Journal of Prime Research in Mathematics Vol. 15 (2019), 129-146

SOME NEW ESTIMATES OF GENERALIZED(hy, he)-CONVEX
FUNCTIONS
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ABSTRACT. In this article, we introduce a new class of generalized convex
functions involving two arbitrary auxiliary functions

hi,he : I = [a,b] C R — R, which is called generalized (hi,h2) convex
functions. We obtain several new classes of convex functions as special
cases. We derive some new integral inequalities for generalized convex
functions. Several special cases are also discussed. Results proved in this
paper can be viewed as new significant contributions in this area.

Key words:  Generalized convex functions, generalized (hi,h2)-convex
functions, Hermite-Hadamard inequalities.
AMS Subject: Primary:14H50, 14H20, Secondary: 32S15.

1. INTRODUCTION

Hermite Hadamard inequalities for convex functions are used to find the
estimates of the mean value of continuous convex function. It is well known
that a function f is convex, if and only if, it satisfies Hermite hadamard
inequality.

Let I be an interval and f : I = [a,b] C R — R be a convex function. Then

a+b fla) + f(b)
2

b
OGO s [ fees

This double inequality is called the Hermite-Hadamard integral inequality for
convex functions, see [11, 12, 15]. Related to integral inequalities, we have
variational inequalities, which can be viewed as novel extension of the varia-
tional principles. It is also well known that the optimality conditions can be

Va,b e I,t € [0,1]. (1)
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characterized by the variational inequalities. In fact, the minimum v € K of
a differentiable convex functions is equivalent to finding u € K, such that

(f'(u),v—u) >0, VveKk, (2)

is called the variational inequality, where K is a closed convex set in a normed
space. For the applications, formulation, generalizations, extensions and other
aspects of variational inequalities, see [3, 16, 17, 18, 19]. In recent years, these
inequalities have triggered huge amount of attention and interest, and these
are the most investigated inequalities, see [1, 4, 7, 8, 15, 27, 28].

In recent years, several new classes of convex functions and convex sets have
been introduced and investigated. A significant generalization of convex func-
tions is the introduction of h-convex functions by Varosanec [32]. She studied
the basic properties and showed that h-convex functions include s-convex [2],
p convex [7] and godunova-levine [10] functions are its special cases. For differ-
ent properties and other aspects of h-convex functions, readers are referred to
see [13, 14, 28, 29, 30, 31]. Gordji et al. [8] also introduced an other important
class of convex functions, which is called the generalized convex (¢-convex)
function. These generalized convex functions are nonconvex functions. For
recent developments, see [5, 9, 20, 21, 22, 23, 26] and the references therein.

Inspired by the ongoing research, we introduce the notion of generalized
(h1, ha)-convex functions involving two auxiliary functions namely hy, hg : J —
R. Our results include a wide class of known and new inequalities. Results
obtained in this paper continue to hold for the various classes of convex func-
tions, which can be obtained as special cases. The ideas and techniques may
stimulate further research.

2. PRELIMINARIES

Let I = [a,b] and J be the intervals in real line R, [0,1] € J and let
hi,ha : J — R be two real functions. Let f : I = [a,b] — R be a nonnegative
and continuous functions and 7(-,-) : R x R — R be a continuous bifunction.

Definition 1. [8] A function f : I = [a,b] — R is said to be generalized convex
function with respect to a bifunction n(-,) : R x R — R, if

F(L=t)a+tb) < (1 —=1t)f(a) +t[f(a) +n(f (), f(a))],Va,b e I,t € [0,1].
Definition 2. [23] Let h : J — R be a non-negative function. A function
f:1=1a,b] = R is said to be generalized h-convex function with respect to a
bifunction n(-,-) : R x R — R, if
(X =t)a+1tb) < h(1 —1t)f(a) + h(t)[f(a) + n(f(b), f(a))],
Va,be I,t €[0,1]. (3)
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Now we introduce a new class of generalized convex functions with respect
to two arbitrary functions, which is the main motivation of this paper.

Definition 3. Let hi,ho : J — R be a two real functions, hi,ho # 0. A
function f : I = [a,b] — R is said to be generalized (hy, he)-convez function
with respect to a bifunction n(-,-) : R x R — R, if

F((1 = t)a+tb) < ha(1 — O)ha(t)f(a) + ha(Bha(1 — D)[f(a) + (£ (b), f(a))],
Va,b e I,t € [0,1].

(1
If t = %, then (4) reduces to
FEED) < M) 7 (@) + ha(3)a(3)[F(@) +n(F (), f(a)
= m(ha()I (@) + 00, F@)] o)

The function f is known as generalized Jensen (hi, ha)-convex function.

Now we will discuss some special cases of generalized (h1, ha)-convex func-
tion.

(D). I n(f(b), f(a)) = f(b) — f(a), then
Definition 4. [24] Let h1,hy : J — R be a two real functions, hy,hy # 0. A
function f : I = [a,b] — R is said to be (hy, he)-convex function, if
f((L—=t)a+tb) < hi(1 —t)haf(a) + hi(t)ha(1 —t)f(b), Va,be I,te[0,1].
(IX). If ha(t) = 1 and n(f(b), f(a)) = f(b) — f(a), then Definition 3 reduces

to the definition for h-convex functions [32].

(IIX). If hy(t) = 1 = ho(t) and n(f(b), f(a)) = f(b) — f(a), then Definition
3 reduces to the definition for p-functions [7].

(IV). If hi(t) = t° = hy(t), then we obtain the following new definition of
s-convex functions of third kind.

Definition 5. A function f : I = [a,b] — R is said to be generalized (s,tgs)-
convex for s € [0, 1] with respect to a bifunction n(-,-) : R x R — R, if

F((L=t)a+tb) <t°(1 —)*[2f(a) +n(f(b), f(a))],Va,b € I,t € [0,1].

Note that if we take s = 1 and n(f(b), f(a)) = f(b) — f(a), then we have
the definition of tgs-convex functions [31].

(V). If hy(t) =t=% = ha(t), then we have the following new class of gener-
alized s-Godunova-Levin-Dragomir tgs-convex functions.
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Definition 6. A function f : I = [a,b] — R is said to be generalized s-
Godunova-Levin-Dragomir tgs-convex functions for s € (0, 1] with respect to a

bifunction n(-,-) : R x R — R, if

f(1=t)a+1tb) < 2f(a) +n(f(b), f(a))], Va,bel,te]0,1].

=i

Note that if we take s = 1 and n(f(b), f(a)) = f(b) — f(a), then we have
the definition of Godunova type of tgs-convex functions.

(V). If hi(t) = t°* and ha(t) = t°2, then we have the following new class of
generalized Breckner type of (s, sg)-convex functions.

Definition 7. A function f : I = [a,b] — R is said to be generalized Breckner
type of (s1, s2)-convex functions for s1, sz € (0,1], with respect to a bifunction
77(7) RXR—)R; Zf
F(A=t)a+1tb) <t (1 —1)*[f(a)] + (1 = )** [f(a) + n(f (D), f(a))],
Va,b e I,t € [0,1].

(VI). If hi(t) = t5* and ho(t) = t~°2, then we have the following new class
of generalized Godunova-Levin-Dragomir type of (s1, s3)-convex functions.

Definition 8. A function f : I = [a,b] — R is said to be generalized Godunova-
Levin-Dragomir type of (s1, s2)-convex functions for si, so € (0, 1], with respect
to a bifunction n(-,) : R x R — R, if

1 1

F(=Batth) < L [f(a)+

e @) 0 ), F(@)

52 (1 —t)
Va,b e I,t € [0,1].
Hence for different suitable choice of function (hi, he), we can obtain several

new and known class of convex functions. This shows that the concept of
generalized (hi, he)-convex function is quite general and unifying one.

Lemma 1. [27] Let f : I = [a,b] CR — R be a continuous function such that
f € L(a,b), then

/b(u C )P —wlfw)du = (b )t /1 21— P F((1 - t)a + th)dt.

Lemma 2. [14] If f™ forn € N ezists and is integrable on [a,b], then

b
F@EIO) 1 [ f(g)de — k; R £ (a)

_ (=" Jl‘tn—l(n —2t) f((1 — t)a + tb)dt.
0
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3. MAIN RESULTS

In this section, we establish our main results.

Theorem 3. Let h : J C R — R be a non-negative function. Let f : I =
[a,b] — R be generalized (hy, hg)-convez function on I. If f € L(a,b) and
hl(%)hQ(%) 75 0. Then

TRES T (b_a /[n(f( +b—a). f())]d

IN

1

2f(a) + 1(f(5), f(a))] / B (£)ha(1 — £)dt.

0

IN

Proof. Let f be a generalized (hq, hy)-convex function. Then

f(L=t)a+1tb)) < hi(t)ha(1—t)[f(a)]
+ ha()hi(1 = t)[f(a) +n(f(b), f(a))]. (6)

Integrating (6) with respect to ¢ on [0, 1], we have

b 1
/f(w)dw < [2f(a)+77(f(b)7f(a))]/o hi(t)ha(1 = t)dt. (7)

b—a J,
Using (5) and substituting = = (1 — t)a + tb and y = ta + (1 — t)b, we have

) < M)A~ tha+ 18) + n(f(ta+ (1 0), F((1 ~ t)a+ 1))

I
Integrating the above inequality with respect to ¢ on [0,1], we have

a+ b) < h1(%)h2(%)

=7 = ==y

b
/ 2f(x) + n(fla+b—2), f@))de.  (8)
This implies

b b
E) 21) n (bia)/ m(fla+b—2), f(z))]de < (bia)/ f(z)dz.
2 2 a "

f
ha(
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F(“5) 1 b
SR / (a2, f(e)de
<
1
< [2/(a) + (/). f(a))] / h(Hha(1 — 1)
which is the required result. O

Corollary 4. If n(f(b), f(a)) = f(b) — f(a), then, under the assumptions of
Theorem 3, we have a known result [24].

_ v <

2h1(3)ha(3) —
1

< (@) + 70 [ halha(1 - tat.

0

Corollary 5. If hi(t) = t** and ha(t) = t*2, then, under the assumptions of
Theorem 3, we have a result for generalized Breckner type of (si,s2)-convex
functions.

atb b
) 2(61 / (0 +b— 1), f(@))do
< / fla
< O F@B + 1+ 1),

Corollary 6. If hi(t) =t ha(t) = t°2 and n(f(b), f(a)) = f(b) — f(a) then,
under the assumptions of Theorem 3, we have a known result [23].

G
P _a/f
< f B(Sl—i-l Sg—l-l)

Corollary 7. If hi(t) =t~ and ha(t) = t~52, then, under the assumptions
of Theorem 83, we have a result for generalized Godunova- Levin-Dragomir type
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of (s1, $2)-convex functions.

a+b b
L - s a0 @)
1 b
< G, S0
< RA(@)+ (0. F@)BL - 511 s0).

Corollary 8. If hy(t) = t7°, ho(t) = t7°2, and n(f(b), f(a)) = f(b) = f(a)
then, under the assumptions of Theorem 3, we have a known result [23].

1 b
91+s1452 < (b—a)/a f(.%')d.%’
(@) + f(O)IB(1 — 51,1 — s52).

< [fla

A

Theorem 9. Let f,g: I = [a,b] — R be generalized (hy, ha)-convex functions
such that h3(3)h3(3) # 0. If fg € L(a,b), then we have

1
bh—

b 1
/ f(@)g(@)de < M(a,b) / B2 (1)h3(1 — t)dt
a Jq 0
1
+N(a,b) / B (ha(1 — Oha(t)hn (1 — 0)dt,
0
where
M(a,b) = {[f<a>g<a>} + [f(@) + n(£ (), £(a)]lg(a) + n(g<b>,g<a>)@ - (10)
N(a,b) = [f(a)[g(a) + (g0, 9(@)] + 9(@)[F (@) + n(f (), f(a))]} o

respectively.

Proof. Let f,g be a generalized (h1, he)-convex functions. Then

f((1—t)a+tb))

hi(t)ha(1 = 1)[f(a)] + ha(t)ha (1 = )[f(a) + n(f(b), f(a))]-
9((1 = t)a + b)) :

<
< ha(t)he(1 = t)[g(a)] +
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Consider
f((l —t)a+tb))g((1 —t)a + tb))
< (®ha(1 = 1)[f(@)] + ha() (1 = t)[f(a) + n(f (1), f(a))][h1(t)h2(1 — t)[g(a)]
+ha(t)h1 (1 = t)[g(a) +n(g(b), 9(a))]]
= Wi0)h3(1 - t)[f(a)g(a)] + ha(t)ha(1 — t)ha(t)hr (1 — t)[f(a){[g(a) + n(9(b), 9(a))]
+g(a)[f(a) +n(f(b), f(a))]}]
+h3(t)hT(1 — )[[f(a) +n(f(b), f(a)]lg(a) +n(g(b), 9(a))]]

) {ma)g(a)] T [F(a) + n(£®), F(@)]lg(a) + n(g(8). 9(a))]
hy()ha(1 — f)ha(t)hn (1 — 1) [f(a) l9(a) + n(9(5). 9(a))]

Hl@lf@) +1(70), (@)
(12)
Integrating (12) with respect to ¢ on [0, 1], we have

/01 F((1 = t)a+tb)g((1 — t)a + tb))dt

< [ir@ata + 1@ + (50 F@)loto) +n(o®ro(@)]] [ 830 - 0t
+ [f(a)[g(a) +n(g(b), 9(a))] + 9(a)[f(a) +n(f(b), f(a))]]
/01 hi(t)ha(1 — t)ho(t)ha (1 — t)dt.

Therefore, we have

b

= | et
1

M(a,b) /O 262

1
N(a,b) /O by (Dha(1 — )ha()ha (1 — t)dt.

which is the required result. [l

IN

Corollary 10. If hi(t) = t°* and ha(t) = t°2, then, under the assumptions of
Theorem 9, we have a result for generalized Breckner type of (s1,s2)-convex
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functions, which is given as

1
b—a

b
/ [f(x)g(x)|de < M(a,b)B(2s1 + 1,250+ 1) + N(a,b)B(s1 + s2 + 1,81 + s2 + 1).

where M(a,b) and N(a,b) and given by (10) and (11).

Corollary 11. If hi(t) =t~ and ha(t) = t~%2, then, under the assumptions
of Theorem 9, we have a result for generalized Godunova- Levin-Dragomir type
of (s1, 82)-convex functions, which is given as

1
b—a

b
/ [f(x)g(x)]de < M(a,b)B(1—2s1,1—2s2) + N(a,b)B(1 —s1 — s2,1 — 51 — s2).

where M(a,b) and N(a,b) and given by (10) and (11).

Theorem 12. Let f: I = [a,b] CR — R be a continuous function such that
f € L(a,b). If f is a generalized (hy,hs) convex function, then

b
/ (u—a)*(b—uw)’flw)du < (b—a)* (e f(a) + y2t[f(a) +n(f?), f(a))],
where

1
) = [ 170 =) ka1 = . (13)

1
a(t) = /0 11— )P ha(t)ha (1 — t)dt, (14)

respectively.

Proof. Using Lemma 1 and the fact that f is a generalized (hq, ha)-convex
function, we have

b 1
/ (u—a)®b—u)’flu)du = (b— a)a+ﬂ+1/ t*(1 = )P f((1 = t)a + tb)dt

0

< (bt /1 (1 —t)° (hl(t)fm(l —)[f(a)]

0

oty (L~ 1)[f(@) + (7 5), f(a))]>dt
(b )™ () f(a) + 2t (@) + n(F (), (@),

which is the required result. O



138 F. Safdar , M. A. Noor, K. I. Noor , S. Rashid

Corollary 13. If hi(t) = t°* and ha(t) = t°2, then, under the assumptions of
Theorem 12, we have a result for generalized Breckner type of (s, s2)-convex
functions, which is given as

b
/ (u—=a)*(0—u)’flu)du < (b—a)* T yi(t)f(a) +at[f(a) + n(f(b). f(@)],

where

B(a+81+1,,3+82+1). (15)
B(a+52+175+31+1)7 (16)

71(1)
Va(t)

respectively.
Corollary 14. If hi(t) =t~ and ha(t) = t~%2, then, under the assumptions

of Theorem 12, we have a result for generalized Godunova- Levin-Dragomir
type of (s1, s2)-convex functions, which is given as

b
/ (u—a)*(b—w)lfw)du < (b—a)* PN f(a) + yatlf(a) + n(f(b), f(a))],
where

71(t) =B(a—s1 + 1,8 — s34+ 1). (17)
v2(t) =Bl —s2+ 1,8 —s1 + 1), (18)

respectively.
Theorem 15. Let f: I =[a,b] CR — R be a continuous function such that

f € L(a,b). If |f]rfr1 is generalized (h1, h2) convex function, then

b
/ (4 — a)*(b — w)® f(u)du

T

< (b—a)*tAHl [B(roc +1,r8+ 1)]

r—1

/01 hi(t)ha(1 — t)dt) '

([Hﬂamﬂ (@) + n(fB), F(@)])
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Proof. Using Lemma 1, Holder’s inequality and the fact that | f]ﬁ is a gen-
eralized (h1, he)-convex function. Then we have

b
/ (1 — a)*(b — w)® f(u)du

< e-aron( [rea- rﬂdt) (] i 1—ta+tb>\~dt)rrl
< (b—a)tit! [5(m+1 r6+1] U ho(1 — D|[f(a)]| 75
(1) (1 = 1)|[f(a) + n(f (8), F(a))] rl}dt} 7'
- (b—a)“ﬂ“[ﬁwaﬂwﬂ] (@i + 1@ + (o), (@)1
A h1<t>h2<1—t>dt) -
which is the required result 5

Corollary 16. If hi(t) = t°* and ho(t) = t°2, then, under the assumptions of
Theorem 15, we have a result for generalized Breckner type of (s, s2)-convex
function, where s1,s9 € [0,1] , then we have

b
/ (1 — @)*(b — w)? f(u)du

1
T

< (b—a>a+ﬂ+l[ﬁ<ra+1,rﬂ+1>] ([Hf(amf—l+Hf(a>+n(f<b>,f<a>)1|r31

r—1

r

B(a+31+1,ﬂ+sz+1)>

Corollary 17. If hi(t) =t°' and ha(t) = t~%2, then, under the assumptions
of Theorem 15, we have a result for generalized Godunova- Levin-Dragomir
type of (s1,s2)-convex function, where s1, sy € [0,1] , then we have

b
/ (4 — a)*(b — w)® f(u)du
< (b a)pon [B(l ro,1- rm] ([Hﬂamﬂ (@) + n(fB), F(@)])

r—1
r

B(l—a—sl,l—ﬁ—SQ—{—l))
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Theorem 18. Let f: I =[a,b] CR — R be a continuous function such that
f € L(a,b). If |f|" is generalized (h1, ha) convex function, then

b
/ (1 — a)*(b — w)® f(u)du

< (b—a)tBH [B(a+1,5+1)} '

1
=

[vl(t)\[f(a)]l’" a1 (@) + 0 (FB), F@)]

where v1(t) and y2(t) are given by (13) and (14).

Proof. Using Lemma 1, Holder’s inequality and the fact that |f|" is a gener-
alized (hi, ha)-convex function. Then we have

b
/ (1 — a)*(b — w)® f(u)du

(b — ) +BH < /01 $o(1 — t)ﬂdt> '

r—1

(b — a)o+B+ [B(a +1,8+ 1)} '

IN

</01t°‘(1 —1)°)5((1 _t)aﬂb),rdt)i

IN

1
[tau ~ 0 [ (O - ol
ha(t)ha (1 — D][f(@) + n(F () f<a>)w}dt] ’

r—1

(b a)e A+ [B<a+ L6+ 1)} T [’n(t)\[f(a)]lr+72(t)|[f(a) L a(Fo), f@)"

which is the required result.

1
p

U
Corollary 19. If hi(t) = t°* and ha(t) = t°2, then, under the assumptions of

Theorem 18, we have a result for generalized Breckner type of (s1,s2)-convex
function, where s1,s2 € [0,1] , then we have

b
/ (u— a)*(b — w)® f(u)du
(b— a)+o+! [Bm f1A+ 1)} " [vi(t)l[f(a)]\’” I (@) + (£, @)

where v1(t) and v2(t) are given by (15) and (16).

<

1
T

Corollary 20. If hi(t) =t~ and ha(t) = t~%2, then, under the assumptions
of Theorem 18, we have a result for generalized Godunova- Levin-Dragomir
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type of (s1,s2)-convex function, where sy, so € [0,1] , then we have

b
/ (1 — a)*(b — w)® f(u)du

r—1 1
r

< (b—a)y+PH [B(aﬂ,ml)} ” [v’1<t>|[f<a>w+v'2<t>|[f<a>+n<f<b>,f<a>)w

where 71 (t) and y2(t) are given by (17) and (18).

Theorem 21. Let f : I° C R — R and |f|™ € L[a,b]. If |f™|9 exists and is
generalized (hy, ha)-convex function, then for n, ¢ > 1, we have

n—1 |

I a b —1)(b—a)*
0 1 ) faar — 5 R ) a)y

n

< o (nyl = [ ()7 @)+ o ()£ @7 + 0 O B)]7, 17 @)]1)] 7

where

1
Y1(t) :/0 " Hn — 2t)hy (1 — t)ho(t)dt,

and

1
valt) = [ n =2 (Oha(1 — D,

respectively.
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Proof. Using Lemma 2, power mean inequality and the fact that |f™| is gen-
eralized (h1, he)-convex function, we have

F)+fe) 1 - a)f
H I o [ - kZ @)

1
/t” Y —26)| ™ (1 = t)a + tb)|dt

<
0
1 U )
= = tn—2t)dt) ([ - 20 (1 t)a+ th)|7de )
<! ) )
—a n— 1
= (b2n!) (n+1) <|f "(a )|q/0 " (n — 2t)hy (1 — t)ho(t)dt

Q=

1
+HIM @)+ (£ @)1, 11" (@) )] / t" 7 (n — 2t)hy () ha(1 — t)dt>

0
B (b—a)”(n—l
B n+1

2n!
O

Corollary 22. If hi(t) = t** and hy(t) = t°2, then, under the assumptions of
Theorem 21, we have a result for generalized Breckner type of (s, s2)-convex
function, where s1, s € [0,1] , then we have

o b " k1))t |
OO — g1 7 e — 3 Bt f ) a),

< (par (%)1_% [ @I @)+ @) [1F (@) + n(LF @), If(”)(a)lq)]%
where
V1(t) =nB(n+s1,82+1) —2B(n+ s1 + 1,82 + 1),
and
Po(t) =nB(n + s2,51 + 1) —2B(n + s2 + 1,52 + 1),

Corollary 23. If hi(t) =t~ and ha(t) = t~%2, then, under the assumptions
of Theorem 21, we have a result for generalized Godunova- Levin-Dragomir
type of (s1, 52)—007111630 function, where s1,s2 € [0 1], then we have

I (a)Jrf(b f f(z)dz — 22 (kz(llgfl)a) f(k)(a)l
< Ot e [0 @)1+ G010 @1+ n( £ B, (@))9)]

1

)70 <|f(")(a)\q¢1(t) + 1M @)+ (PG, rf<"><a>rq>w2<t>) "
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where

Y1(t) = nB(n — s1,1 — s9) — 2B(n — s1 + 1,1 — s3),
and

Yo (t) = nB(n — 52,1 — s1) — 2B(n — so + 1,1 — s3),
respectively.

Theorem 24. Let f : I° C R — Rand |f"|? € Lla,b]. If |f™|? exists and is
generalized (hi, ha)-convex function, then for n, ¢ > 1, we have

o b "))t |
OO — 1 7 (e — 3 Bt p 0 a),

Q=

< L= [0, ()] £ (@)]7 + Qo) [Lf ™ (@) + (| £ )7, 1 £ (@)|9)] 7

2n(n—1)4
where
1
O (t) = / 101 (37 94y (1 — t)ho(8)dt,
0
and
1
Q1) = / 101 (30 _ 94y () ha(1 — ),
0
respectively.

Proof. Using Lemma 2, Holder’s inequality and the fact that |f™|? is general-
ized (hi, ha)-convex function, we have

k=2

< b ;n‘f)n /1t”_1(n—2t)|f(”)((1—t)a+tb)\dt
1 1 1
< <O/ (n — 2t) dt> <O/t’1” D(n—20)|f™ (1 t)a+tb)yth>

1
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(b—a)"
- 2n!

(n—1)""0 x (\f<"><a>\q / 0 (28 (1 ) (6)
0

1 :
@ O] [0 - 20m0ma - 0at) "

- oo, <|f(”)(a)lq91(t) + M @1+ n( F B, |f<”’<a>|‘1”92“)> "
2n(n — 1)«
O

Corollary 25. If hi(t) = t°* and ha(t) = t*2, then, under the assumptions of
Theorem 24, we have a result for generalized Breckner type of (s1, s2)-convex
function, where s1,s2 € [0,1] , then we have

I . n-1 _a)k |
MO0 e [ () — 3 st O a)y
) 1
< SO (O @)+ OISO @)+ OO @)
where

D (t) =nBng+s2—qg+1,s—1+1)—2B(ng+s1 —q+ 2,51+ 1),
and
Do(t) =nB(ng+s1 —qg+1,s9+1) —2B(ng+s1 — g+ 2,51 + 1),
respectively.

Corollary 26. If hi(t) =t °' and ha(t) = t~%2, then, under the assumptions
of Theorem 24, we have a result for generalized Godunova- Levin-Dragomir
type of (s1,s2)-convex function, where s1, sy € [0,1] , then we have

| n—1 |

a b b k—1)(b—a)k
OO — 1 7 (e = 3 Bt f 0 a),
1
< S [ U@+ SO @)+l O @]
where

Q,l(t) =nB(ng—s2—q+1,1—351) —2B(ng—s2 —q+2,1—s1),
and
Qg(t) =nB(ng—s1 —q+1,1—3s2) —2B(ng—s1 —q+2,1— s9),

respectively.
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CONCLUSION

In this paper, we have introduced and studied a new class of generalized
(h1, he)-convex functions. Several new integral inequalities for these general-
ized functions have been derived, which have important applications in physics
and material sciences. These estimates also useful in numerical analysis for
finding the error bounds for the approximate solution. We have also discussed
important several special cases, which can be obtained from our results.
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