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VERTEX EQUITABLE LABELING FOR LADDER AND
SNAKE RELATED GRAPHS

A. LOURDUSAMY!, F. PATRICK?

ABSTRACT. Let G be a graph with p vertices and ¢ edges and A =
{0,1,2,---,[4]}. A vertex labeling f : V(G) — A induces an edge la-
beling f* defined by f*(uwv) = f(u) + f(v) for all edges uv. For a € A, let
vy(a) be the number of vertices v with f(v) = a. A graph G is said to be
vertex equitable if there exists a vertex labeling f such that for all a and
bin A, |vf(a) — vs(b)] < 1 and the induced edge labels are 1,2,3,--- ,q.
In this paper, we prove that triangular ladder T'L,,, L., ® mK1, Q, ® K1,
TL,®K; and alternate triangular snake A(T),) are vertex equitable graphs.
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1. INTRODUCTION

All graphs considered here are simple, finite, connected and undirected.
We follow the basic notations and terminologies of graph theory as in [2].
A labeling of a graph is a map that carries the graph elements to the set
of numbers, usually to the set of non-negative or positive integers. If the
domain is the set of vertices, then the labeling is called vertex labeling. If
the domain is the set of edges, then the labeling is called edge labeling. If
the labels are assigned to both vertices and edges, then the labeling is called
total labeling. For a dynamic survey of various graph labeling, we refer to
Gallian [1]. A harmonious labeling f is an injection from the vertex set of
a graph G to the set {0,1,2,--- ¢ — 1} that induces for each edge uv the
label f*(uv) = f(u) 4+ f(v) (mod q) such that the resulting edge labels are
distinct. The notion of vertex equitable labeling is a natural generalization
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of harmonious labeling. The concept of vertex equitable labeling was due to
Lourdusamy and Seenivasan [5] and further studied in [3]. Here, we prove
that triangular ladder T'L,, L, ©® mKi, @, ® K1, TL, ® K; and alternate
triangular snake A(T),) admit vertex equitable labeling.

Definition 1.1. Let G be a graph with p vertices and q edges and A =
{0,1,2,--- , [%]}. A vertex labeling f : V(G) — A induces an edge label-
ing f* defined by f*(uv) = f(u) + f(v) for all edges uv. For a € A, let v¢(a)
be the number of vertices v with f(v) = a. A graph G is said to be vertex
equitable if there exists a vertex labeling f such that for all a and b in A,
lvf(a) —vp(b)| <1 and the induced edge labels are 1,2,3,--- ,q.

Definition 1.2. A triangular ladder is a graph obtained from L, by adding
the edges u;vi11,1 < i < n—1, where usand v;, 1 < i < nare the vertices of

L, such that ui,us, - ,uy, and vy,vo, - ,v, are two paths of length n in the
graph L,,.
Definition 1.3. A quadrilateral snake Q,, is obtained from a path uy,us, -+ ,un

by joining u; and w41 to two new vertices v; and w;,1 <1 < n—1 respectively
and then joining v;and w;.

Definition 1.4. An alternate triangular snake A(T,) is obtained from a path
V1,02, , Uy wheren = 2 (mod 4) by adding vertices ui, uz, - - - yun and edges

. n
U241, Ui for i =1,2,--- 5.

Definition 1.5. The graph P, x P» is called a ladder graph Ly,.

Definition 1.6. The corona Gy ® Gy of two graphs G1(p1,q1) and Ga(p2, q2)
is the graph obtained by taking one copy of G1 and p1 copies of G2 and joining
the ith vertex of G1 with an edge to every vertex in the it" copy of Gs.

2. MAIN RESULTS
Theorem 2.1. The triangular ladder T'L,, is vertex equitable.

Proof. Let uyi,uo, -+ ,uy and vy, v, -+ , v, be two paths of length n. Join w;
and v; for 1 <7 < n. Join u; and v; 41 for 1 < ¢ < n—1 in order to obtain G =
TL,. Let V(G) = {us,v; : 1 < i < n}and E(G) = {ujuit1;v0i41; Uivit1 :
1<i<n—T1;uw; : 1 <i<n}. Then, G is of order 2n and size 4n — 3.
Define f: V(G) - A=1{0,1,---, [22]} as follows:

flug)) =2i—1, 1 <i<my

flo)=2i—2,1<i<n.
Then, the induced edge labels are

f(ujuipr) =4, 1 <i<n-—1;

ffluw)) =4i—3, 1 <i<m

ffowip1) =4i—-2, 1 <i<n-—1;
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f*(uiviﬂ) =41—1, 1< <n-—1.
We observe that |vf(a) —vs(b)| <1 for all a,b € A.

Thus, TL,, is vertex equitable. O
Example 2.2. A vertex equitable labeling of T'Ls is shown in Figure 2.1.
1 3 5 7 9
0 2 4 6 8
Figure 2.1

Theorem 2.3. The graph L, © mK; is vertex equitable.

Proof. Let uq,uz,--- ,u, and vi,vs,- -+ ,v, be the vertices of L,,. Let x; ; and
Y;,j be two vertices joined to u; and v; respectively for 1 <i <n,1<j<min
order to obtain G = L, ® mKj. Let V(G) = {u;,v; : 1 <@ <n}U{xi;, vi;
1<i<n,1<j<m}and E(G) = {uuir1,vvi41 1 1 <10 <n— 1} [ J{uv; :
1 < < njplHwzij,viyiy 0 1 <i < n,1 <j < m}. Then, G is of order
2n + 2mn and size 2mn + 3n — 2.

Define f: V(G) - A={0,1,---, [222430=2T} a5 follows:

Fus) = {(2’”*?;)“‘1) if iisoddand1<i<n

w if iisevenand1<i<mn;

£ % if 1isoddand1<¢<n
v;) — .

¢ w if 7iseven and 1 <i < n;

For1<j<m,
(2m+3)(i-1) | - if Qi )
@mi3)E=l) | if iisoddand1<i<n
fzig) = { ;

W‘i‘j if iiseven and 1 <i < n;
Flyis) = MQ)(FD—FJ' if iisoddand1<i<n
Yo wﬂL(j—l) if iisevenand 1 <i<n.

Then, the induced edge labels are
f*(uiui+1) = (2m+3)i — 1, 1 < ) <n-— 1;
ffluw)) =2m+3)i—m—2, 1 <i<mn;
f*(viviﬂ) = (2m + 3)i, 1 < ) <n-— 1;
For 1 <5 <m,
. 2m+3)(i—1)+j if iisoddand1<i<n
[ (upm j) = ) e .
2m+3)i—m—2+j if iiseven and 1 <i < n;

(2m + 3)
)

—m—2+445 if iisoddand 1 <:<n
(2m + 3) (i

1
(t—1)4+j if iisevenand 1 <i <n.

[ (viyi ) = {
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We observe that |vf(a) —vy(b)] <1 for all a,b € A.
Thus, L, ® mK; is vertex equitable. O

Example 2.4. A vertex equitable labeling of Ls ® 2K is shown in Figure 2.2.
1 2 5 6 8 9 12 13 15 16

1 2 5 4 8 9 12 11 15 16
Figure 2.2

Theorem 2.5. The graph Q, ® Ky is vertex equitable.

Proof. Let uy,us,- -+ ,u, be a path. Let v; and w; be two vertices joined to u;
and u;11 respectively and then join v; and w;, 1 <4 < n—1. Let x; be the new
vertex joined to u;,1 < ¢ < n. Let y; be the new vertex joined to v;,1 < ¢ <
n — 1. Let z; be the new vertex joined to w;,1 < i <n — 1 in order to obtain
G=Q,0K;. Let V(G) = {uj,x; : 1 <i<njv,w,y,z:1<i<n—1}and
E(G) = {uiuiy1, uivi, wip1wi, viwg, viyi, wizi - 1 < i <n— Liugw; 0 1 <4 <nj.
Then, G is of order 6n — 4 and size Tn — 6

Define f: V(G) = A= {0,1,---, [7712 6]} as follows:
flugi)=Ti—7,1<i< {%1’
flug) =Ti—3, 1<i<|2];
fwai- )—72 6, 1<i<[%];
flae)=Ti—3, 1 <i< L%J’
f(v_)—7z 5 1<i< [251];
flug)=Ti—2, 1 ngLanlJ;
Flyaioa) =Ti — 6, 1 <i < [251];
fy2i) = 7i - 2, 193{%—”7
flwai—1) =71 — gig[%l};
fwag) = 7i, 1§Z'§Ln7—1J;
f(z2i-1)=Ti—4, 1<i < [n%]’
f(ze) =Ti— 1, 1<2<L—J

Then, the induced edge labels are
f(ujuip) =7i—-3, 1 <i<n-—1,
fflujm;)) =71 —6, 1 <i<mn
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fluw)) =7i—5, 1 <i<n-—1;
f(uz+1wz—7z 1<i<n-—1;
[Fvjw;) =Ti — 2, 1<7,<n—1
f(vzyz)_,h 4, 1<i<n-—1;
ff(wiz))=Ti—1, 1<i<n-—1.
We observe that |vs(a) —vs(b)] < 1 for all a,b € A.
Thus, @, ® K7 is vertex equitable. O

Example 2.6. A vertex equitable labeling of Qs © Ky is shown in Figure 2.3.
1 3 5 6 8 10 12 13

Figure 2.3
Theorem 2.7. The graph TL, © K is vertex equitable.

Proof. Let uy,uo, -+ ,u, and v1,vs,--- , v, be the vertices of T'L,,. Let x; and
y; be two vertices joined to u; and v; respectively for 1 <i <n. Let G =TL,®
K with V(G) = {uj,vi, xi,y; : 1 <i <n}and E(G) = {ujuit1, vivit1, Uivit1
1 <i<n-—1; wx,vy,uwv : 1 <i<n}. Then, G is of order 4n and size
6n — 3.

Define f: V(G) = A={0,1,---, [%%2]} as follows:

For 1 <i <mn,

0 if i=1
fui) =<¢3i—2 if i isodd
3i—1 if 7 iseven;
2 if 1=1
fvi)=<3i—3 if i isodd
3t—2 if ¢ iseven;
1 if i=1
f(z;)=<¢3i—1 if i isodd
3i—3 if i iseven;
1 if i=1
fly)=43i—1 if i isodd
3i—3 if i is even.
Then, the induced edge labels are
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For1<i<n-1,

[H(uiuigr) = {

5 if i=1
6i if 2<i<n-—1;

6 it =1
S
f*(vivir) {&—2 if 2<i<n—1:
4 if =1

[H(uivigr) = {

For 1 <i <mn,

6i—1 if 2<i<n-—-1;

2 if 1=1
6:—5 if ¢ isodd
6:—3 if ¢ iseven;
1 if i=1
*(uix;) 6i—3 if i isodd
6i—4 if ¢ iseven
3 if i=1
{6@4 if ¢ is odd

61 —5 if ¢ iseven.
We observe that \vf —vy(b)] <1 for all a,b € A.

'Uz yz

Thus, TL,, ® K7 is vertex equitable. [l
Example 2.8. A vertex equitable labeling of T'Ls ® Ky is shown in Figure 2.4.
1 3 8 9 14
0 5 7 11 13
2 4 6 10 12
1 3 8 9 14
Figure 2.4

Theorem 2.9. The alternate triangular snake A(T,) is vertex equitable.

Proof. Let vy, v9,- -+ ,v, be the vertices of path P,. The graph A(T,) is ob-
tained by joining the vertices v;v;4+1 (alternately) to new vertex u;, 1 <i <n—1
for niseven and 1 <i <n—2for nis odd. Let V(G) ={v; : 1 <i < mju;:
1<i<5}and BE(G) ={viwit1: 1 <i<n— Ly qu 0 1 <6 < L%J S UV
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1<i<[%]}. Then

3”2_1 for n is odd

IV@HZ{

37” for n is even

[E(G)] =

2n — 1 for n is even

{2n — 2 for n is odd

Define f: V(G) - A={0,1,2,--- ,n — 1} as follows:
flugic1) =2i—2, 1 <i < [2];
flug) =2, 1<i<

|
N3
[

Then, the induced edge labels are
f(ujuipr) =2i, 1 <i<n-—1;
fH(ugicvy) =4i—3, 1 <i < |%];
f*(ugivi) =44 — 1, 1 § ) S L%J

We observe that |vs(a) —vs(b)] < 1 for all a,b € A.

Thus, A(T),) is vertex equitable. O
Example 2.10. A vertex equitable labeling of A(Ts) is shown in Figure 2.5.
1 3 )

0 2 2 4 4 6
Figure 2.5
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