

Similarly, the modified Schultz molecular topological index or Gutman in-
dex is defined as DD.(G) = 3 3 dg(u)de(v)de(u,v). In Su et al.[17]

u,weV(G)
introduce the multiplicatively weighted Harary indices or reciprocal product-
degree distance of graphs, which can be seen as a product -degree-weight
version of Harary index RDD,(G) =1 > % Hua and Zhang [9]
u,veV(Q)

have obtained lower and upper bounds for the reciprocal degree distance of
graph in terms of other graph invariants including the degree distance, Harary
index, the first Zagreb index, the first Zagreb coindex, pendent vertices, inde-
pendence number, chromatic number and vertex and edge-connectivity. Re-
ciprocal product-degree distance of join, tensor and strong product of two
connected graphs are discussed by Pattabiraman [15].
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It is well known that many graphs arise from simpler graphs via various
graph operations. Hence it is important to understand how certain invari-
ants of such product graphs are related to the corresponding invariants of the
original graphs. In this paper, the exact formula for the reciprocal product
degree distance of strong product G X K,y m,,...,m,_1, where Ko i om,
is the complete multipartite graph with partite sets of sizes mqg, mq, ..., my—1
is obtained.

The first Zagreb index is defined as M1(G) = Y. dg(u)?. In fact, one

ueV(G)
can rewrite the first Zagreb index as Mi(G) = Y. (dg(u) + dg(v)). The
weE(G)
Zagreb indices are found to have applications in QSPR and QSAR studies as
well, see [4].

Ifmog=mi=...=my_1 =5in Kpy m,,...m,_, (the complete multipartite
graph with partite sets of sizes mg, my, ..., my_1), then we denote it by K. (s)-
For S C V(G), (S) denotes the subgraph of G induced by S. For two subsets
S, T C V(G), not necessarily disjoint, by dg(S,T), we mean the sum of the
distances in G from each vertex of S to every vertex of T, that is, dg(S,T) =

Z dg(s,t).

seS,teT

2. RECIPROCAL PRODUCT DEGREE DISTANCE OF STRONG PRODUCT OF
GRAPHS

In this section, we obtain the reciprocal product degree distance of G X
Ko mi,...,m._,- Let G be a simple connected graph with V/(G) = {vg, v1,...,
Up—1} and let Ky my ..m,_, T > 2, be the complete multipartite graph
with partite sets Vo, Vi, ..., V,—1 and let |V;| = m;, 0 < i < r — 1. In the
graph G X Ky my, .. om,_1» let Bij = vy x Vj,v; € V(G) and 0 < j < r —
1. For our convenience, the vertex set of G X Ky ... m,_, is written as

r—1
n—1
V(G) X V(Kmo,ml,...,mr_l) = U Bij- Let & = {Bij}i‘:O,l,...,n—L Let X, =
;z% 7=0,1,...,r—1
r—1 n—1
U Bij and Y; = |J Bjj; we call X; and Y; as layer and column of G X
j=0 i=0

Ko, m,...,m,_1, respectively. If we denote V(B;;) = {xi1, %2, ..., %im,} and
V(ka> =
{zk1, TR2, - - - ,ajkmp}, then z;y and xye, 1 < £ < j, are called the corresponding

vertices of B;; and Byy. Further, if v;u, € E(G), then the induced subgraph
(Bij U Brp) of GRK g my, ..., m,_, is isomorphic to K|y, or, mp independent
edges joining the corresponding vertices of B;; and By; according as j # p or
j = p, respectively.
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The proof of the following lemma follows easily from the properties and
structure of G X Ky my,...my_: -
Lemma 1. Let G be a connected graph and let B;j, By, € % of the graph
G =GXW Ky my,....m,_,, where r > 2.
(i) If vivy € E(G) and x4 € Byj, xpe € By, then

ift =14,

if t # 0,

and if x4 € Byj, Tke € Bip, J # D, then dgr(xi, Tre) = 1.

(1) If vivy, & E(G), then for any two vertices xi; € Byj, Ty € By, dar (Tit, Tie)

= dg(vi, v,).
(tii) For any two distinct vertices in Byj, their distance is 2.

1,
dar (i, Tre) = {2

The proof of the following lemma follows easily from Lemma 1. The lemma
is used in the proof of the main theorems of this section.

Lemma 2. Let G be a connected graph and let B;j, By, € % of the graph
G'=GX Ky m,,....m._1, Where r > 2.
(i) If vivg, € E(G), then

LT milma )y —

m;m
%;; if j#p,

(”) If ViV ¢ E<G)7 then dg’(Bijaka) = m Zf j .
da vl k)

mimy, Z'fj?él%
(i14) dg/(BijaBip) = {771]](775’ if j=

Lemma 3. Let G be a connected graph and let B;j in G = GXK g, ma, .. mp1 -
Then the degree of a vertex (vi,u;) € Bij in G’ is der (v, uj)) = dg(vi)+ (no—
r—1
m;) + da(vi)(no — m;), where ng = > m;.
=0

Remark 1. The sums Ej p=0Mjmp = 2¢q, Z m = ng—2q, ZJ p=0T" mp =

J#D j=0 ];ﬁp
r—1 _ _
3 _ r—1

—QnOQ—Z m; = 2] b Om]m andzj e Om my = ng z m Z

3=0 J#p Ji#p = j=0
r—1

ZJ p Omjm where ng = Zomj and q is the number of edges of Ky, my, ..., mp_1 -

#p j=

Theorem 4. Let G be a connected graph with n vertices and m edges. Then

r—1
RDD,(GR Ky, m,,...m,_1) = RDD,(G) <2qn3 +4nog+nE +4¢*+ > m?) +
=0
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M( )(an0+20n0q—3n0+2q—5n0+n0—no—|—8q + (619 + 5) Z
J:
r—1 - r—1
3 Zomj) <6qn0+8n0q 3ng—n3+16¢*>—4q+(6no+1) Z E >+
= =0 20
r—1 —1
%<2qn% — 4dnoq — ng + n§ + 8¢% + (2no — 2) Zom? — ‘Zo J> + 4¢*H(G) +
j= J=

r—1
RDD(G) (2qn3 +4noq —nj+4¢° + Y m?) + %G) <2qn3 + 8nog —ng +4q —
j=0

r—1
3n8+n0—2n02m§?—z )r>2
=0 i=0

Proof. Let G' = GX Ky, my, ..., m,_, - Clearly,

1
RDD.(G') = 3 > (dG'(Bij)+dG’(ka))dG’(Bijaka)
Bij7ka€g5
1 n—1 r—1
= 2(2 Z (dG’ ij +dG’( zp))dG’( 137 )
1=07,p=0
J#p
n—1 r—1
+ (der (Biy) + dar(Biy) ) der(Buj, B
i,k=035=0
ik
n—1 r—1
+ > (de(By) + dor (Buy) ) dor (Bis, By)
i,k=07,p=0
itk J#p
n—1r—1
—+ Z Z (dG/(Bz’j) + dG’(Bij)>dG/(B1jaB ))
i=0j=0
1
= §{A1 + As + A3 + Ayu}, (1)

where A1, Ay, A3 and A4 are the sums of the terms of the above expression,

in order.
We shall obtain A; to A4 of (1), separately. By Lemmas 2 and 3, we have

= Z z_: (dG v;) nO—mj)+dG<Ui)(nO_mj))

(dG(Uz) (no —mp) + da(vi)(no — mp))mjmp
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n—1 r—1

> 2 {( ng + 2n9 + 1) = (no + 1)my — (no + m; +m;m, )
=0 j, p:O

| # P
+dg(v;) (2710 +2n9 — (2no + 1)my, — (2no + )m; + ijmp)
—l—(n% — ngmyp — NgMm; + mjmp> }mjmp

1

5
|

{Ml(G) ((n% + 2ng + 1)m;my — 2(ng + L)mym? — (ng + 1)m?mp

J, 0

0

m;

. N

mg) + 2m((2n(2) + 2ng)m;my, — (2no + l)mjmf, — (2no + l)m?mp

2,2 2 2 2 2, 2
Qmjmp> + n(nomjmp — MMMy, — NoM;mMy, + mjmp> }

M;(G) ((no + 210 + 1)(2q) — 2(no + 1)(nd — 2qno — Z m? ~2¢)?
r—1 r—1
m; ) + 2m(2n0(n0 +1)(2q) — 2(2n¢ + 1)(nd — 2qno — ng’) +2(n2 — 2¢)?
Jj=0 j=0
r—1 r—1
QZm )+n(2n0q—2n0 —2qn0—2m ng —2q)* — m?),
Jj=0 j=0
by Remark 1 and the definition of first Zagreb index
r—1 r—1
M, (G) <2ngq — ng 4 8noq + 2q — 2n3 + 4¢° + 2(np + 1) Zm? - Z m?)
j=0 j:O
r—1
+2m(4qn% — 2ng + 8noq — 2nj + 8¢° + 2(2ng + 1) Zm - QZm )
7=0
r—1 r—1
+n(2qng —ng +4¢* + 2ng Zm? - Z m?). (2)
Jj=0 j=0

Next we compute As.

A2 = i ( 2 (dG/(Bij) + dG’(Bkj)>dG’(Bij, Bkj)

7=0 i,k=0
ik
’Ui’UkEE(G)
n—1

(dG' (Bij) + dG,(Bkj))dG,(Bij, Bkj))
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r—1 n—1

> (de i) + (o = my) + (no — mj)da(vi) )
j=0 i,k=0
ik
v v €EE(G)

m;(m; +1)

(dowe) + (no = mj) + (mo —m;)de (vy) ) =52

+ Tf "il (dG(”i) + (no —m;) + (no — mj)dc(vz‘))

i=0 i,k=0

ik
vivp € E(G)
m2
(dg(vk) + (no —my) + (no — mj)dg(vk)> ——~ by Lemmas 2 and 3
de (v, v)
r—1 n—1
- (d (i) + (0 = my) + (m0 = my)da(v:))
j=0 i,k=0
ik
v v €EE(G)

mj(m; + 1)

(o) + (mo = my) + (o = my)de (vn) ) (R +m? = m?)

J

r—1 n—1

3> (do) + (no —my) + (ng — my)da(v:))

i=0 i,k=0

i#£k
v EE(G)
m;
@G@H+UW—WHW+WO—mﬂ@ﬂWDddUUw
r—1 n—1

itk
vivk €EE(G)
(dater) + (o —my) + (n0 — mj)dar(vr) ) 2
+ i i (dG(Ui) + (no —my) + (no — mj)dc(fuz)>
]—Oz,il;:kO
(d(wi) + (mo = my) + (no — my)da(vy)) da(:zj —
= 51+ 95, (3)

where S; and Ss are the sums of the terms of the above expression, in order. We
shall obtain the sums S; and S5 separately.
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(do(wi) + (n0 = mj) + (n — mj)da(vi)

v, v €EE(G)
(dc(’vk) + (no —my) + (no — mj)dG(Uk)> %
Z ((n% + m? - Qnomj) + (de(v;) + da(vg)) (ng +no — (2no + 1)m;

vivRr €E(G)
2
m; W%

+m?) + do(v5)da (vy) (g + no + 1 = (2n0 + 1)m; +m?)> 2

r—1 n—1
1
3 Z Z ((n%mj — (n§ + no)m3 + (2ng + 1)ym} — m?)

i=0 i,k=0
£k
v €E(G)

(da(vr) + da(on) (03 + no)m; — (03 + 3o + m? + (200 + 2)m3 — m?)

g (vi)da (v ((ng +no + 1)my — (n2 + dng + 2)m? — QnOm;’f))

r—1 r—1
% <2m (Qqng +4ngq — ng —ng + (2ng + 1) Z m? - m?)
§=0 3=0
r—1 r—1
+2M:(G) (2qn(2) + 6noq — 2nj — ng + 2q + (2ng + 2) m? - Z m?)
Jj=0 Jj=0
r—1 r—1
+2M5(G) (2qn3 + 8noq — 3n3 — ng + ng + 4q — 2ng Z m;’? — Z m?)) , (4)
Jj=0 Jj=0

by Remark 1 and the definitions of first and second Zagreb index.

r—1 n-1
Sy = Z Z (dG(Ui) + (nop —my) + (ng — mj)dG('Ui))
J:Ol,i/;:kO
m?2
(dG(Uk) + (no —m;) + (no — mj)dG(U}c)) m

r—1 n—1
<(n3 + m? — 2n0m]-) + (dg(v;) + da(vg)) (n% +no — (2no + 1)m;
j 0



Reciprocal Product Degree Distance of Strong Product of Graphs 87

2 2 2 mj
) 4 dg(v:)d ( 1 — (2no + 1)m; .) —
+m]) +da(vi)de (ve) (o + o + 1= (2o + 1)m; +m; de (v, vi,)
r—1 n—1 1
= (nom —2nom +m; )7
j_Ozk_O< de(vi; v)
ik
(de(vi) + da(vk)) (2 2 3 4
de(vi, v) ((no +no)m; = (2no + 1)mj + mj)
de(vi)da(ve) (o 2 3 4
“doono) ((no +mno + 1)mj — (2ng + 1)m; + mj)
r—1 r—1
= <2H(G) (ng —2n2q — 2ng me + Z mj)
7=0 J=0
r—1 r—1
+2RDD(G) (no +nd — 2qng — 2noq — (2ng + 1) Z mi + Z m; )
=0 7=0
r—1
+2RDLu«n(n0+2n0—2m% dnoq +n2 — 2q — (2ng + 1) E:nﬁ-FEZ (5)
7=0

by Remark 1 and the definitions of Harary index, reciprocal degree dlstance and

reciprocal product degree distance.

Now we obtain Az. By Lemmas 2 and 3, we have

n—1 r—1

= Z Z (dG'(Bij)+dG’(ka)dG’(Bij7ka)
i, k=037,p=0,
i?ék J#DP

3>

i,wk=07p=0,
itk J#D

S

da(vi) + (no —my) + da(vi)(no — mj))

(dc(vk) + (no —my) + de(vk)(no — mp)) M
_ Z Z (W((nﬁ +no + Dmymy, = (ng + 1)myms

sﬁ J#p
da(v;) +dg(v
— (no + 1)m?mp + m?mi) + W (no(no + 1)mjmp - (nU + 1)mjm122

2 2,2 1 2, 2 2 2,2
= MMMy +mimy, | + —————— NgM;jMyp — MMMy, — MM My, + MMy,
de (v, vk)
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r—1 r—1

= 2RDD.(G) (4ngq + 8qno + 2q — 2nd — ng + 4¢* + 2(no + 1) Z m? - Zm?)
j=0 7=0
r—1
+2RDD(G) (4n0q + 6gng — 2nj — ng + 4% + 2(ng + 1) Z m - Zm?)
7=0 7=0
r—1 r—1
+2H(G) (2ngq —ng +4q° + 2ng Z mi — Z m?), (6)
j=0 §=0

by Remark 1.

Finally, we obtain A4. By Lemmas 2 and 3, we have

n—1 r—1

A= | X <dG’(Bij) + dG/(Bij))dG,(BU,B )

i=0 \j=0
1 -1
n— r— 2m](m_1)

- ZZ(dG 0) + (no = my) + da(vi)(ng —m;)) - EH—=,

057=0
by Lemmas 2 and 3
n—1r—1

=22 ((n3+m3 — 2ngm; ) + (0 + 200 + 1+ m? = 2(n + im; ) (do (v1))?
i=0j=0
2 2 mj(m; —1)
+2<n0 +ng — (2710 + l)mj + mj)dG('Ui) f
n—1r—1

= ZZ((nO—Fno ym3 —ngm; — (2no—|—1)m?+m§)

i=075=0

+(dg(v))? ((n% +4ng + 3)m§ — (nd +2no + 1)m; — (2no + 3)m§? + m;*)

+2d¢(v;) ((ng + 3np + 1)m? — (nd 4+ no)m;j — (2no + 2)m§’ + (2no + l)m?))

r—1 r—1

n
= 5(713 —2qn + n — 4gng — 2(ny + 1)Zm§? +Zm§)
7=0 7=0
M (G) r—1 r—1
+IT< — Qqno + 3n0 — 8qng — 6g —ng — (2ng + 3) m? + m?)
7=0 7=0
r—1 r—1
+2m(né —2qn +2n3 — 6qno — 2 — 2(ng + 1) mg’ + m?),
j=0 j=0

by Remark 1 (7)
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Using (2), (4), (5), (6) and (7) in (1), we have

r—1
RDD.(G') = RDD.(G) <2qng + 4noq + nd + 4¢° + Z mg’)
j=0

r—1
M (G :
+% (anﬁ +20n0q — 3ng + 2q — 5nf + ng — no + 8¢° + (6ng + 5) Z m?'
§=0

SE

r—1
(6qn0 + 8ngq — 3n0 —no +16¢% — 4q + (6n9 + 1) Zm
7=0
r—1

r—1
-3 Z m?) +
=0

r—1 r—1
—32m§)+%(2(]733—4n0q—né+n3+8q2+(2n0—2 Zm Zm)
j=0 7=0 j=0
r—1
+4¢2H(G) + RDD(G) (Qqn% +dnog —nd + 442+ m?)
§=0
r—1 r—1
My (G
—i—%(mng + 8noq — ng + 4q — 3nd +ng — 2ng ng’ - Zm?).
j=0 §=0

If m; =s, 0<i<r—1,in above theorem, we have the following corollary.

Corollary 5. Let G be a connected graph with n vertices and m edges. Then
RDD,(GR K,(,)) = RDD.(GR K,(,)) = RDD.(G) (7’454 S S Y S Y 3

r2s? +rsd +rist(r — 1)2) + w<5r252 —3r2s3 — 10rs? + 6rs — 5s — 1 + 6rs® +
552 — 333) +5 (3r353 —3r3st — 41?53 — 2r2s2 4+ 2rs% + 47625 (r — 1)2 4 (6rs + 1)rs® —
3rs4) + %(27"234(7“ —1)2 — st — 383 — 29283 4 2925 — 2187 — rs4) + (r2$4(r
1)2>H(G) + RDD(G) <r4s4 —r3st 353 — 21283 42 (r —1)2 + rs3> + w (r333 +
rs —rist — 4r?s3 4+ 29252 — 2152 — 235 —rs4), r > 2.

As K, = K, (1), the above corollary gives the following corollary which is the one of
the main theorem in [15].

Corollary 6. [15] Let G be a connected graph with n vertices and m edges. Then
RDD,.(GR K,) = r? (T2RDD*(G) +r(r — YRDD(G) + (r — 1>2H(G)) +or(r —

D) (MO g Dy e 1)), v 2 2,

Using above corollary, we obtain the following corollary.
Corollary 7. RDD,(C, K K,) = (9r? — 61 + 1)(7‘2H(Cn) + w)

As an application we present formula for reciprocal product degree distance of
closed fence graph, C,, X K.
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Example 1. By Corolarry 7, we have

3
25(n—|—nz%—1), if n is even

i=1

RDD,(C, K K5) = =

[1]
2]
3

[4]

22: %), if n is odd.

i=1

25n(1 T
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