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PROPERTIES OF CO-INTERSECTION GRAPH OF
SUBMODULES OF A MODULE

LOTF ALI MAHDAVI', YAHYA TALEBI?

ABSTRACT. Let R be a ring with identity and M be a unitary left R-
module. The co-intersection graph of proper submodules of M, Q(M) is
an undirected simple graph whose vertices are non-trivial submodule of
M in which two vertices N and K are joined by an edge, if and only if
N + K # M. In this paper, we study several properties of Q(M). We
prove that, if Q(M) is a path, then Q(M) = P, or Q(M) = Ps. We show
that, if Q(M) is a forest, then each component of Q(M) is complete or star
graph. We determine the conditions under which Q(M) is weakly perfect.
Moreover, we introduce the universal vertices and the dominating sets of
Q(M) and their relationship with the non-trivial small submodules of M.

Key words : co-intersection graph, forest, weakly perfect graph, universal
vertex, dominating set.
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1. INTRODUCTION

The graphs associated with the algebraic structures are attractive subjects
and research about these topics is extended by many mathematicians. One
of the most important graphs is the intersection graph of the algebraic struc-
tures. The idea of studying the intersection graph of algebraic structures, first
appeared in [9] by J. Bosak where defined the intersection graph of proper
subsemigroups of a semigroup in 1964. The graphs related to the group and
ring structures has been studied extensively by several authors, for example
see [2], [3], [4], [7], [9], [10], [13], [14], [16] and [19]. Recently various construc-
tions of graphs related to the module structure are found in [1], [5], [6], [15]
and [18]. Motivated by previous studies on the intersection graph of algebraic
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structures, we define the co-intersection graph of submodules of a module in
[15]. Now, our main goal is to study more about the connection between the
algebraic properties of a module M and the graph theoretic properties of the
graph Q(M) which is associated with it.

Throughout this paper R is a ring with identity and M is a unitary left R-
module. By a non-trivial submodule of an R-module M, we mean a non-zero
proper left submodule of M. The co-intersection graph of an R-module M,
denoted by (M), is defined to be the undirected simple graph with the vertex
set V(£2) whose vertices are in one to one correspondence with all non-trivial
submodules of M and two distinct vertices are adjacent if and only if the sum
of the corresponding submodules of M is not equal to M. A submodule N of
an R-module M is called small in M (we write N < M), if N + L # M for
every proper submodule L of M. A submodule K of non-zero R-module M is
said to be essential in M (we write K < M), if KN L # (0) for every non-zero
proper submodule L of M. If every non-zero submodule of M is essential, then
M is called a uniform module. A non-zero R-module M is called local, if it
has a unique maximal submodule that contains all other proper submodules.
A submodule X of an R-module M is called the complement of the submodule
Yof M,if M = X &Y. We say that an R-module M is complemented, if
every submodule of M has a complement in M. A non-zero R-module M is
called indecomposable, if it is not a direct sum of two non-zero submodules.
The ring of all endomorphisms of an R-module M is denoted by Endgr(M).
The radical of an R-module M, denoted by Rad(M), is the intersection of all
maximal submodules of M. The socle of an R-module M, denoted by Soc(M),
is the sum of all simple submodules of M. For an R-module M, the length of
M, is denoted by I[r(M).

Let Q=(V(£2), E(f2)) be a graph with the vertex set V(Q2) and the edge set
E(Q), where an edge is an unordered pair of distinct vertices of Q. Graph Q
is finite, if card(V (2)) < oo, otherwise 2 is infinite. A graph Q is empty, if
card(V(§2)) = 0. A subgraph of a graph 2 is a graph I" such that V(I') C V(Q)
and E(I") C E(£2). By order of Q, we mean the number of vertices of {2 and
we denoted it by |Q]. If x and y are two adjacent vertices of 2, then we write
x—1y. The degree of a vertex v in a graph 2, denoted by deg(v), is the number
of edges incident with v. The maximum and minimum degree of Q are A(2)
and 0(12), respectively. A vertex wu is called universal, if it is adjacent to all
other vertices. A vertex v is called isolated, if deg(v) = 0. A vertex w is called
end vertex, if deg(w) = 1. Let x and y be two distinct vertices of 2. An
x, y-path is a path with starting vertex x and end vertex y. A path with n
vertices is denoted by P,. A cycle in a graph is a path of length at least 3
through distinct vertices which begins and ends at the same vertex. We mean
of (z,y, z) is a 3-cycle. A graph is said to be null, if it has no edge. A graph
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is said to be connected, if there is a path between every pair of vertices of the
graph. A star graph is a tree consisting of one universal vertex. A complete
graph of order n is denoted by K,,. The complement graph of €2, denoted by Q.
By a clique in a graph €2, we mean a complete subgraph of €2 and the number
of vertices in a largest clique of €2, is called the clique number of 2 and is
denoted by w(f2). For a graph €, let x(2), denote the chromatic number of
Q, i.e., the minimum number of colors which can be assigned to the vertices of
Q such that every two adjacent vertices have different colors. A weakly perfect
graph, is a graph  in which w(Q2) = x ().

2. FOREST AND WEAKLY PERFECT GRAPHS (M)

In this section, we determine some conditions on the module M for which
Q(M) is empty, null, path, tree, forest and weakly perfect graph. We consider
the relationship between the maximum degree A = A(Q(M)) and the min-
imum degree 6 = §(2(M)) with the length of the module M and study the
clique number, the chromatic number of the weakly perfect graph Q(M).

In the following proposition we determine the conditions under which the
graph Q(M) is empty or it has at least an empty subgraph.

Proposition 1. Let R be a commutative ring and M be a non-zero R-module.
Then the following statements hold:

(1) If N is a mazximal submodule of M, then Q(M/N) is an empty graph.
(2) If M is semisimple, then M has a submodule N such that Q(N) is an
empty graph.

(8) If M is complemented, then M has a submodule K such that Q(K) is an
empty graph.

(4) If M is Artinian, then M has a submodule L such that Q(L) is an empty
graph.

Proof. (1) It is clear.

(2) Suppose that M is a semisimple R-module. Then M has a non-zero ele-
ment & which Rz is a non-zero cyclic submodule of M. Since Rx is non-zero
and finitely generated, it contains a maximal submodule N* and since M is
semisimple, Rz is also so. Thus by Theorem 9.6(e) of [8, p. 117], there exists
a submodule N of Rz such that Rz = N @ N*. However, since N = Rx/N*
and N* is maximal, N is simple and Q(N) is an empty graph.

(3) In order to establish this part, assume that M is a complemented R-
module and 0 # x € M. We consider Rx as a submodule of M. Since M is
complemented, Rz is also so and since Rz is cyclic, there exists a left ideal I
of R such that Rx = R/I as a R-module. As R has identity, then by Zorn’s
Lemma, there exists a left maximal ideal I* such that I C I* and consequently
R/I has the maximal submodule I*/I. Since Rz = R/I, Rx has a maximal
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submodule K* and since Rx is complemented, there exists a submodule K
such that Rr = K @ K*. However, as K = Rz/K* and K* is maximal, then
K is simple and Q(K) is an empty graph.

(4) Let M be an Artinian R-module. If M is simple, we set L = M and Q(L) is
an empty graph. Otherwise, there exists a submodule M; such that M; C M.
If M, is a simple, we set L = M, otherwise, there exists a submodule My of
M such that Ms C My C M. Consequently there exists an infinite strictly
decreasing sequence M D M; D M, D ... and since M is an Artinian R-
module, this chain should be stationary. Hence there exists a positive integer
n such that M, is simple. We set L = M,, and (L) is an empty graph. [

The following theorem is fundamental for the connectivity of the graph

Theorem 2. ([15, Theorem 2.1]) Let M be an R-module. Then the graph
Q(M) is not connected if and only if M is a direct sum of two simple R-
modules.

Now, we have some corollaries which are immediate consequences of Theo-
rem 2.

Corollary 3. Let M be an R-module which is not simple. Then Q(M) is
connected if and only if either M is not semisimple or M = @i} M;, where
n > 3 and M; is a simple R-module.

Corollary 4. Let M be an R-module and |QQ(M)| > 2. If Q(M) has at least
an edge, then Q(M) is a connected graph.

Corollary 5. Let M be an R-module and |Q(M)| > 2. Then Q(M) is a null
graph if and only if Ir(M) < 2.

Now, we consider the conditions of the module M such that Q(M) is a tree
or path and obtain some submodules of M with at most one degrees.

Proposition 6. Let M be an R-module and N a mazximal submodule of M.
If the graph Q(M) has no 3-cycle, then N is either an isolated vertexr or an
end vertex of Q(M).

Proof. Let N be a maximal submodule of M and deg(N) > 2. Then there
exist at least two distinct non-trivial submodules K and L such that both
are adjacent to the vertex N of the graph Q(M). Hence N + K # M and
N+ L#M. Since NCN+ K # M and N C N + L # M, the maximality
of N implies that N+ K = N = N+ L. Then K C N and L C N, thus
K+ L C N # M and this implies that K and L are two adjacent vertices of
Q(M). Thus there is a 3-cycle of the form (N, K, L) in Q(M), a contradiction.
Therefore, deg(N) = 0 or deg(N) = 1 and consequently N is either an isolated
vertex or an end vertex of Q(M). O
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Theorem 7. Let M be an R-module. Then Q(M) = Py if and only if M have
only two distinct non-trivial submodules which are one minimal and the other
one mazimal.

Proof. Suppose that Q(M) = P;. Let X and Y be two vertices of Q(M).
Clearly (0) # X 4+Y # M, thus X +Y is a vertex of Q(M) and X +Y = X or
X4+Y =Y. If X+Y = X, then Y C X and this implies that Y is a minimal
submodule and X is a maximal submodule of M. Similarly, if X +Y =Y,
we conclude that X is a minimal submodule and Y is a maximal submodule
of M. The converse is straightforward. O

Example 1. Let p be a prime number. Consider Z,s as a Z-module. There are

only two non-trivial submodules pZ,3 and p2Zp3 such that pZ,s + pQZp3 F Lys -
Thus Q(Zys) = Ps.

Lemma 8. Let M be an R-module and V' be an end vertex of the graph Q(M).
Then V is a mazimal submodule or a minimal submodule of M.

Proof. Suppose that V' is an end vertex of Q(M). Then there exist only a
vertex W of Q(M) such that W is adjacent to V. Thus (0) # V + W # M.
Since V4+W+V=V+W#*Mand W+ V +W =V +W £ M and since
deg(V) =1, V4+W=Vo V+W=W. Thus V C W or W C V. Now, if
V C W, then we show that V is a minimal submodule of M. Suppose that
there exists a non-trivial submodule X of M such that (0) C X C V, then
X+V =V # M and X is adjacent to V and thus deg(V') > 2, a contradiction.
However, if V' C W, we show that V is a maximal submodule of M. Assume
that there exists a non-trivial submodule U of M such that V Cc U C M, then
V4+U=U # M and U is adjacent to V and again, a contradiction. O

Lemma 9. Let M be an R-module and the graph Q(M) be a path as sequence
My, My, ..., M,. If My is a minimal submodule of M, then Q(M) = P,.

Proof. Suppose that the graph Q(M) is a path as sequence My, Mo, ..., M,
and M is a minimal submodule of M. Since (0) # M;+ My # M, My + My =
M or two vertices My + My and M, are adjacent. If My + My = M, then
My C My and the minimality of M7 implies that M; = Ms, a contradiction.
Hence, M; + My and M; are adjacent. Consequently M; + My = Ms, thus
M; € M,. Now let us get n > 3. If My + M3 = Mo, then M3 C Ms and
since M1 C Mo, My + Mg C My # M and thus My and Mj are adjacent, a
contradiction. Otherwise Ms+ Mg = M7 or Mo+ Mz = Ms. If Mo+ Mz = M,
then M3 C My and My + M3 = My # M, a contradiction. If Ms + M3 = M3,
then My C M3 and since My C My, My C Mg, then My + M3 = Mg # M, a
contradiction. Therefore, Q(M) = Ps. O

Theorem 10. Let M be an R-module and Q(M) be a path. Then Q(M) = P,
or Q(M) = Ps. Moreover, if Q(M) = Py and lr(M) < oo, then M have only
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three submodules My, My and Ms such that lr(M) = lp(M1)+1r(Ms)—Ir(Ms)
and Q(M/My) = Q(Ms/M,).

Proof. Suppose that the graph Q(M) is a path as sequence Mj, Mo, ..., M,.
By Lemma 8, the submodule M; is minimal or maximal. Let M be a maximal
submodule of M. Since M; and Ms are two adjacent vertices and M; C
My 4+ Ms # M, the maximality of M implies that M; + Ms = M; and thus
My C My. Let n > 2, then My + M3 # Ms. As My + Ms = Ms implies
Ms C M, and since My C My, then M3 C My and M3 + M; = My, # M.
Hence, M; and M3 are two adjacent vertices of Q(M) which is a contradiction.
However, two vertices My + M3 and Ms are adjacent, so My + M3 = M or
My + M3 = Ms. If My + M3 = My, then My = Ms + Mg = My + Mz + Mg =
My + Ms. Hence, My and M3 are adjacent and again a contradiction. So
My + M3 = M3 and thus My C Mj3. Thus, this is true for n=3. Let n > 3,
then My + Ms # Mjs. As My + Ms = Ms, implies that My C M3 and since
My C M3, My + My C Ms. Hence, My and M, are two adjacent vertices
of Q(M) which is a contradiction. Since two vertices My + M3 and Ms are
adjacent, My+ Mg = My or My+ M3 = My. If My+ M3 = Mo, then My C Mo
and My + My = Ms # M. Hence, Ms and M, are adjacent, a contradiction.
However, if My + Ms = My, then Mg C My and since My C M3, My C My
and My + My = My # M. Hence, Ms and My are adjacent, a contradiction.
Finally, we have My C My and My C Ms. Therefore, My C M7 N Mg C M,
and this fact that M7, and M3 are not adjacent, we claim that Ms = M7 N Mj.
To see this, let My # My N Ms. Since My N Ms + My = My N Mg #+# M
and M1 N Ms + My = My # M, the vertex My N M3 is adjacent to vertices
My and Ms. Then M; = M7 N M3 or My = My N Ms. If My = My N Ms,
then My C Mz and so M7 and M3 are adjacent, a contradiction. Hence,
My = My N M3 and thus lR(M) = lR(Ml + Mg) = lR(Ml) + lR(Mg) - lR(Mg)
and since M /My = Ms/My, Q(M /M) = Q(Ms/Ms). Also, if M is a minimal
submodule of M, then the result is an immediate consequence of Lemma 9. [J

In Theorem 3.3 of [15], it was proved that for an R-module M with [Q(M)| >
2, Q(M) is a star graph if and only if it is a tree. Now we have the following
corollary.

Corollary 11. Let M be an R-module and QU(M) be a forest. Then each
component of Q(M) is either Ky or a star graph.

Proof. Suppose that Q(M) is a forest. We know that each component of Q(M)
is a tree. If [Q(M)| = 1, then Q(M) = K;. But, if |2(M)| > 2, then by above
argument (M) is a star graph, and the proof is complete. O

Now, we consider the conditions of the module M such that Q(M) is a forest

or weakly perfect graph. First, we give some examples of the co-intersection
graph of submodules of the non-semisimple and semisimple modules.
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Example 2. Let p and q be two distinct prime numbers. We know that Z,q
as a Z-module is not semisimple and SZ,,2) is connected and weakly perfect
graph but it is not a forest. (See Figure 1)

<q>

<pg> <p>
<q >

FIGURE 1. Q(Z,2)

Example 3. Let p, g and v be three distinct prime numbers. The Z-modules
Lipg =<p>® < q> and Lpgr =< pq > S < pr > @ < qr > are semisimple.
Clearly, UZpg) = Ko and w(Q(Zpg)) = x(UZpg)) = 1. Hence, UZyp,) is
both forest and weakly perfect graph. Also, w(SUZpgr)) = X(Q(Zpgr)) = 3.
Therefore, QU Zpqr) is a weakly perfect graph but not a forest. (See Figure 2)

<pg> <pr>

<q> <qr> <r>

FIGURE 2. Q(Zpgr)

Proposition 12. Let M be an R-module. If |QQ(M)| > 2 and Q(M) is not
connected, then QU(M) is both forest and weakly perfect graph.

Proof. Suppose that |[Q(M)| > 2 and Q(M) is not connected, then by [15,
Corollary 2.4], Q(M) is a null graph. Thus it has no cycle and we have
w(Q(M)) = x(2M) = 1. Hence, Q(M) is both forest and weakly perfect
graph. 0

Example 4. We consider the co-intersection graph of submodules of the Z-
module Zy, @© Zy, such that p is a prime number. The order of all elements
of Zy ® Zy is 1 or p and since the only element of the order 1 is identity,
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then the number of elements of order p is |Zy, ® Zy| — 1 = p?> — 1. Also each
non-identity element in Z, ® Z, generates a submodule of order p, with p —1
non-identity elements. So p>—1 counts each of the non-identity elements p—1
times. Therefore, Z, ® Z, as a Z-module has ezactly (p*> —1)/(p—1) =p+1
non-trivial mazimal and minimal submodules of order p which all are isolated
vertices of this graph. Consequently, QUZy, & Z,) = Kpi1 is both forest and
weakly perfect graph.

Theorem 13. Let M be an R-module with the graph Q = Q(M). If A =
A(Q) < oo and § = 6(Q) > 1, then the following statements hold:

(1) Ir(M) < A+ 1.

(2) If M is except direct sum of two simple R-modules, then Ir(M) < oo,
w(Q) < 0o and x(N) < oco.

(8) Every non-trivial submodule of M has finitely many submodules.

(4) Every non-trivial submodule of M is containing a minimal submodule and
contained in a mazimal submodule.

Proof. (1) In order to establish this part, suppose that My C My C M3 C ...,
is an infinite strictly increasing sequence of non-trivial submodules of M. Since
0 > 1, there exists a submodule X of M such that Ma+; + X # M. Hence
M;+X # M, for 1 < i < A+ 1 and thus deg(X) > A + 1, which is
a contradiction. Now, we assume that Ny D Ny D N3 D ..., is an infinite
strictly decreasing sequence of non-trivial submodules of M. Since § > 1, there
exists a submodule Y of M such that Y + Ny # M, then Y + N; # M, for
each i > 1, and thus deg(Y') = oo, a contradiction. Therefore, [r(M) < A+1.
(2) Clearly, lgr(M) < w(2) 4+ 1. Since M is except direct sum of two simple
R-modules, by Theorem 2, () is a connected graph. Hence, by Theorem 10.3
Part 1 of [11, p. 289], w(2) < x(©2) < A + 1 and since A < oo, we have
IrR(M) < 00, w(2) < oo and x(£2) < oo.

(3) Let N be a non-trivial submodule of M. Since 6 > 1, there exists a
submodule K of M such that N + K # M. Then for every submodule X of
N, X + K # M and since A < 0o, the number of submodules of N is finite.
(4) Since A = A(Q) < oo, by Part 1, [r(M) < co. Then M is Noetherian
and Artinian R-module. Let N be a non-trivial submodule of M. As M is
Noetherian, it possesses a maximal submodule N* such that N C N* and
as M is Artinian, it possesses a minimal submodule N, such that N, C N.
Hence, N, C N C N*. Thus every non-trivial submodule of M is containing
a minimal submodule and contained in a maximal submodule. g

Theorem 14. Let M be an R-module and |Q(M)| > 2. If M is Noetherian
which contains a unique mazximal submodule or it is hollow, then Q(M) is a
weakly perfect graph but not a forest.

Proof. Suppose that M is a Noetherian R-module such that it contains a
unique maximal submodule or M is a hollow R-module. Then by [15, Theorem
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2.9] and [15, Theorem 2.11], (M) is a complete graph. Since |Q(M)| > 2,
Q(M) is not a forest. However, we know that all complete graphs are their
own maximal cliques and w(Q2(M)) < x(2(M)). Hence, if w(Q2(M)) = oo,
there is nothing to prove. However, if assume that Q(M) = K,,, where n € N,
then w(Q(M)) = x((M)) = n, and this completes the proof. O

We now recall that an R-module M is said to be A-projective if for every
epimorphism g : A — B and homomorphism f : M — B, there exists a
homomorphism h : M — A such that gh = f. A module P is projective if
P is A-projective for every R-module A. If P is P-projective, then P is also
called self-projective.

Corollary 15. Let M be an R-module and |Q(M)| > 2. Then Q(M) is weakly
perfect graph but not forest, if one of the following statements holds:

(1) If M is an indecomposable R-module such that every pair of non-trivial
submodules of M, have zero intersection.

(2) If M is a local R-module.

(8) If M is a self-projective R-module and Endg(M) is a local ring.

Proof. Tt is an immediate consequences of [15, Corollary 2.16] and Theorem
14. Il

Example 5. For every prime number p and n € N with n > 4, since Zpn and
Zp as Z-modules are hollow, by Theorem 14, two graphs QUZyn) and Q(Zp)
are weakly perfect but they are not forests.

Proposition 16. Let M be an Artinian R-module such that it contains a
unique minimal submodule and A = A(Q(M)) < oco. Then M is Noetherian.

Proof. Assume that M is an Artinian R-module such that it contains a unique
minimal submodule. Then by [15, Theorem 2.10], Q(M) is a connected graph.
So 0 = §(2(M)) > 1 and since A = A(Q2(M)) < oo, by Theorem 13 Part 1,
Ir(M) < co. Hence, M is Noetherian. O

3. UNIVERSAL VERTICES AND DOMINATING SETS OF (M)

Let M be an R-module. In this section, we study the universal vertices
and the dominating sets of (M) and also obtain their relationship with the
non-trivial small submodules of M.

Lemma 17. Let M be an R-module and N a non-trivial submodule of M.
Then N < M if and only if N is a universal vertex of the graph Q(M).

Proof. Obvious. O
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Example 6. Let p and q be two distinct prime numbers. We know that < pq >
is the only non-trivial small submodule of the Z-module Z,z and by Lemma
17, it is the only universal vertex of QUZ,,2). (See Exzample 2 and Fig. 1).

Proposition 18. Let M, N, K and L are R-modules. Then the following
conditions hold:

(1) If f: M — N and g : N — L are two epimorphisms, then gof(X) is a
universal vertez of the graph Q(M) if and only if for each two universal ver-
tices X and Y of Q(M) and Q(N) respectively, we have f(X) and g(Y) are
two universal vertices of the graphs Q(M) and Q(N), respectively.

(2)If K C L C M, then L is a universal vertex of the graph Q(M) if and only
if L/K is a universal vertez of the graph Q(M/K).

(8) If Vi,Va,..., Vi, are universal vertices of the graph Q(M), then V =
SEMV s a undversal vertex of Q(M).

(4) For every homomorphism ¢ : M — N, if K is a universal vertezx of the
graph Q(M), then o(K) is a universal vertex of the graph Q(N).

(5) If K C L C M and L is a direct summand of M, then K is a universal
vertex of the graph Q(M) if and only if K is a universal vertezx of the subgraph
Q(L).

Proof. By Lemma 17 and 19.3 of [17, p. 159]. O

Proposition 19. Let M be an R-module. If A = A(2) < 00 and § = 6(Q) >
1, then M is semisimple or the graph Q (M) has at least a universal verter.

Proof. Since by Theorem 13 Part 1, [r(M) < oo, then M is Artinian and
it possesses a simple submodule. Moreover, every non-zero submodule of M
contains a simple submodule. Now, consider Soc(M). If Soc(M) = M, then
M is semisimple, otherwise Soc(M) is a vertex of Q(M). Now, for every non-
trivial submodule N of M, if Soc(M)+ N = M, then deg(Soc(M)) = 0, a
contradiction. Therefore, Soc(M)+ N # M and so Soc(M) < M. Hence, by
Lemma 17, Soc(M) is a universal vertex of Q(M). O

Let A be a non-empty set (class) of R-modules. An R-module M is said to be
finitely cogenerated by A, or finitely A-cogenerated, if there is a monomorphism
M — ILi<phi = @igk A; with finitely many A\; € A and k& € N.

Proposition 20. Let M be an R-module and Rad(M) # (0). Then the graph
Q(M) has a universal vertez, if one of the following conditions holds:

(1) The module M 1is finitely generated.

(2) The module M s finitely cogenerated or uniform and Soc(M) # (0).

(8) The module M s finitely cogenerated such that Rad(M/K) = (0) for any
non-zero submodule K of M.

(4) Every non-trivial submodule of M is contained in a mazimal submodule.
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Proof. (1) Since M is finitely generated, Rad(M) < M and since Rad(M) #
(0), the result yields by Lemma 17.

(2) Suppose that M is a finitely cogenerated R-module, then by 21.3 Part
1 of [17, p. 175], Soc(M) is finitely generated and essential in M. Hence,
Soc(M)N Rad(M) # (0), thus by [8, Corollary 9.9], Soc(Rad(M)) # (0). But
by 2.8 Part 9 of [12, p. 13|, Soc(Rad(M)) < M. Consequently, by Lemma
17, Soc(Rad(M)) is a universal vertex of Q(M). Also, if M is a uniform R-
module, then Rad(M) <M and Soc(M) < M. Hence, by above argument the
result yields again.

(3) Assume that M is a finitely cogenerated R-module. Then by Corollary
10.5 Part 2 of [8, p. 125], M has a minimal submodule. Moreover, for any
non-zero submodule K of M, we have (Rad(M)+ K)/K C Rad(M/K) and as
Rad(M/K) = (0), then (Rad(M) + K)/K = (0). Hence, Rad(M)) C K and
Soc(Rad(M)) C Soc(K) C K. Thus, for any non-zero submodule K of M,
Soc(Rad(M)) C K. Therefore, Soc(Rad(M)) is a unique minimal submodule
of M. However, by Part 2, Soc(Rad(M)) is a universal vertex of Q(M).
Consequently, M has a unique minimal submodule which is a universal vertex
of the graph Q(M).

(4) In order to establish this part, we consider Rad(M). Clearly, Rad(M) #
M, then it is a vertex of the graph Q(M). Since every non-trivial submodule
of M is contained in a maximal submodule, by [8, Proposition 9.18], Rad(M)
is the unique largest small submodule of M. Hence, by Lemma 17, Rad(M)
is a universal vertex of Q(M). O

We recall that the dominating set (DS) of the graph €, is a subset D of
vertex set V' (§2) such that every vertex in Q\ D is adjacent to at least one vertex
in D. A DS is called minimal dominating set, denoted by mDS, if for any
subset S of DS with S # DS, S is not a DS. The domination number of €2,
written | DS(Q2)], is the smallest of the cardinalities of the minimal dominating
sets of Q. In this paper, a subset S of the vertex set of the graph Q(M) is
a dominating set (DS) if and only if for any non-trivial submodule X of M
there is a Y in S such that X +Y # M.

Lemma 21. Let M be an R-module and |Q(M)| > 2, then the following
statements hold:

(1) If S is a subset of vertex set of the graph Q(M) which contains at least a
universal vertex , then S is a DS in Q(M).

(2) If Q(M) has at least a universal vertex, then for each universal vertex U
of M), the set {U} is a mDS and |[DS(QU(M)| = 1.

Proof. Obvious. O

Example 7. Consider Q as Z-module and Z,, as Z,.- module such that p

and q are two distinct prime numbers. As Z < Q and < pq >< Zy,2, then by
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Lemma 21, we have:
(1) The set {< pq >} is a mDS and |DSQ(Z,2)| = 1.
(2) The set {Z} is a mDS and |DSQ(Q)| = 1.

Corollary 22. Let M be an R-module and Rad(M) # (0). Then the following
conditions hold:

(1) If M is finitely generated, then the set {Rad(M)} is a mDS.

(2) If M is finitely cogenerated or uniform and Soc(M) # (0), then the set
{Soc(Rad(M))} is a mDS.

(8) If M s finitely cogenerated such that Rad(M/K) = (0) for any non-
zero submodule K of M, then the mDS of the graph Q(M) contains a unique
minimal submodule of M.

(4) If every non-trivial submodule of M is contained in a maximal submodule,
then the graph Q(M) has a mDS.

Proof. By Proposition 20.
O

Theorem 23. Let M be an R-module with non-trivial submodule Rad(M)
and |QUM)| > 2. If M is hollow, then the following statements hold:

(1) Every subset of the vertex set of the graph Q(M) is a DS in Q(M).

(2) |DS(QUM)| = 1.

(8) If QM) is a finite graph, then the number of the DS is equal to 21 2,
(4) If Q(M) is an infinite graph, then the number of the DS is infinite.

Proof. (1) Suppose that M is a hollow R-module. Then by [15, Proposition
2.11], Q(M) is a complete graph. Hence, every subset of the vertex set of the
graph Q(M) is a DS in Q(M).

(2) Since M is a hollow R-module, then every non-trivial submodules of M is
small. Hence, by Lemmas 17 and 21, |[DS(Q(M)| = 1.

(3) Let |Q2(M)| = n, where 2 < n < 4+o0. As Q(M) is a complete graph with
n vertices, then the number of non-empty proper subsets of the vertex set
V(Q(M)), which are DS, is equal to 3."_} C(n,r) = 2" — 2, where C(n, )
is an r-combination of V(Q(M)) with n elements, for a non-negative integer
r<n.

(4) It is obvious by Part 3. O

Example 8. For every prime number p and n € N with n > 2, we have:
(1) [DS(QZye))| = |DS(QZyn)| = 1.

(2) The number of the DS of the graph Q(Zyn) is 271 — 2.

(3) The number of the DS of the graph Q(Zy~) is infinite.

Corollary 24. Let M be an R-module. Then every subset of the vertex set of
the graph Q(M) is a DS in Q(M) and |DS(Q(M))| = 1, if one of the following
statements holds:
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(1) The module M is Noetherian and contains a unique mazimal submodule.
(2) The module M is an indecomposable R-module such that every pair of
non-trivial submodules of M have zero intersection.

(8) The module M is local.

(4) The module M is self-projective and Endr(M) is a local ring.

Proof. The Part 1 follows from [15, Theorem 2.9] and Lemmas 17 and 21.
Also, the Parts 2, 3 and 4 are immediate consequences of [15, Corollary 2.16]
and Theorem 23. O
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