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SUM DIVISOR CORDIAL LABELING FOR PATH AND
CYCLE RELATED GRAPHS

A. LOURDUSAMY! AND F. PATRICK?

ABSTRACT. A sum divisor cordial labeling of a graph G with vertex set V' is
a bijection f from V to {1,2,--- ,|V(G)|} such that an edge uv is assigned
the label 1 if 2 divides f(u) + f(v) and 0 otherwise; and the number of
edges labeled with 0 and the number of edges labeled with 1 differ by at
most 1. A graph with a sum divisor cordial labeling is called a sum divisor
cordial graph. In this paper, we prove that P2, P, @ mKi, S(P, ® mK1),
Dy (P,), T(P,), the graph obtained by duplication of each vertex of path
by an edge, T(Cy), D2(C,), the graph obtained by duplication of each
vertex of cycle by an edge, C’it), book, quadrilateral snake and alternate
triangular snake are sum divisor cordial graphs.

Key words : sum divisor cordial, divisor cordial.
AMS SUBJECT CLASSIFICATION 2010 : 05C78.

1. INTRODUCTION

All graphs considered here are simple, finite, connected and undirected. For
all other standard terminology and notations we follow Harary [2]. A labeling
of a graph is a map that carries the graph elements to the set of numbers,
usually to the set of non-negative or positive integers. If the domain is the
set of vertices the labeling is called vertex labeling. If the domain is the
set of edges, then we speak about edge labeling. If the labels are assigned
to both vertices and edges then the labeling is called total labeling. For all
detailed survey of graph labeling we refer Gallian [1]. A. Lourdusamy and
F. Patrick introduced the concept of sum divisor cordial labeling in [5]. In
this paper, we investigate the sum divisor cordial labeling behavior of P2,
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P, ®©mKy, S(P, ®©mKy), Da(P,), T(P,), the graph obtained by duplication
of each vertex of path by an edge, T(C,), D2(C,), the graph obtained by
duplication of each vertex of cycle by an edge, C’it), book, quadrilateral snake
and alternate triangular snake.

Notation 1.1. Let ef(1) denotes the number of edges labeled with 1 and e(0)
denotes the number of edges labeled with 0.

Definition 1.2. Let G = (V(G), E(G)) be a simple graph and f : V —
{1,2,--- ,|[V(G)|} be a bijection. For each edge uv, assign the label 1 if
2|(f(u) + f(v)) and the label 0 otherwise. The function f is called a sum
divisor cordial labeling if |ef(0) —er(1)] < 1. A graph which admits a sum
divisor cordial labeling is called a sum divisor cordial graph.

Definition 1.3. [3] For a simple connected graph G the square of graph G is
denoted by G? and defined as the graph with the same vertex set as of G and
two vertices are adjacent in G? if they are at a distance 1 or 2 apart in G.

Definition 1.4. [4] The corona G1©Gs of two graphs G1(p1,q1) and Ga(p2, ¢2)
is defined as the graph obtained by taking one copy of G1 and p1 copies of Go
and joining the it" vertex of G1 with an edge to every vertex in the i*" copy of
Gs.

Definition 1.5. [7] The shadow graph D2(G) of a connected graph G is ob-
tained by taking two copies of G, say G and G . Join each vertez u' in G to
the neighbours of corresponding vertex v” in G .

Definition 1.6. [3] For every vertex v € V(G), the open neighbourhood set
N (v) is the set of all vertices adjacent to v in G.

Definition 1.7. [8] Duplication of a vertex vy by a new edge e = v;gvg m a
graph G produces a new graph G’ such that N(U;C) N N(v;) = vp.

Definition 1.8. [7] The total graph T(G) of a graph G is the graph whose
vertex set is V(G) U E(G) and two vertices are adjacent whenever they are
etther adjacent or incident in G.

Definition 1.9. [6] A one point union of reqular graph G denoted by G* is
the graph obtained by taking v as a common vertex such that any two copy of
G are edge disjoint and do not have any vertex in common except v.

Definition 1.10. [3] The subdivision graph S(G) is obtained from G by sub-
dividing each edge of G with a verter.

Definition 1.11. [6] A quadrilateral snake Q,, is obtained from a path vy, v, - -
by joining v;, viy1 to new vertices u;, w; for every i =1,2,--- .n —1 respec-
tively and then joining u; and w;. That is every edge of the path is replaced
by a cycle Cy.

y Un,
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Definition 1.12. [7] An alternate triangular snake A(T,) is obtained from a
path vy, va, -+ vy by joining v; and viy1 for every i =1,2,--- . n—1 (alter-
nately) to a new vertex w;. That is every alternate edge of the path is replaced
by a cycle Cs.

2. MAIN RESULTS

Theorem 2.1. The graph P2 is sum divisor cordial graph.

Proof. Let vy, vg, -+ , vy, be the vertices of the path P,. Let V(P?) = {v1,ve, -+ ,v,}
and E(P2) = {vivip1 : 1 <i <n—1}U{vivig2 : 1 <i < n—2}. Then P2 is
of order n and size 2n — 3. Define f : V(P2) — {1,2,--- ,n} as follows:
floi)=1, 1<i<n.
Then, the induced edge labels are
f*('UiUi+1) = 0, 1 § /) § n — 1;
f*(vivi+2) = ]_, 1 S /) é n — 2.
We observe that, ef(0) =n — 1 and ef(1) =n — 2.
Thus, |ef(0) —ef(1)] < 1.
Hence, P2 is sum divisor cordial graph. O

Example 1. A sum divisor cordial labeling of P62 is shown in Figure 2.1.

1 2 3 4 5 6
Figure 2.1

Theorem 2.2. The graph P, ©® mK is sum divisor cordial graph.

Proof. Let ui,ug,--- ,u, be the vertices of P,. Let u;; be the vertices which
is added to w;. Then V(P, ©® mKi) = {uju;; : 1 < i < n,1 <j < m}
and E(P, © mK;) = {ujui; : 1 <i <n,1 <j<mpU{wuipr 11 <i <
n — 1}. Also, P, ® mK; is of order mn + n and size mn + n — 1. Define
f:V(P,omK;) = {1,2,--- ,mn+n} as follows:
Case 1. m is odd.
For 1 <i <mn,
flu)) = (m+1)(i—1)+1;
fluj)=m+1)(i—-1)+j+1, 1<j<m.
Then, the induced edge labels are
f*(uiuiﬂ) = 1, 1 S 7 S n — 1;
0 if jisoddand1<i<n
[ (ugugg) = { o .
1 if jisevenand 1 <i <n.
Case 2. m is even.

For 1 <i <mn,
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Fus) = {(m—i—l)(z 1)+1 if iisodd
’ (m+1)(t—1)4+2 if iis even;
(m+1)(i—1)4+j+1 if iisoddand1<j<m
fluig) = (m+1)(i -1
(m+1)(i—1
Then, the induced edge labels are
f*(uiui+1) =1,1<+<n—1;
For 1 <i<mn,
. _J0 if 7isodd and jisoddand1<j<m
I (wiuig) 1 if 7isodd and jis even and 1 < j < m;

)+ if iiseven and j =1

i
i—1)+j5+1 if iisevenand 2 <j<m.

0 if iisevenand jisevenand 1 <j<m

[*(uiui) =<0 if diseven and j =1
1 if 7is even and j is odd and 3 < j < m.
In the above two cases, we observe that, ef(0) = [Z242=1] and es(1) =
| motn=1 | Thus, |ef(1) —es(0)| < 1. Hence, P, ®mKj is sum divisor cordial
graph. O

Example 2. A sum divisor cordial labeling of Py © 2K is shown in Figure

2.2.
1 5 7 11
2 3 4 6 8 9 10 12

Figure 2.2

Theorem 2.3. The graph S(P, ® mK) is sum divisor cordial graph.

Proof. Let V(S(P, ® mK;)) = {u; : 1 <i<n} U{vj,v;- 1< <myU{u;
1<z<n—1}andE(S(P @mKl))—{uzv], vl <i<nl<j <
m} U{usu;, uguisy 0 1 <i<n—1}. Then, S( n@mKl)ls of order 2mn+2n—1
and size 2mn+2n—2. Define f : V(S(P,omK;)) — {1,2,--- ,2mn+2n—1}

as follows:
For 1 <i <mn,

Fu) = {(m+1)2(i—1)—|—1 if i is odd
’ (m+1)2(i — 1) if 7 is even;
f(UA):{(m—Fl)Q(i—l)—FQj if iisoddand1<j<m
! (m+1)2(i—1)+2j+1 if iiseven and 1 < j < m;
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) m+1)2@—-1)+2j+1 if jisoddand 1 <j<m
flo) = (m+1)2(i—1)+2j if iisevenand 1 <j<m;
For1<i<n-1,
, (m+1)(2¢) +1 if ¢is odd
(m+1)2i if i is even.
Then, the induced edge labels are
frluu) =1, 1<i<n-—1;
F(uui) =0, 1 <i<n—1;
Frluw)) =1, 1<i<n1<j<m;
frju) =0, 1<i<n1<j<m.
We observe that, e;(0) = mn +n — 1 and ef(1) = mn 4+ n — 1. Thus,
lef(1) —er(0)] < 1. Hence, S(P,, ® mK7) is sum divisor cordial graph. O

Example 3. A sum divisor cordial labeling of S(Py®2K1) is shown in Figure

2.3.

AVAVAYA

16 21

Flgure 2.3

Theorem 2.4. The graph Ds(P,) is sum divisor cordial graph.

Proof. Let vq,vo,- -+ ,v, be the vertices of the path P, and v/l,v;, e
the newly added vertices corresponding to the vertices vy, Vg,
to obtain Dy(P,). Let G = D2(P ). Then V(G) = {v;,v,

,U;L be
, Uy, in order
:1<i<n}and

EG) = {U@U1+1,UZUZ+1,UZ Hl,v viy1 2 1 < i <n—1}. Also, G is of order 2n
and size 4n — 4. Define f: V(G) — {1,2,--- ,2n} as follows:

flvi) =2i—1, 1§i§n;
f(v)) =2i, 1<i<n.
Then, the induced edge labels are

fflowip) =1, 1<i<n-1,

o, )=11<i<n-—1;
7 71+1

)

f*(UiU;+1) =0,1<i<n-1,
fHovip1) =0, 1<i<n—1.

We observe that, ef(0) = 2n — 2 and ef(1) = 2n — 2.
Thus, |ef(0) —ef(1)] < 1.
Hence, Dy(P,) is sum divisor cordial graph.

g

Example 4. A sum divisor cordial labeling of Da(Ps) is shown in Figure 2.4.
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1 3 5 7 9
2 4 6 8 10
Figure 2.4

Theorem 2.5. The graph T'(P,,) is sum divisor cordial graph.

Proof. Let G = T(P,). Let V(G) = {v;: 1 < i <n}J{u;: 1 <i<n-1}
and E(G) = {uwuiyr : 1 < i <n =2} {viwi—1 : 2 <@ < n}U{vivigr, viv; -
1 <i<mn-—1}. Then G is of order 2n — 1 and size 4n — 5. Define f : V(G) —
{1,2,---,2n — 1} as follows:

flo) =1,

f(vi+1) = Qi, 1<i<n— 1;

Flu) =2i+1, 1<i<n—1.
Then, the induced edge labels are

s

We observe that, e¢(0) = 2n — 2 and ef(l)_: 2n — 3.
Thus, |ef(0) —ef(1)] < 1.

Hence, T'(P,) is sum divisor cordial graph. O
Example 5. A sum divisor cordial labeling of T(Pg) is shown in Figure 2.5.
1 2 4 6 8 10
3 5 7 9 11

Figure 2.5

Theorem 2.6. The graph obtained by duplication of each vertex by an edge
i Py, is sum divisor cordial graph.

Proof. Let vy,vs,--- ,v, be the vertices of the path P, and G be the graph
obtained by duplication of each vertex v; of the path P, by an edge v;v;l for

! 17

1§i<natatime. Let V(G) = {vi,v;,v; : 1 < i < n} and E(G) =

(R

{vv;, viv; ;o0 + 1 <i <nyU{vivipr : 1 <i<n—1}. Then G is of order 3n

70 Y1
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and size 4n — 1. Define f: V(G) — {1,2,--- ,3n} as follows:

v, ) =31, 1 <i<n.
Then, the induced edge labels are
*(vivip1) =1, 1 <i<n-—1,

*

’UQZ"Ugi) = 1, 1 S ) S L%J

(

(

(

(Ugv9) =0, 1 < i < L% ;
( }

(

2n and ef(1) = 2n — 1.

We observe that, ef(0) =
Thus, |ef(0) —er(1)| < 1.
Hence, G is sum divisor cordial graph. 0

Example 6. A sum divisor cordial labeling of duplicating each vertex by edge
i Py is shown in Figure 2.6.

2 4 8 10
1 3 ) 6 7 9 11 12

Figure 2.6

Theorem 2.7. The graph T(C,,) is sum divisor cordial graph.

Proof. Let vy,va,--- ,v, be the vertices of the cycle C,,. Let G = T(C,).
Then V(G) = {vi,u; : 1 < i < n} and E(G) = {vivit1,uuipr 2 1 < i <
n— 1} U{viw; 0 1 < i <n}Hviwi— 0 2 <@ < n}J{vpv1, upui, viu, . Also,
G is of order 2n and size 4n. Define f : V(G) — {1,2,--- ,2n} as follows:
floi)=2i-1,1<i<my
Flu)) =2i, 1<i<n.
Then, the induced edge labels are
f*('UiUi+1) = 1, 1<i<n— 1;

f*(vnvl) =1;

fuivig) =1, 1<i<n—1;
f*(unul): ;

f*(viuz) =0, 1<:<n
f*(viuifl) =0, 2<1<m;
f*(vlun) =
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We observe that, ef(0) = 2n and ef(1) = 2n.
Thus, |ef(0) —er(1)| < 1.

Hence, T'(C},) is sum divisor cordial graph. O
Example 7. A sum divisor cordial labeling of T'(Cg) is shown in Figure 2.7.
2
16 4
1 3
15 5
14 6
3 7
11 9
12 8
10
Figure 2.7

Theorem 2.8. The graph D2(Cy,) is sum divisor cordial graph.

Proof. Let vi,vo, -+ ,v, be the vertices of the first copy of the cycle C,, and
u1, U9, -+ , U, be the vertices of the second copy of the cycle C,. Let G =
D5(Cy). Then V(G) = {v;,u; : 1 <i<n}and E(G) = {041, Uilliy1, Villit] :
1<i<n—1}Hviui—1 : 2 <i < n}lJ{vpvr, upur, vpur, viuy }. Also, G is of
order 2n and size 4n. Define f: V(G) — {1,2,--- ,2n} as follows:

flv) =20, 1 <i<m

fluj))=2i—1, 1 <i<n.
Then, the induced edge labels are

ffowip) =1, 1 <i<n-—1,

f*(vnvl) = 1;

fujuipr) =1, 1 <i<n-—1,
f*(unul) = 1;

ff(viuip1) =0, 1 <i<n-—1,;
[*(vpur) = 0;

[*(viui—1) =0, 2 <i < m;
f*(upvy) = 0.

We observe that, ef(0) = 2n and ef(1) = 2n.
Thus, |ef(0) —er(1)| < 1.
Hence, Dy(C),) is sum divisor cordial graph. O
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Example 8. A sum divisor cordial labeling of D2(Cs) is shown in Figure 2.8.

1
2
11 - 3
2 4
0 6
9 5
8
7
Figure 2.8

Theorem 2.9. The graph obtained by duplication of each vertex by an edge
in Cy, is sum divisor cordial graph.

Proof. Let vy,vs9,- -+ ,v, be the vertices of the cycle C,, and G be the graph
obtained by duplication of each vertex wv; of the cycle C,, by an edge v/
for 1 < i < n. Then V(G) = {v,v,v; : 1 < i < n} and E(G) =
E(Cy) U{vivy, viv; ,vv; =1 < i < n}. Also, G is of order 3n and size 4n.
Define f: V(G) — {1,2,--- ,3n} as follows:

Vo — 1)—6i—5, 1<

I
w
=
—_
A
~
AN
N

Then, the induced edge labels are
(vlvzﬂ)—l 1<i<n-—1;
“(vpv1) =
*(vv;) = () 1 <i<m

(Uzz 1”21 1) =0, 1<:< [%],
(UQZUQI) 1 <i< %J’

( V2i— 17)21 J
(UQZUZZ)

We observe that, e¢(0) = 2n and ef(
Thus, |ef(0) —ef(1)] < 1.

Hence, G is sum divisor cordial graph. O

HO\,
~—
HHH

Example 9. A sum divisor cordial labeling of duplicating each vertex by edge
in Cs 1s shown in Figure 2.9.



110 A. Lourdusamy and F. Patrick

2 3

Figure 2.9
Theorem 2.10. The graph C’it) s sum divisor cordial graph.

Proof. Let vii),véi),véi),vii)(i =1,2,---,t) be the vertices of C’y). Let v%l) =

v§2) =...= vgt) =v. Let G = Cit). Then, G is of order 3t + 1 and size 4t.
Define f: V(G) — {1,2,--- ,3t + 1} as follows:
flo) =1,
FOY=3i—1,1<i<t
FOSY =38i+1, 1<i<t;
FOS)y =3i 1<i<t.
Then, the induced edge labels are
Frog ™) =0, 1 <i < [5);
Frofhy=1,1<i < [5);
P =1, 1<i<t
f*(vgi)vz(f)) =0, 1<i<t
v ™) =1, 1<i < [1];
Fro)y=0,1<i<[t]
We observe that, e¢(1) = 2t and ef(0) = 2t.
Thus, |ef(1) —ef(0)] < 1.
Hence, C’it) is sum divisor cordial. O

Example 10. A sum divisor cordial labeling of C’f) is shown in Figure 2.10.
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Figure 2.10
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Theorem 2.11. A book with n pentagonal pages is sum divisor cordial graph.

Proof. Let G be a book with n pentagonal pages. Let V(G) = {u, v, u;, v;, w; :
1 <i<n}and E(G) = {uv} J{vu;, ujw;, vv;, vyw; : 1 < i < n}. Then, G is of

order 3n + 2 and size 4n + 1. Define f : V(G) — {1,2,---

f()—l
) =

flv

(ug; 1)—61 i
(ug;) = 67+ 2, 1<’L§L%‘
(woi—1) =6i—1, 1 <4
(wgZ )=6i+1, 1<i<
(vai_1) = 6i—2, 1 <
(Ugl) =6i, 1 <i<|[%].

&hxx\\\

Then, the induced edge labels are

We observe that,

f(un) =0

if nis odd

2n
0) =
ef( ) {2n+1 if nis even

,3n + 2} as follows:
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2n+1 if nis odd

er(l) =

s) 2n if n is even

Thus, |ef(1) —er(0)| < 1.

Hence, book with n pentagonal pages is sum divisor cordial graph. O

Example 11. A sum divisor cordial labeling of book with 4 pentagonal pages
1s shown in Figure 2.11.

14

12
Figure 2.11

Theorem 2.12. An alternate triangular snake A(T),) is sum divisor cordial
graph.

Proof. Let vy, ve,--- ,v, be the vertices of path P,. The graph A(T,) is ob-
tained by joining the vertices v;v;4+1 (alternately) to new vertex u;, 1 <1i < n—1
for even n and 1 <i <n — 2 for odd n. Then, V(G) =V (FP,) U{u; : 1 <i <
L%J} and E(G) = E(P,) {v2i—1u;i : 1 <i < L%J Tuivg; 1 1 <1 < L%J} Also,

sn=lif pis odd
V(G)| = {3,3 L
5 if n is even

2n—2 if nis odd
|E(G)| —{

2n—1 if nis even
Case 1: n is odd
Define f: V(G) — {1,2,--- , 221} as follows:
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3i—2 if 7is odd
f(Ui):{

3i—1 if iiseven;
flu) =3i, 1 <i < [%].
Then, the induced edge labels are
0 if ¢isodd
1 if iiseven;
frgicw) =1, 1 <i < |B];
fH(vgiu;) =0, 1 <i < [%].
We observe that, ef(0) =n —1 and ef(1) =n — 1.
Case 2: n is even
Define f: V(G) = {1,2,---, 22} as follows:
3i—1 if iisodd
flui) = {3. T _
1 if 4 is even ;
flu)=3i—2, 1< < |3].
Then, the induced edge labels are

[ (vivig1) =

0 if 7isodd

1 if 7iseven;
f*(v2iciug) =0, 1<i < |%];
fHogu) =1, 1 <i < | %]

We observe that, ef(0) =n and ef(1) =n — 1.

Thus, in both the cases |ef(0) —ef(1)| < 1.

[ (vivig1) =

Hence, A(T,,) is sum divisor cordial graph. O
Example 12. A sum divisor cordial labeling of A(T7) is shown in Figure 2.12.
3 6 9
1 2 4 5 7 8 10
Figure 2.12

Theorem 2.13. The quadrilateral snake Q,, is sum divisor cordial graph.

Proof. Let vy,vo, -+ ,v, be the vertices of path P,. Let G = @,. Then
V(G) =V(P,) H{ui,w; : 1 <i<n—1}and E(G) = E(P,) U{viu;, ujw;, vip1w; :
1 < i < n-—1}. Also, G is of order 3n — 2 and size 4n — 4. Define
f:V(G)—{1,2,---,3n — 2} as follows:

floi)=31—2,1<i<m

flui)) =31, 1 <i<n-—1;

Flw)=3i—1,1<i<n-—1.
Then, the induced edge labels are

ff(vviz1) =0, 1 <i<n-—1,
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f*(vzuz) =1,1<+<n—1;
f*(viﬂwi) = 1, 1 S ) S n — 1;
ffujw;)) =0, 1 <i<n-—1;
We observe that, ef(1) = 2n — 2 and ef(0) = 2n — 2.
Thus, |ef(1) —ef(0)] < 1.
Hence, @, is sum divisor cordial graph. O

Example 13. A sum divisor cordial labeling of Qg is shown in Figure 2.13.

3 2 9 8 15 14
1 4 7 10 13 16
6 ) 12 11
Figure 2.13

3. CONCLUSION

It is clear that K,,n > 4, is not sum divisor cordial graph. Here we have
proved P2, P, ® mKi, S(P, ® mK), Da(P,), T(P,), the graph obtained
by duplication of each vertex of path by an edge, T'(Cy,), D2(C,,), the graph

obtained by duplication of each vertex of cycle by an edge, C’it), book, quadri-
lateral snake and alternate triangular snake are sum divisor cordial graphs.
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