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FORGOTTEN INDEX OF GENERALIZED F-SUM GRAPHS
H. M. AWAIS!, M. JAVAID!, M. JAMAL?

ABSTRACT. Liu et al. [IEEE Access; 7(2019); 105479-105488] defined the
concept of the generalized subdivided operations on graphs and obtained
the generalized F-sum graphs. They also calculated the 1st and 2nd Zagreb
indices of the generalized F-sum graphs. In the continuation of this work,
we study the forgotten index (F-index) of the generalized F-sum graphs
in terms of different topological indices (TT’s) of their base graphs. In the
end, the results of F-index on the generalized F-sum graphs acquired by
the particular classes of alkane are also included.
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1. INTRODUCTION

A topological index (TI) is considered as a function ¢ : > — R (set of real
numbers) that links every element of the >  to a unique real number, where
> is collection of graphs. TI’s forecast the bio-nature activities, chemical
reactivities and physical attributes of the molecular graphs like heat of for-
mation, heat of evaporation, viscosity, freezing point, boiling point, melting
point, surface tension, stability, temperature, density, weight, polarizability,
connectivity, and solubility. Several drugs, crystalline, and nano-materials
that are utilized in various industries are analyzed with the help of TI’s, see
[14, 15, 10, 9, 8, 12, 22, 27]. These are also considered a useful tool to ex-
amine the quantitative structural properties relationships and quantitative
structural activities relationships which connect molecular structures to their
different molecular properties. For more detail, we refer to [12, 16, 17].

To study the paraffin’s boiling point, Wiener first time used the distance-
based TI [7]. Gutman and Trinajsti [19] calculated m-electrons total energy
of a molecule through a TI called as the first Zagreb index. After that, many
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impressive TT’s are introduced in chemical graph theory [20, 18] but the degree
based TI’s are well known than any other outcome, see [21].

In molecular graph theory, the different operations on a graph perform a
fundamental role in the formation of different new classes of graphs, see [11].
Yan et al. [12] introduced the four operations S1, R1, Q1,71 on graphs and ob-
tained the Wiener index of these resultant graphs. For Fy € {S1, R1,Q1,T1},
Taeri and Eliasi [13] defined the Fj-sum graphs (H; 4+m H2) using the carte-
sian product on graphs F'(H;) and Hs, where Hy & Hj are connected. They
also studied the Wiener index of these Fi-sum graphs. Furthermore, Deng et
al. [24], Shehnaz et al. [25] and Liu et al. [2] calculated the 1st & 2nd Zagreb
indices, F-index and the 1st general Zagreb index of Fj-sum graph.

Recently, Liu et al. [1] introduced the concept of generalized operations
on graphs and obtained the generalized F-sum (Fj-sum) graphs. They also
calculated the 1st & 2nd Zagreb TT’s of Fi-sum graphs. In the present article,
we calculate the F-index for the generalized F-sum graphs (Fj-sum), where k
presents a counting number. This article is arranged as; the section II contains
some primary terminologies, and definitions. The section III covers the key
outcomes, and finally in the section IV closing remarks are included with the
application of the achieved outcomes.

2. PRELIMINARIES

Let H=(V(H),E(H)) be a connected & simple graph having the node-set
V(H) as well as the edge-set E(H) C V(H) x V(H). Every node u € V(H)
is named as atom in chemical graph theory and connection with in the two
atoms is denoted by an edge. So the cardinalities of node-set and edge-set are
known as order and size. The strength of edges which are incident on any node
v € V(H) is known as its degree (dp(v)). Here, we defined few topological
indices that given:

Definition 2.1. For a simple graph H, the 1st Zagreb index (M;(H) and 2nd
Zagreb index (MQ(H>) are MI(H) = ZveV(H) [dH(v)]Q = ZuveE(H) [dH(u) +
dH(U)] and MQ(H) - ZuveE(H) [dH(u) X dH(U)]

In 1972, Trinajsti and Gutman [19] explained the above TI's that are later
utilized to calculate the structure based properties of (molecular) graphs like
energy, connectivity, complexity, branching, chirality and hetero-system, see
[16, 17]. However, there was another formula which was not studied by the
mathematicians for many decades. In 2015, Gutman and Furtula [3] set a new
name for this index as forgotten index and they have also got some meaningful
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outcomes in the same paper. For the graph H, the F-index is given as follows:

FH)= Y ldg@P= 3 [dz@)]+[du@)?].

(v)eV(H) wveE(H)

The four generalized operations related to the subdivision of graphs defined
in [1] are given as follows:

e The graph Si(H) is gained by the addition of k£ nodes in each edge of H,
where k£ > 1 is an integral value.

e In Ry (H), we join the vertices of Si(H) that were adjacent in H.

e Qi(H) is gained by joining the new added nodes of the edges having one
vertex common in basic graph H.

e Finally, Ti(H) is gained by both the operations Ry and Qj on the graph
Sk(H). For more explanation, see Figure 1.

] . ; o~ .
&1 & e3 2 fi T f3 3 hyhy by W 2 3
(d) (e)

FIGURE 1. (a)H 2 Py, (b)Ss(H), (¢)Rs(H), ()Q3(H) and (e)T3(H)

Definition 2.2. Assume that H; & Hs are two simple, undirected and con-
nected graphs, Fy € {Sk, Rk, Qr, Tk} is an operation and Fj(H;) is obtained
after applying Fj, on H; having edge-set E(Fj(H)) and node-set V' (Fj,(H1)).
The generalized F-sum graph (H; 4, H>) is a graph having node-set

V(Hi 45, H2) =V(Fi(H1)) x V(Hz) = (V(H1) U E(Hy)) x V(H

)
such that two nodes (uy, v1) & (ug,v2) of V(Hy +r, Ha) are adjacent iff [u; =
Ug € V(Hl) & (’Ul,’UQ) S E(HQ)] or [’Ul = Vg € V(Hg) & (ul,uQ) S E(Fk(Hl))],
where k£ > 1 is a positive number.
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We noticed that the generalized F-sum graphs (H; 4, H2) contain |V (H>)|
copies of graphs Fj(H;) that are labeled with the nodes of Hy. For more
explanation FIGURE 2 and FIGURE 3 are given below.
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(e1,c)(e2, c) (f1, c) ('2, c) (h1,c) (h2, c)
(2,d) (3,d) (2,d) @3.d)
(1,d) (4,d) 1, d) (4,d)
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FIGURE 2. (a)H1 = Py, (b)HQ = Py, (C)H1+S2H2, (d)H1+R2H2
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(e,,b)(e_, b) (f,, b) (f,, b) (h, b) (h,_, b)
v v v P, | ) thy: D)o, )
»
2.) (3,0) (2.0 @)
(1,c) (4e) (1,0 (4,)
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FIGURE 3. (a)H1+Q2H2, (b)H1+T2H2
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3. MAIN RESULTS

Now, we prove the key results of F-index for miscellaneous classes of graphs
which are described in previous section. Before the main results, we assume
that H; and Hs be two connected & simple graphs with order | V(H;) | and
| V(Hz) | respectively.

Theorem 3.1.

For | V(Hy) |, | V(Hz2) |> 4 and k > 1, the F-index of F(H; +g, Ha) is

| V(Hy) | F(H2)+ | V(Hy) | F(H1)+2 | E(Hy) | Mi(Hy)+6 | E(Hy) | My(Ha)
481 B(Hy) || E(FY) | 48] BOHY) || V(FR) | 48 |V (Ho) || B(H) | (51,
Proof. Let d(s,t) = dp,+, m,(s,t) for (s,t)eH1 +s, H.

F(Hi+gs,H>) =
Yoo dst) = 3 [d(s1,t1)>+d(s2,12)?]
(87t)€V(H1+SkH2) (Sl,tl)(SQ,tQ)EE(H1+SkH2)
Yo ) ld(s, ) (s, )+ D > [d(s1,t)*+d(s2, 1))
seV (H1) titaeE(Ha2) teV (H2) s152¢E(Sk(H1))
Z Z d(s,t1) +d(s,t2)2]+ Z Z
SeV(Hl)tltzeE(Hz) tGV(HQ) 5182€E(Sk(H1))
s1eV(H), s2eV (Sk(Hi)—Hi)
[d(s1,8)*+d(s2, 1)1+ > > [d(s1,)+d(s2,1)°]

teV(Hz)  s1s2¢E(Sk(H1))

s1, s2€V(Sk(H1)—Hi1)
=D 1+) 2+) 3.

Consider,

> 1=
ST day (), (#10)) 4 (di, (5) +digy (t2))?]

SEV(H1) tthEE(HQ)

= Y Y [2dm, (8)*H(du, () da, (t2)?)+2dm, (3) (A, (1) +d i, (t2))]
seV (Hq) titeeE(Hz2)

= Y [ E(Hy) | x2dp, (s)*+F(Hz)+2M; (Hy)dg, (s)]
seV (Hy)

=2 | E(Hs) | Mi(H1)+ | V(Hy) | F(H2)+4 | E(Hy) | Mi(H2),

>e-



120 Awalis et al.

E E [(ds, (1) (51)+dm, (8)) >+, (1, (52)°]
teV (H2) s152¢E(Sk(H1))
s1€V(Hy), s2eV (S (H1)—H1)

= ) > (s, (11,) (1) >+, (£)*+2ds, (11, (51)d i, (1)
teV (H2) s152¢E(Sk(H1))
s1€V(H1), s2eV (Sx(H1)—H1)

+ds, (1) (52)°]
Since s1€V (Hy) and s2€V (Sk(H1) — Hy), therefore

= Y [F(Si(H1))+2| E(H) | dp,(t)°+2x2 | E(Hy) | dp, (t)]
teV (Hz)

=| V(Hz2) | F(S1(H1))+2 | E(Hy) | Mi(H2)+8 | E(H2) || E(H1) |,

and

o=
(k=1) ) > [4-+4]

teV(H2)  s1s2¢E(Sk(H))
s1, s2eV (Sk(H1)—Hi)

Since in this case |E(S(H1))| = |[E(H1)|(k — 1), so
= [E(H1)|(k=1) ) (8)=8(k—1)| V(H2) || E(Hy).

teV (Hs)

Consequently,
F(Hi+s,Hy) =| V(Hy) | F(H)+ | V(Hz) | F(S1(H1))+2 | E(Hy) | My(Hy)
+6 [ E(Hy) | My(H2)+8 | E(Hs) || E(H1) | +8 | V(Ha) || E(Hy) | (k1)
Moreover, for F'(S1(Hy)) = F(Hy)+ 8 | E(Hy) |, we have
F(Hi+s,Ha) =| V(Hy) | F(H)+ | V(Hy) | F(H1)+2 | E(Hz) | My(H1)+6
| E(Hy) | Mi(H2)+8 | E(H2) || E(Hy) | +8 | E(Hy) [| V(H2) | +8 | V(H2) |
| E(Hy) | (k—1).
Theorem 3.2.
For | V(Hy) |, | V(Hz) |> 4 and k > 1, the F-index of F(Hj +5, Ha) is
8| V(Hy) | F(H1)+ | V(Hy) | F(H2)+24 | E(Hp) | My(H1)+12 | E(Hy) |
My (Hz)+8 | E(Hy) || V(Hy) | +8(k—1) | V(H2) || E(Hy) | -
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Proof.
Consider,

F(H1+RkH2) = Z [d(sl,t1)2+d(82,t2)2]
(517t1)(82,t2)6E(H1+RkH2)

- [d(s,t1)2+d(s, t2)? [d(s1,t)*+d(s2,1)°]
> 2 HDINDY

seV (H1) titaeE(Ha2) teV (H2) s1s2¢E(Ry(H1))

=>1+) 2.

Consider,

i
Yo D [@ru ()4, (1)) +(dRy () (8)+dm, (1))

SGV(Hl) t1t2€E(H2)

= D> Rdry) () (i (0) +du, (t2)?)+2d R 11, (5) (A, (1)
seV (Hy) titeeE(Hz)
+dp,(t2))]

Do > By (8)*H(dmy (1) +da, (t2)*)+4d ) (5) (day (1)
seV (Hy) titeeE(Hz2)

+dp,(t2))]
> 8] E(Ha) | dp, (s)*+F (Hy)+4M; (Hy)dp, (51)]
seV (Hy)
=8| E(H) | Mi(H1)+ | V(H1) | F(H2)+8 | E(Hy) | Mi(H2),

and

> [d(s1,t)+d(s2, 1)

= [d(s1,t)?+d(s0,1)?]

+ E [d(s1,t)*+d(s2,1)?]
teV(Ha)  s1s2eB(Ry(Hi))
s1€V (H7)
s2eV(Ry(H1))—V (H1)

+ > [d(s1,t)*+d(s2,t)]
teV (Ha) s1s2¢E(Ry(H1))
s1,52€V (R (H1))—V (H1)
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=> 24> 2+ 2

Consider for s1s52€V (H7), we have s1s0e E(Ry(Hyp)) if and only if s1s0e E(H1);
for s;€V(Hy), we obtain dg, (g,)(s1) = 2dp,(s1) and for seeV(Ry(H1)) —
V(H1), we have dg, fr,)(s2) = 2. Now, consider

>2-
ST Y [d(si,t) +d(s2, )]

teV (H2) s1s2¢E(Hq)
= > D gy (s0)+dm, () +(dr, () (52) +drm (1))

teV (H2) s1s2¢E(H1)

= > > ARy (51)*2dm, () +d g, (11,) (s2) +2d 1, (8) (AR, 11, (51)
tEV(HQ) SlsgﬁE(Hl)

+dr,(#)(52))]

= > > [Adu, (1) +2dm, (1) +4d, (52)*+2d, (1) (2d, (51)+2d, (52))]
tEV(HQ)SlsgeE(Hl)

= Y [AF(H1)+2| E(Hy) | di,(t)*+4My(Hy)da, (t)]
tGV(HQ)
=4|V(Hy) | F(Hy)+2| E(Hy) | Mi(H2)+8 | E(Hz) | M1(Hy),

>e-

Z Z [(dR, (y) (1) +d i, (1) *+d g, (111 (52)°]
teV(H2)  s1s2eE(Ri(H1))
s1€V(H7)
s2eV (R (H1))—V (H1)
= Z Z [dR, (1) (51)°+dm, ()2 42(dR, (1) (1), (1))
teV(Hz2)  s1s2¢E(Rp(H1))
s1€V (H7)
s2eV (R (H1))—V (H1)
+dpg, () (52)°]
= Y > [Ad s, (51)%+d i, (£)*+4(dm, (s1)dm, (1)) +4]
teV(Hz2)  s1s2¢E(Rp(H1))
s1€V(H7)

s2eV (Ry(H1))—V (H1)

= Y [UF(H)+2| E(H) | du,(t)*+4M1(Hy)dm, () +4%2 | E(H)) |
teV (Hz2)
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=4[ V(Hy) | F(H1)+2 | E(Hy) | M1(H2)+8 | E(Hz) | M1(H:1)+8
| V(Ha) || E(Hy) |,

and
> 2=
(k=1) > > [dr, (H1)(51)*+d R, (1) (52)°]
tEV(HQ) SlsgeE(Rk 1))

81,526V(Rk(H1§)}I V(Hy)
=8(k—1) | V(H2) || E(H1) | .
Hence

F(Hi+r,H2) =8 | V(Ha) | F(H1)+ | V(Hy) | F(H2)+24 | E(Hz) | M1(Hy)
+12 | E(Hy) | Ma(H2)+8 | E(Hy) || V(Hz) | +8(k—1) | V(H2) || E(Hy) | -

Theorem 3.3.
For | V(Hy) |, | V(Hz2) |> 4 and k > 1, the F-index of F(H; +¢, H2) is

3| V(Hy) | F(H1)+ | V(Hy) | F(H2)+6 | E(Hs) | My(H1)+6 | E(H)y) |
My (Ho)+4 | V(Ha) | Ma(Hy)+(k) | V(Hz) | [Ma(Hy)—F(Hy)—4M(H)

> ( Y dm(u)(dp, (v )+ N dpy (w)ds, (v)(dpg, ()

ueV (H1) \veNg, (u) uveE(Hy)
+dm, (v)[+2(k—1) | V(Hz2) | F(H1).
Proof.
Consider,
F(Hl—i—Qng) = [d(sl,t1)2+d(82,t2)2]

(s1,t1)(s2,t2)eE(H1+q, H2)

= 3> )M+ > Y [dlsn ) (s, 1))

s€V (Hy) titae E(Hy) teV (Hz) s152¢ E(Qr(Ha))

_21+Z2

3
ST > day ()4 (0) +H(dm, (s)+dm, (t2))]

seV(Hl) tthEE(HQ)

= Y Y [2dm, (8)*H(duy () Fda, (t2)?)+2d, (3) (A, (t1) +d i, (t2))]
seV (Hq) titeeE(Hz2)
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= Y (| E(Hy) | x2dy, (s)*+F (Hy)+2M (Hz)dp, (s)]
seV (Hy)
=2 [ E(Hz) | Mi(Hy)+ | V(Hy) | F(H2)+4 | E(Hy) | Myi(Hs),

and

> > [d(s1,t)*+d(s2, 1)

teV (Hz) s152¢ E(Qk(H1))

= 2 > st (s, )]

teV(Hz)  s152¢E(Qr(H1))
s1€V(Hy)
526V (Qr(H1))—V (H1)

. 3 [d(s1,)%+d(s2,1)?]

teV (Ha) s152¢E(Q (H1))
s182€V(Q(H1))—V (H1)

=Y 2+> 2

Now we talk,

>2-
> > [(dy ) (51)+d, (8))*+d g, (1) (52)7)

teV(Hz)  s152¢E(Qr(Hz))
s1eV(Hy)
826V (Qx(H1)) =V (H1)

= 3 > [doy (1) (51)*+d i, (£)*42d g, (11, (51)d, (£)
teV(H2)  s152¢E(Qr(H2))
s1€V(Hy)
52eV(Qr(H1))—V (H1)

+ko(H1)(S2)2]

= > > doun)(s1)+dim, (t)*+2dg, (11,) (s1)dm, (1)]
teV (Hz2) s1€V (Hy)

+ > > [dg () (52)°]

teV(H2)  s152eE(Qr(H2))
s1€V(Hy)
526V (Q(H1))—V (H1)
=|V(Hy) | F(Hy)+2 | E(Hy) | My(Hp)+4 | E(Hy) | My(Hi)+ )
teV (H2)
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Z [do, (1) (52)7]

s152e¢E(Qr (H1))
s1€V(Hy)
s2eV(Qi(Hy))—V (H1)
For s9eV (Qr(Hy)) — V (Hy) that is introduced into the edges uv of (Hy), we

have dg, (7,)(s2) = du, (v) + dp, (v). This gives

> [douy(s2)’1 =2 > [di, (w)+dm, (v)]
s152eE(Qr(H1)) uveE(Hy)
s1€V (H7)
526V (Qx(H1))—V (H1)

=2 Y [dm (W’ +du, (v)+2dm, () di, (v)] = 2F (Hy)+4Mo(H))
uveE(Hy)
and

- Z Z [ko(Hl)(SQ)]2

teV(H2)  s152¢E(Qr(H1))
s1€V(Hy)
526V (Qr(H1))—V (H1)
=2|V(Hs) | F(Hy)+4 | V(Hz) | M2(Hy)

S0,

> 2=

| V(Hz) | F(H1)+2 | E(Hy) | Mi(H2)+4 | E(Hs) | Mi(Hy)+2 | V(Hz) | F(Hy)
+4 | V(Hz) | M2(Hy),

=3 |V(Hs) | F(H1)+2 | E(Hy) | Mi(H2)+4 | E(Hz) | Mi(H1)+4 | V(Hz) |
My (Hy),

and

IR
> > [d(s1,t)*+d(s2,t)]

teV (Hz) s182¢E(Qr(H1))
$1,52€V (Qk(H1))—V (H1)

Now we divide Z”2 into 3 and ) 4 for the nodes, s; and s2, where
s152€V (Qr(Hy)) — V(Hy). So 2"2 = >3+ > 4, where )3 include the
edges of Qx(H1) having the similar edges of H; and ) 4 of Qx(H;) in two
dissimilar adjacent edges of Hj.

X
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> [dy () (51)°+d g, (1, (52)°]

teV (Hz) s152¢E(Qx(H1))
s182€V(Qr(H1))—V (H1)

2 > > [, (W) +dm, (v)?] = 2(k=1) | V(Hy) | F(Hy),
teV (Hz2) uveE(Hy)
and

e
> > [dey () (51)7+d g, (11, (52)%)

teV (Hz) s152¢E(Qr(H1))
51,52eV (Qr(H1))—V (H1)

K ST ST [l (u)+du, (0) 2+ (da, (0)+di, ()],

teV (H2) uwveE(Hy)
vweE (H2)

where s; and so are the nodes that are introduced into the edge set of uv and
vw of Hj.

= (k) | V(H) [[ Y do, () =dp,(0)*+ > (A, (0)-1) > du(u

ueV (Hy) veV (Hy) ueV (Hy)
wveE(Hy)
+2 ) dy, (0)(dm, (0)-1) Y dy(u
veV (Hy) UGV(HI)
wveE(Hy)
= (k) | V(H2) | [Mq(H1)—F(H1)—4M2(H:)+ (Y. du,(u)
ueV (H1) veNy, (u)
(dHl Z dHl dHl )(dHl( )+dH1(U))]
uveE(Hy)

Consequently, we have
3| V(Hz) | F(H1)+ | V(Hy) | F(H2)+6 | E(Hg) | My(H1)+6 | E(Hy) |
My(H2)+4 | V(Ha) | Ma(Hy)+(k) | V(Hza) | [My(Hy)—F(Hy)—4M2(H)

> ( Y dm () (dm (v) - 1>)+ S* diy (g, (0)(dg, (u)

ueV (H1) \wveNg, (u)
+dm, (v)]+2(k—1) | V(Hs2) | F(Hy).

Theorem 3.4.
For | V(H,y) |, | V(Hz2) |> 4 and k > 1, the F-index of F'(H; 41, Ha) is

9| V(Hy) | F(H1)+ | V(Hy) | F(H2)+24 | E(Hz) | My(H1)+12 | E(Hy) |
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My (Ha)+4 | V(Hz) | My(Hy)+(k) | V(Ha) | [My(Hy)—F(Hy)—4Ma(Hy)

+ > > dm (W) (de, () = 1) |+ D duy (w)da, () (da, (u)
ueV(H1) \veNm, (u) uveE(Hy)

+dp, (v))]+2(k—1) | V(Hz) | F(H)).

Proof. Proof is same as of Theorem 4.2 and Theorem 4.3.

4. CONCLUSION

In this paper, we computed the F-index of the generalized F-sum graphs.
For mi, ma > 4 and k = 4, assume that H; = P, and Hy = P,,, are par-
ticular alkane called as paths of orders m; and mg respectively. Then the
following outcomes are the direct consequences of the achieved results.

° F(Pm1+54pm2) = 88mimo — 90my — 66mo + 56,
. F(Pm1+R4Pm2) = 248m1my — 336m; — 182msy + 216,
. F(Pm1+Q4Pm2) = 264mimg — 522m; — Tdmsg + 72,

o F(Py,17,Pn,) = 416mymy — 655my — 182my + 216.
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