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A NEW PARADIGM FOR INCREASING THE CONTINUITY
OF SUBDIVISION SCHEMES

GHULAM MUSTAFA', MUHAMMAD ASGHAR?, MADIHA NAVEED?

ABSTRACT. Subdivision schemes having high continuity are always re-
quired for designing of smooth curves and surfaces. In this paper, we
present a paradigm to generate a family of binary approximating subdivi-
sion schemes with high continuity based on probability distribution. The
analysis and convexity preservation of some members of the family are also
presented. Subdivision schemes give skewed behavior on convex data due
to probability parameter.

Key words : Binary, approximating subdivision schemes, binomial proba-
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1. INTRODUCTION

Subdivision schemes are important tools for generation of smooth curves
and surfaces in Computer Aided Geometric Design (CAGD). Developing new
subdivision schemes for curve and surface design has its own importance.

Initially, de Rham [17] and Chaikin [18] are regarded as the pioneers. They
developed the corner cutting schemes which generate C' limit curve. This
algorithm was one of the first refinement algorithms to generate curves. Now
a days wide variety of approximating and interpolating schemes have been
proposed in the literature which possess shape parameters. Shape parameters
are used in subdivision schemes to control the shapes.

In 2008, Siddigi and Ahmad [5, 6] offered five and six points approximat-
ing subdivision schemes having C* and C° limit curves respectively when the
shape parameter w = %. Next year, Mustafa et al. [7] presented 6-point
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binary approximating subdivision schemes which have C® continuity for the
shape parameter —1.6 < w < 1.3. In 2012, Ghaffar and Mustafa [9] presented
a family of even point ternary approximating subdivision schemes.

In 2014, Zheng et al. [19] presented a technique to increase the continu-
ity of any subdivision scheme. They increase the continuity by multiplying

the symbol with (%)k factor, after multiplication they get C**" continuous
subdivision schemes. But this technique has following demerits, when they
multiply symbol with factor then complexity of subdivision schemes are in-
creased, support of subdivision schemes are increased and the mathematical
computation of subdivision schemes are also increased.

Convexity preserving is a hot topic in curve design. A lot of work have been
published on this topic during the past decades. Tan et al. [20] discussed the
convexity preservation of five point binary approximating subdivision schemes.
Siddiqi and Noreen [21] presented convexity preservation of six point ternary
interpolating subdivision schemes.

1.1. Contribution and findings. The study of probability distribution is
the analysis of certain games of chance, and it has found applications in most
branches of science and engineering. Probability distribution have two types,
discrete and continuous. Binomial probability distribution is a type of discrete
distribution that was introduced by J. Bernoulli [22]. In this paper, first time
Binomial distribution has been used to introduced subdivision schemes. The
effects of probability parameter of subdivision schemes have been discussed.
Furthermore, we have following contribution and findings:

e A new family of binary approximating subdivision schemes for curve
design with high continuity.

e The maximum continuity, Holder regularity and degree of generation
can be obtained at probability parameter p = %

e The primal and dual subdivision schemes can be obtained at different
values of the probability parameter.

e Subdivision scheme give skewed behavior on convex data due to prob-

ability parameter.

The paper is organized as follows. In Section 2, we present construction of
family of binary approximating subdivision schemes. Analysis of the proposed
family is presented in Section 3. Convexity preservation is discussed in Section
4. In Section 5, we present the comparison and applications of proposed family
of subdivision schemes. Conclusions are drawn in Sections 6.
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2. CONSTRUCTION OF FAMILY OF SUBDIVISION SCHEMES

In this section, we will elaborate our technique for the generation of new
family of schemes. For this, we consider 4-point scheme (B-Spline of degree
5) [1] given by

6 20 6
Z‘H = @fzk—l + 3*2ff + ﬁfik-l-lv (1)
1 15 15 1
k1 k k k k
fQiJ-rH = @fifl + @fi + @fﬂ»l + @fiﬂ-
The Laurent polynomial of scheme (1) is

1
K(z) = 5 (1462 + 1522 + 202% + 152* + 62° + 2°) . (2)

Binomial probability generating function [2] is given as

n
n . e .
An(2) = Z <Z,>p’(1 —p)" 2", where i=0,1,2,--- n. (3)
=0
n is the number of trails, p is the probability of success, ¢ = 1 — p is the
probability of failure with p + ¢ = 1. The general symbol of new family of
binary approximating subdivision schemes is defined as

My, (z) = K(2)An(2),
where K (z) defined in (2) and A, (z) defined in (3). Simplest form of M, ()

1S

My ()= 5073 ()i s (@)

1=0

After substituting different values of n in (4), we obtain the symbols of family
members with p € (0,1). Table 1 gives the complexity and mask of proposed
family of approximating subdivision schemes.

3. ANALYSIS OF 6-POINT SCHEME

Aim of this section is to present the complete analysis of one family mem-
ber M,, of proposed family of subdivision schemes. Here we present some
important properties such as continuity analysis, Holder regularity, degree of
generation and degree of reproduction. We also discuss the convexity preser-
vation of M.
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TABLE 1. Shows the mask of family of binary approximating
subdivision schemes corresponding to different values of n, here

m shows complexity of the schemes (i.e. 4-, 5-, ...-point
schemes).

nim Mask

1| 4 | My, = 55[(1 = p), (6 —5p), (15— 9p), (20 — 5p), (15 + 5p), (6 + 9p), (1 + 5p), p]

2

3 5
4 6
5 6

Mp, = g51(1 = p), (6 — 10p +4p?), (15 — 18p + 4p?), (20 — 10p — 4p®), (15+

Mp, = =5 [(1 — p)3, (6 — 15p + 12p% — 3p3), (15 — 27p + 12p?), (20 — 15p — 12p?

Mp, = 55[(1 = p)*, (6 — 20p + 24p? — 12p® + 2p*), (15 — 36p + 24p> — 3p*),

My

5 = 25[p% (p° + 5pt), (—5p° + 10p* + 10p?), (—5p° — 15p* + 30p® + 10p?),

10p — 10p?), (6 + 18p — 4p?), (1 4 10p + 4p?), (2p + 4p?), p?]

+8p3), (15 + 15p — 30p? + 6p3), (6 + 27p — 12p? — 6p3), (1 + 15p + 12p?
-8p?), (3 +12p?), (3p* + 3p*), p°]

(20 — 20p — 24p? + 32p3 — 8p*), (15 + 20p — 60p? + 24p> + 2p*),
(6 + 36p — 24p? — 24p° + 12p?), (1 + 20p + 24p? — 32p3 + 2p?),
(4p + 24p* — 8p*), (6p* + 12p® — 3p*), (4p® + 2p*), p"]

(10p® — 40p* + 40p? + 5p), (10p® + 10p* — 80p> + 40p? + 25p + 1),
(—10p® + 60p* — 60p> — 40p? + 45p + 6), (—10p® + 10p* + 60p>
—100p? + 25p + 15), (5p° — 40p* + 80p® — 40p? — 25p + 20),

(5p® — 15p* + 40p? — 45p + 15), (—p° + 10p* — 30p® + 40p? — 25p + 6),
(—p® + 5p* — 10p® + 10p? — 5p + 1)]

After substituting n = 5 in (4), we get the Laurent polynomial M, (z) of
6-point binary approximating subdivision scheme

My, (2)

327125 [p5 + (p° + 5p*)z + (=5p° + 10p* + 10p”)2* + (—5p°
—15p* 4 30p> + 10p?)23 + (10p° — 40p* + 40p? + 5p)z*
+(10p° + 10p* — 80p® + 40p* + 25p + 1)2° 4 (—10p° + 60p*
—60p> — 40p® + 45p + 6)2° + (—10p° + 10p* + 60p>

—100p? + 25p + 15)27 + (5p° — 40p* + 80p* — 15p* + 40p>
—45p 4 15)2° + (—p° + 10p* — 30p® + 40p? — 25p + 6)21°
+(—p° — 40p% — 25p 4 20)2% + (5p° + 5p* — 10p> + 10p?

—5p+ 1)z (5)
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The scheme corresponding to the symbol (5) is

b= 312 [( +5p4) FE, + (0° — 15p* + 30p% + 10p%) f5 | + (10p°
+10p* — 80p® + 40p? + 25p + 1) fF + (—10p° + 10p* + 60p°
—100p* + 25p + 15) fE. | + (5p° — 15p* + 40p? — 45p + 15) fF.,
+(=p” + 5p* = 10" + 105 — 5p + 1) 5]

1
Ay o= ) [p fE o+ (=5p° + 10p* + 10p%) fE; + (10p° — 40p* —I—40p2

+5p) fF + (—10p° + 60p* — 60p* — 40p® + 45p + 6) f£. | + (5p
—40p* + 80p® — 40p? — 25p + 20) fF 5 + (—p° + 10p* — 30p°
+40p% — 25p + 6) £l . (6)

Theorem 1. The 6-point binary approzimating subdivision scheme (6) is C°
continuous.

Proof. From (5), we have

1+2\° .
My (z) = < 5 > bs(z), with b5(z) = (1 + 2)cs5(2),
where
1
5(2) = = [p5 + (5p* — 5p°)z + (10p° — 20p* + 10p°)2* + (—10p°

—30p° 4 10p% + 30ph) 23 + (5p° — 20p* + 30p® — 20p* + 5p)2*
+(—p° +5p* —10p® + 10p? — B5p+1)2°
To prove C° continuity of scheme M, we need to show that the difference

scheme Sy, is convergent. For this we have to show that S, is contractive.
For contractiveness of S.;, we see that

1Se;]loc = max{16p° — 40p* 4 40p® — 20p? + 5p, —16p° + 40p* — 40p?
+20p? — 5p + 1}.
The condition for |[S¢ |l < 1is p € (0,1). Therefore by [3], if ||Ses|loo < 1,

then c5(z) is contractive and bs(z) is convergent. If bs(z) is convergent then
scheme (6) is C® continuous. O

Remark 1. The 6’—p07jnt binary approm'matmg subdivision scheme (6) is C°
continuous at p = 5. Here we see that at p = f, our proposed family converts
to B-splines of degree n+o.
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3.1. Generation and reproduction analysis. The subdivision scheme with
symbol M,, (z) reproduces polynomials of degree d with respect to the param-
eterizations 7 = M;n(l)/Z if and only if

k—1
MP(-1)=0, MP1)=2]](r~3), k=01,..d (7)
j=0

Polynomial reproduction of degree d requires polynomial generation of degree
d [3].

Theorem 2. The degree of generation of 6-point binary approximating subdi-
vision scheme (6) is 5.

Proof. From (5), we can re-write the Laurent polynomial as

My (2) = (1 + z)5+lbp5<z);

where
by (2) = 32—125 [p5 + (=5p° + 5pt)z 4+ (10p° — 20p* + 10p?)23 + (—10p°
+30p* — 30p3 + 10p?)23 + (5p° — 20p* + 30p> — 20p? + 5p)z*
+(—p° + 5p* — 10p® 4+ 10p? — B5p + 1)2°].
Hence degree of generation is 5. O

Theorem 3. The 6-point binary approrimating subdivision scheme (6) has
linear reproduction with parametrization depends on value of p.

Proof. By taking the first derivative of My, (z) with respect to z defined in (5).
After putting z = 1, we get (Mps)/ (1) = 6 — 10p. This implies that 7 = w,
for different values of p the scheme corresponding to the symbol M, (z) has
dual as well as primal parametrization. We can easily verify that the first and
second derivatives of M. (z) at z = —1 are equal to 0. Further, we can also
verify (7) for k = 0 and 1. This complete the proof. O

In Table 2, we summarize the results of important properties of some family
members of proposed family of binary approximating subdivision schemes. It
is observed that high order continuity and generation degree can be achieved
at p = %

4. CONVEXITY PRESERVATION

In this section, we will show the convexity preservation of the scheme M,,;.

Theorem 4. Suppose that the initial control points {p?}iez are strictly conver,
ie. d) >0,V i€ Z Letd =22k+1(fk —2fF 4 fikﬂ) be defined as second
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TABLE 2.  Summary of the results of important properties of
proposed family of schemes, here n, M, , GD, RD, OC, and
HR, represent trial number, proposed schemes, degree of gen-
eration, degree of reproduction, order of continuity and Holder
reqularity of proposed schemes at p = % respectively.

n|M,, |GD|RD|OC|OC, |GD, | HR,
1M, |5 |1 |C°|C> |6 6
2| M, |5 |1 [C°[CY° |7 7
3| M,, |5 |1 |C°|C7 |8 8
4 M, |5 1 [C>|C® |9 9
5/My, |5 |1 [c®>|C” |10 |10

. dr .
order differences, r¥ = ;,;1, RF = maz{rk, Tik}, Y k>0,keZ,ic€lZ, the

; 4p°® —20p3+20p? —5p+2
parameter p satisfies 0 < p <1 and X € R, where 0 < A < 425_2023”0;_55_2,

and ¥ < RV <A, If

1
d¥ >0, XSR’“S)\,V k>0,keZ,icl, (8)

then G-point binary approrimating subdivision scheme (6) is convexity preserv-
mg.
Proof. Using second order divided difference formula,
k+1 k k+1 k k+1
di+ = 2? H(fz‘—ﬁ - 2f; H"‘fu:)- (9)

1

By using (9), the scheme (6) become

1
ditt =[PPy + (—ap® + 10p%)d, + (697 — 30p" + 20p7 + 5p)d
+(—4p° + 30p® — 40p* + 10p + 4)d¥ ; + (p° — 10p* + 20p?
—15p+ 4)d§12} . (10)
1
dsfly = [(—p5 +5p*)dE_ ) + (4p° — 20p* + 10p® + 10p%)df + (—6p°

+30p* — 30p> — 10p® + 15p + 1)dr; + (4p° — 20p* + 30p> — 10p?
—10p + 6)d¥ 5 + (—p° + 5p* — 10p® + 10p* — 5p + 1)dl.5|.  (11)
We use mathematical induction to prove df > 0 and % < RF < \. When
k = 0, it is obvious from statement d? > 0 and % < RY < X\. Suppose df >0

and % < RF < X is true for k. Now we prove it for k + 1. By re-writing
equation (10) as
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dr
dyt = [(—8175 +40p® — 40p” + 10p + 4)A? — (—8p° + 40p° — 40p?
+10p — 4))\}, (12)

5 _90mn3 2 . .
d’;i-irl >0, for 0 < A < i%_ggggigggz_ggﬁ, with p € (0,1). Now consider

equation (11) to show dg;_ll > 0.

pa 5 N 5 4 3 o d¥ 5
d2i+1 = Z[(—P + 5p”) 7k + (4p° — 20p™ + 10p° + 10p )@ + (—6p
g K2

dr
+30p* — 30p> — 10p? + 15p + 1)&—;1 + (4p® — 20p™ + 30p> — 10p?

(2

d; d*
—10p+6) =5 % + (—p” + 5p' — 10p° + 10p° — 5p+ 1) dﬂ,
dk
sty = % {(—81?5 +40p* — 40p® + 10p + 2) + (8p° — 40p* + 40p°
—10p + 6)A] (13)

k+1 4p°® —20p*+20p3 —5p—1 _ .
dy;'yy > 0 for 0 < A < 35=30 0,5 —5,55 With p € (0,1).

Thus df*' >0,V k >0,k €Z,i€Z Toprove + < RFL <A\ V k>0it
suffices to prove that

1 , )
3 <rftl <\ Vi€eZVk>0,ke€Z,icZ.
. dstt
Since we know that 7”2‘? - d%jfll ,
21
k+1 k+1 k+1
rkH )\ = d2i+1 )\ = d2i+1 - )‘d2i o é

da; da; B

Let ré“fl — A= %. From (10), we have already proved that dgjl > 0 so,

B > 0 and the numerator satisfies,

A = 1o (=p" 4 5p" 4 Mp® — M0p®) + i rf o (4p° — 20p4
+10p® 4 10p* — X6p° + A30p® — A20p? — A5p) + rF_orF ¥ (—6p° + 30p*
—30p> — 10p® 4 15p + 1 + Mp® — A30p® 4 MOp® — A\10p — 4))
1k ok PR (4p° — 20p* 4 30p® — 10p? — 10p + 6 — p°A + A10p?
—A20p% 4+ A15p — 4X) — pPA,
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A = PP A+ rfy(=p” +5pt + Mp® — A10p?) + 7l rfy(4p” — 20p*
110p® + 10p% — A6p° + A30p® — A20p? — A5p) + {(—6p5 + 30p°
—30p> — 10p% + 15p 4+ 1 + Mp® — A30p> + M0p® — X\10p — 4))

+§(4p5 —20p* + 30p® — 10p? — 10p + 6,p° + A10p> — N20p?

+A15p — 4)\)} gy ry,

A = —pPA4 st o (—p° 4 Bpt + Mp® — A10p°) + sF 5P, (4p° — 20p4
F10p° + 10p% — A6p° + A30p® — A20p% — ASp) + {(—)\Gp + A30p*
—A30p% — A10p? 4+ A15p + A + A24p° — A230p> + \240p% — A210p
—4A2) 4+ 4p° — 20p" + 30p® — 10p% — 10p + 6:p° + A10p® — A20p°
+A15p — 4)\} T zrf 1s

A = —p’A—pP A+ A5p" + N24p® — N210p” + 4p° — 20p + 10p” + 10p°
—X6p° + A30p> — A20p? — A5p — A6p° + A30p* — A30p® — A10p?
+A15p + A+ A24p° — A230p° + \240p% — A210p — 422 + 4p° — 20p
+30p® — 10p% — 10p + 6,p° + A\10p> — A20p? 4+ A15p — 4,

4

A = N\*(8p° —40p® + 40p* — 10p — 4) + A( — 15p° + 35p* + 10p® — 50p*
+10p — 3) + (8p° — 40p* + 40p® — 10p + 6). (14)

c e 4p®—20p*+20p3 —5p—1
This implies that A <0, for 0 <A < 3 5=56,m 20,7 5p 73"

Thus rlg;rl - A= < 0. Therefore rkH <\ Vi €Z.
Similarly
1 dat st g, ¢
“k+1 k 1 - k+1 - :
roi A dyi'y b

From (11), we have already proved that dé;:_ll > (0 so, D > 0 and the numerator

satisfies,

C = P’ +rio(—4p° +10p> + Np® — A5p") + 1} ﬂ“f 2(6p5 — 30p® + 20p
+5p — Mp® + A20p* — A10p® — A10p62) + ¥ ok ¥ (—4p® + 30p°
—40p? 4 10p + 4 + A6p° — A30p* + \30p® + A10p% — 15Xp — \)
+rk ok rFeR (2p° — 5pt 4 10p® — 10p + 3 — 4pP X\ + X20p* — A30p°
+A10p? + 10Ap — 6)),
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C = P (—4p° +10p° + W — A5p") + 1y 5(6p° — 30p°
+20p? + 5p — Mp® + X20p* — A10p® — AN10p?) + (—4Xp° + 30Ap°
—40Mp? + 10pA + 4\ + 226p° — A230p* + A230p° + A210p% — 15X%p
—A% 4+ 2p° — 5pt +10p% — 10p + 3 — 4p° X + \20p* — A\30p°
FA10p? + 10Ap — 6A)rE ok

C = p°+7rF o(—4p® +10p> + Ap® — Mopt) +rF 7k L (40p® — 300p°
+20Ap? + BAp — 4\ — 4XZp° 4+ X20p* — 10A%p? — 10A%p? — 4Np®
+30Ap% — MOp? 4+ MN10p + 41 4+ 62%p° — A230p* + A230p> + A210p?
—15X%p — A2 + 2p° — 5p* + 10p% — 10p + 3 — 4\p° + A20p* — \30p>
+A10p? + 10Ap — 6)),

C = N(3p° — 15p* +20p3 — 15p — 1) + A\(—6p° + 20p* — 20p* — 10p?
+25p — 6) + (3p° — 5p* + 10p? — 10p + 3). (15)

. . 4p® —20p*4-20p% —5p—1
This implies that C' < 0 for 0 < A < =20t

Thus 15 — A\ = % < 0. Combining (14) and (15), it can be written as

T2

1
Xgr’;jlg/\, Vi € Z.

Similarly we can show that

1
S<rhtL <N\ VieZ

Y i+1
Hence df > 0 and % < R* < ) is satisfied for k + 1. Hence proposed scheme
M, preserves convexity. This completes the proof. Il

It is clear from Figure 1 that if initial control points are strictly convex.
Then the limit curves generated by scheme corresponding to M,,, show nega-
tively, normal and positively skewed behavior on convex data for p < %, p= %
and p > % respectively. But limit curves generated by scheme corresponding
to M), show positive, normal and negatively skewed behavior on convex data

for p < %, p= % and p > % respectively.
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(a) negatively skewed (b) normal (c) positively skewed
Mplatp:% Mplatp:% Mplatpzl%

(d) positively skewed (e) normal (f) negatively skewed
Mp5atp:11—0 Mpsatp:% Mp5atp:1%

FIGURE 1. (a) — (c) and (d) — (f) present limit curves for con-
vex data produced by the schemes corresponding to My, and
M, respectively.

5. COMPARISON AND APPLICATIONS

In this section, we will present the comparison and applications of proposed
family of schemes.

5.1. Comparison of continuity analysis. Here we will present the com-
parison of continuity analysis of proposed family of schemes with existing
parametric subdivision schemes. We also show that our proposed family of
binary approximating subdivision schemes gives higher continuity as compare
to existing parametric subdivision schemes. Table 3 present the comparison
of proposed family of approximating subdivision schemes.

5.2. Applications. Here we will discussed visual performance of proposed
family of subdivision schemes. The control polygons are drawn by doted line
and the smooth curves obtained by our proposed schemes by full line. Figures
2 present limit curves for close polygons. Figures 3 present comparison of limit
curves for close polygons produced by the schemes corresponding to M), and

M, at p = %
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TABLE 3. Shows the comparison of continuity analysis of
existing parametric subdivision schemes and proposed family
of schemes. E, OC, C.P, M,, and OC1 denote the existing

2
schemes, continuity of existing schemes, Convexity preserva-

tion, proposed family of schemes and continuity of proposed
1

schemes at p = ; respectively.
E ocC CPofE| M, | OC. | C.P of
2

4-point [16] | C? No M, | C° No
4-point [11] | C* No M,, | C° No
4-point [12] | C° at w = % No M,, | C° No
5-point [5] | C* at w = ; No M,, | C7 No
5-point [13] | C° at w = 135 No M,, | C7 No
5-point [10] | C3 at a =1,3 =32 Yes My, | C* No
6-point[9] | CT at w = 5 No M, | C° Yes
6-point[7] | C®if w € (—1.6,1.3) No M, | C° Yes
6-point[8] | C3 No M,, | C° Yes
6-point[14] | C? No M,, | C? Yes
6-point[15] | C2 No M, | C° Yes
6-point[6] | C®at w =7 No | M, | C° Yes

6. CONCLUSION

In this paper, we have presented a technique to increase the continuity
of binary approximating subdivision schemes and generate a new family of
approximating subdivision schemes. We present the complete analysis of some
members of the family of schemes. We also analyzed that our proposed family
gives high continuity when probability parameter p = % as compare to the
existing subdivision schemes. At all other values of p the results of subdivision
schemes remain same. Visual performances of proposed family of subdivision
schemes are also discussed. Subdivision schemes show skewed behavior on

convex data for different values of p.
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FIGURE 2. (a) — (c) and (d) — (f) present limit curves for
close polygons produced by scheme corresponding to M,, and
M, respectively.

FIGURE 3. (a), (b) and (c) present limit curves for close poly-
gons produced by scheme corresponding to M, and M,; atp =
1

R
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