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HEAT AND MASS TRANSFER IN MHD MAXWELL FLUID
OVER AN INFINITE VERTICAL PLATE

NAZISH IFTIKHAR!, S. M. HUSNINE? AND M. B. RIAZ3 4

ABSTRACT. The main focus of this article is to investigate the exact so-
lution for MHD flow of Maxwell fluid over an infinite vertical plate with
ramped temperature and constant concentration. Plate is moving along
a straight line with arbitrary velocity which depends on time. Laplace
transform and convolution theorem are used to acquire solutions for tem-
perature, concentration and velocity. Moreover, results already present in
literature are acquired as limiting case from these general results. Key
words : Maxwell fluid, Laplace transform, Magnetic effect, Concentration,
Ramped temperature, Free convection.

AMS SUBJECT CLASSIFICATION 2010 : 05C78.

1. INTRODUCTION

The Maxwell fluid model is one of the most important model among re-
searchers as compared to other fluid models because it is simplest rate-type
fluid model [1]-[5]. Maxwell fluids play important role in polymeric industry.
However, they some restrictions. In a simple shear flow this model does not
explain the link between shear stress and shear rate [6]-[8]. Maxwell fluids have
been considered in many research articles due to its simplicity and has great
importance in momentum transfer [9]-[15]. Fetecau et al. [16] investigated
exact solution for Maxwell fluid over a moving plate. Numerical solution of
Maxwell fluid over a shrinking sheet was explored by Motsa et al. [17]. Khan
et al. [18] proposed exact solution of MHD Maxwell fluid in porous medium.
Exact solutions of Maxwell fluid on an infinite plate and oscillating plane were
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considered by Abro et al. [19]-[21]. Maxwell nanofluid with ramped tempera-
ture was observed by Aman et al. [22]. Karra et al. [23] investigated solution
of generalized Maxwell fluid with pressure dependent material. Riaz et al. [24]
discovered exact solution of generalized Maxwell fluid. Generalized Maxwell
fluid over a moving plate having slip effect was considered by Liu and Guo
[25]. Imran et al. [26] investigated analytical solution of Maxwell fluid in
the presence of Newtonian heating and slip effect. Comparative analysis for
Maxwell fluid with Newtonian heating was investigated by Raza et al. [27].
The phenomena of heat and mass transfer in MHD boundary layer flow have
gained attention in chemical engineering, and geophysical environments etc.
Different models of fluid with heat and mass transfer have been studies by tak-
ing various conditions on temperature and concentration. Singh and Kumar
[28] explored the heat and mass transfer in viscous fluid with slip condition.
Further chemical reaction and thermal radiation have been considered. Tahir
et al. [29] observed heat transfer in Maxwell fluid with wall slip on oscillating
plate. Exact solution of transient free convective mass transfer flow under
ramped wall temperature and plate velocity has investigated by Ahmed and
Dutta [30].

Ghara et al. [31] considered Laplace transformation in order to investigate
exact solution of MHD free convection flow under the influence of ramped
wall temperature on a moving plate. Seth et al. [32] obsereved heat and mass
transfer in viscous fluid on a moving plate. Soret and Hall effects are also
considered. Heat and mass transfer in incompressible fluid along with oscilla-
tory suction velocity was observed by Reddy [33]. Second grade fluid having
ramped wall temperature under magnetic field was considered by Ahmad et.
al. [34]. Narahari and Debnath [35] explored free convection flow with heat
generation/absorption on a vertical plate. Furthermore, some significant re-
sults see [36]-[38].

In present paper, we consider Maxwell fluid under the influence of ramped
temperature and constant concentration over an infinite vertical plate. We
considered the generalized boundary condition on velocity. Exact solutions
are attained via Laplace transform method. Results for velocity, temperature
and concentration are discussed. Previous results in literature can be obtained
by the general results in this paper.

2. MATHEMATICAL MODEL

Let incompressible magnetohydrodynamic flow of Maxwell fluid along an
infinite plate. Motion of the plate is rectilinear. A magnetic field acting on
the plate having strength By. By considering very small Reynolds number
external electric and induced magnetic field is negligible. Initially system is at
rest. After some time plate starts moving with velocity Uy f(t). Mathematical
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modeling of the problem is given below [39]:

(1“‘9)8“(9’”: Oull) 060 (T (yot) — To) + 960 (C (5, 8) — Coc)

ot ot y?
o B2 0
oT (y,t) _ , 0°T (y,1)
9C (y, t) 9°C (y,1)
— =D, ———= — 1) — Cx) . 2.
- 55— R(C (1) - Cx) (23)
The appropriate initial and boundary conditions are
Too + (Tw — Teo) £, 0<t<tg;
0,t) =Upf (t), T(0,t) = to? T C(0,t) = Cy,
w(0,6) = Uof (1), T (0,1 {T(O,t):Tw, o (0.0
(2.5)
u(y,t) < oo, T (y,t) = 00, C(y,t) = o0 as y — oo. (2.6)

Following dimensionless variables are used to form the problem free from geo-
metric regime

Yoot to " U0 "o ¢ T o, oy
G - gBrto (T — Too)’ G, = 9Bcto (C' — 000)7 M= \/%Bo\/;,
Uo U 1
QtO v * * (% *
PT_77 Q Scziu R :Rt07 f (t ):f(tot )7 (27)

/)Cp Dy,

and dimensionless set of governing equations are:

<1+A8>6u(y,) 0%u (y, DS T (y,t) + GmC (y,t) — M? <1+A;)U(y,t),

ot ot >
(2.8)
orT (y,t) _ 1 PT (y,t)
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and corresponding set of initial and boundary conditions are:

u(y,0) =0, T (y,0) =0, C(y,0) =0, (2.11)

w(0,6) = f(1), T (0,1) = {j DS EE O DY o 2,
(2.12)
u(y,t) =0, T (y,t) = 0, C(y,t) = 0 as y — oo. (2.13)

3. SOLUTION

We use integral transformation in order to get solution of the equations
(2.8) — (2.10) by applying initial and boundary conditions (2.11) — (2.13). In
order to get solution of velocity we have to find solutions of temperature and
concentration first.

3.1. Temperature Field. By taking Laplace transform of Eq. (2.9) with
suitable given initial condition on temperature, we get

aal 82T y7 q
Pria+QT (o) = TE L. (3.)
solution of above differential equation is given below:
_ 1—e 4
T(y,q) = ( > ) eTWVPIVIRQ, (3-2)
q

Now for the complete solution of the Eq. (3.2) with the help of inverse integral
transformation is given by

T(y,t) =v(y,t,0,Q,Pr) —u(t —1)¢ (y,t — 1,0,Q, Pr). (3.3)
where

L7 (e ™F(9) =ut—a)f(t—a), (3.4)

3.2. Concentration Field. By applying Laplace transformation to Eq. (2.10)
with the help of initial condition on concentration, we get

— 0%C (y,
Se(a+ BT (y.q) = 2500, (35)
and solution is given as
— 1 oy =3
C(y.q) = ge’y‘@ o (3.6)

Laplace inverse of Eq. (3.6) is given by
C(y7t) = w(yvtvoaRv SC) . (37)
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where
—yvevs+b oot \ﬁ
@b(y,t,a,b,c) S —a ) 2 (6 ST‘fC 2ﬁ (a+b)t
at
+ % <e_y‘/5v atber fe <Z\\//f +(a+0) t>> . (3.8)

3.3. Fluid velocity. Solving Eq. (2.8) with given condition on velocity at
time zero, we get

— = (A + (1+AM?) g+ M*)u=-GrT — GmC, (3.9)

for the solution of differential Eq. (3.9) first we used T (y, q) and C (y, q) from
equation (3.2) and (3.6) in above Eq. (3.9), we get

T (y,q) = F (q) e ¥V HIHAM) M3

G, (1—e9)
—Agt+ (Pr— (AM2+1)) @3+ (QPr — M?) ¢?
o YVACH(IHAM2)g+M? _ e—y\/ﬁ\/m)

+

X

/N

Gm
T P (Se— M2+ 1)@+ (RSe — M%) g
(e—y\/)\q2+(1+)\M2)Q+M2 _ e—y@\/quQ) . (3.10)

Following is the solution of Eq. (3.10)

u = —yV A/ (g+a1)?—a3 2G, _ 2G, l—e
u(y,q)=F(q)e 3+</\A2 A p X

<efyﬁ\/m _ efy\/ﬁx/M)

n 2G, (1 —e74 4G, (1 —e 1 2G, (1 —¢e71 "
A1\ q— Ay AAs3 q? Ao \ q— As
<efyﬁ\/m _ efy\/ﬁ\/W)

n <4Gm B Gm B Gum, > "
ABiq ABs(q— Bs4) AB3(q— Bs)

<€fyﬁ\/ (g+a1)’~a3 _ e*y@m> 7 (3.11)
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where

5 Ale(al—QH)Z,

AM? 4+ 1 (AM?2 +1)* — 4\ M?2
Q] = y A3 =
2) 4N

Ay = H (aq +2H)?, As = (a1)? — 4H2, A4:%—H, A5:%+H,

2 2 2
4 Pr— (M2 +1 PrQ — M
H = w)al: " ( )7a2:7“627731:(bl)2_422’
4 A A
b b
By =27% — Zby, By =27%+ Zby, B4:§1—Z, Bs = 51+Z. (3.12)

Applying Laplace inverse to Eq. (3.11), it gives

u (ya t) =Um (y7 t) —ur (ya t) —uc (y7 t) > (313)

Um (y,t) = L7 (P1 (y,9)) * L™ (P2 (y,9)), (3.14)
where

LY (P (y,q)=L"" <F (q) e—yﬁ\/m)

:/0 e~ (agl (asr) +8 (7)) (f/ (t —7) + onf (t — 7)) dr

¢
— a%/ ft—7)e "I (asT)dT, (3.15)
0
L™ (P2 (y,q)) = L' e Wt {07 0<t<yvX
I - 7,2
(q + a1)2 - O(% Io(ozg\/; Y /\), t > yﬁ

(3.16)
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wr(y, 1) = (G o, ii) (L (B (9.9) * L' (P2 (4.9))

A AA
—@Z)(y,t,O,Q,Pr)—I—u(t—1)1,!)(1/,15—1,O,Q,P7‘))

- <;li;> (L7 (D1 (y,9) * L7 (P2 (y,9)) — ¥ (y,1,0,Q, Pr))

A,
« L7V (Py (y,t — 1)) = (y, t, As, Q, Pr) +u(t — 1) (y,t — 1, Ay, Q, Pr))

" (ii;) (L7 (Caly,9) * L7 (P2 (y,0)) —u(t = 1)+ L7 (Ca (y, 9))

*Lil (P2 (y,t—1))—w(y,t,A5,Q,Pr)+u(t—1)¢(y,t— I,A?,Q,)PT’)),
3.17

n ( G ) (L (Co (y.0)) * L (Pa (yo0)) — (= 1) L (Cs (3, )

where

e ) =2 (S5 Vi - o)
— e~ 7 (a3]) (a37) + 6 (1))

+on /O CH (= r) e (s (a57) 1 6 () dr
—a? /Ot H(t—71)e Iy (asT)dr
— (t — 1) e—o1t=1 (Ozg]l (043 (t — 1)) +6 (t — 1)) dr

— /Ot H({t—1—7)e " (asly (asT) + (7)) dr

t
— a3 / H(t—1-7)e “7I(as7)dT, (3.18)
0

(g4 a1)? — 04:2;

L™ (D1 (y,q) = L7 p

) = e Y7 (05311 (Oég’]’) +4 (7‘))

+ an /Ot H(t—71)e 7 (asly (as7) + 6 (7)) dr

t
- a%/ H(t—71)e 1y (asT)drT, (3.19)
0
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(g + a1)2 -3

L (Cy(y,q)) =L ( A ) =e 7 (asly (a37) + 4 (7))

t
+(Ag+ ) / MU (gl (asT) + 6 (7)) dr
0

t
- a%/ M =T [ (ag7) dr, (3.20)
0
7.2
O “3> = 7 (s (ag7) + 6 (1)
— A5

t
s+ an) [ PN (ag (aar) + 6 (1) dr
0

t
- a%/ e =T [ (agT) dr, (3.21)
0

uc (y,t) = (i%?) (L7 (D1 (y,9)) * L7 (P2 (y,9)) — ¥ (y,¢,0, R, Sc))

+

(an;> (L™ (C1 (y,0) * LM (Pa (y.0)) = (y, 1. Ba, R, Sc)

" <ff;;> (L7 (Cs5(y,9)) * L7 (P2 (y,9)) — ¥ (y,¢t, Bs, R, Sc(); ,22)
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(g + a1)2 -3

L™ (Ci(y,q) =L ( 7B ) =e 7 (asly (a37) + 4 (7))

t
+ (By+a1) / PN emT (a1 (agT) + 6(7)) dr
0

t
— a3 / eBit=T) =T [ (ag7) dr, (3.23)
0
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(Q+a1)2 -3
q— Bs

LY (C3(y,q) =L =e N (asly (asT) + 6 (7))

t
+(Bs +a1) / e (a1 (asT) + 6 (1)) dr
0

t
— a3 / BT =T [ (asT) d. (3.24)
0

4. SPECIAL CASES

General results are obtained time dependent velocity. Some cases are given
below

4.1. Case 1(f(t) = H(t)). Let F(q) = % in equation (3.11) then it becomes,

B e~V (a+a1)’—a3 2G, 2G,\ [1—e1
(e y\f\/ (g+a1) fa3 e y\/ﬁ\/q+ >

4G, <1 - “) (VW= _ /P

AAjz q

L 26 (1o ( —yVAy/(gran?—a3 _ —Wﬁ@f)
AAl q— A4

_ ii <Z—‘Zq> (e A= _ - PrV)

2 — A5

L 3Gm (e AVGFaP=as _ -yVSevai)
AqB

_ Gm ( —yVA/(g+a1)2—a? _ —yr\/q+R>
A(q — By) By

_ ( Gm ) ( —y\f\/ (g+a1)? —043 —y\ﬁvq+R> (41)
A q— B5 Bg

Applying laplace inverse to Eq. (4.1), we have

U (y,t) = (L7 (M3 (y,q)) — ar L™ (Mq (y,9)) — 3L (M5 (y,q))) * L‘(Z(;;z (¥.9)),
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urlrt) = (5 - 5+ 30 ) 7 (B )+ L7 (P

—@Z)(y,t,O,Q,Pr)—I—u(t—1)1,!)(1/,15—1,O,Q,P7‘))

B <4Gr> (L7 (D1 (y.9) * L™ (P2 (y,q)) — ¥ (y,£,0,Q, Pr))

A3

A,
« L7V (Py (y,t — 1)) = (y, t, As, Q, Pr) +u(t — 1) (y,t — 1, Ay, Q, Pr))

+ (QGT> (L7 (Cu (y,0)) * L7 (Pa (y,q)) —u(t — 1) % L7 (Cy (y,9))

n ( G ) (L (Co (y.0)) * L (Pa (yo0)) — (= 1) L (Cs (3, )

M,
* L7 (P (y,t = 1)) =9 (.1, A5, Q, Pr) +u(t — 1) (y,t — 1,A5,(Q,§ar)),
43
4G\ 1 »
uo (y,9) = <A31> (L7 (D1 (y,9)) * L~ (P2 (y,9)) — ¥ (31,0, R, Sc))
+ (AGZ;;) (L7 (C1(y.@) * L7 (P2 (y.0) — ¥ (y, 8, Ba, R, Sc))

N (fB";) (L7 (Cs (.0)) = L™ (o (4, ) — 4 (4., Bs, R, &)24. .

As A — 0 and ug = 0 similar results are obtain by Narahari and Debnath
[35](Eq. (1la) with agp = 0) and Tokis [40](Equation (12)). This shows that
our general results sport the results present in literature.
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4.2. Case 2(f(t) = H(t)e"). Let F(q) = & in equation (3.11) then it be-
comes,

u(y,q) =

e~ yVAV (g +a1)~a3 929G, 2G,\ [1—e¢9
7= +()\A2_)\A1)< q )X
(e y\f\/ (g+aa) fa3 e —yVPryq+Q >

_ G, (1 - €q> (e AVEET=aE _ /PR

2

AAj3 q
iir <1q _i q) (VWGP _ /P
1 — Ay
_ ii <2—Zq> (e AV _ - PrV)
2 — As
L, 3Gm (cm AV =a] _ gvSeva)
)\C]Bl
_ Gm ( —yvVA/(g+a1)2—a? _ —yr\/quR)
A(q — By) By
( G ) (‘y\f\/ gtai)? —Oéd —y\ﬁvq+R> (45)
" A(g— Bs) B3

Applying laplace inverse to Eq. (4.5), it gives
t
Um (y,t) = (1 4+b—aq) / eb (t—7)e 7 (agly (azT) + 9 (7)) dr
0
t
— ozg / H(t—71)e Iy (asT)dr) * Lt (P2 (y,q)), (4.6)
0

urlnt) = (5 - 5+ 30 ) 7 (B )+ L7 (P )

- (y,t,0,Q,Pr)+u(t—1)¢ (y,t —1,0,Q, Pr))
- (35 ) (7 (D1 () L7 (Pa0) = 6 (0.0, Pr)

’ (ﬁi}) (L7 (Co (@) * L7 (P2 (y.0) —u(t = 1) % L7 (C2 (4.0))
S L7 (Py (gt = 1) = ¢ (5,1, A, Q Pr) 4w (t = 1) (y,t — 1, A1, Q, Pr)
! <ii) (L (Culy. ) * L7 (P2 (y,0)) =t = 1)« L7 (Ca (3. ))

*Lil (P2 (y’t - 1)) _w(y7t7A57QaPr) +u(t_ 1)¢(y7t— 17A57<Q7)PT))7
4.7
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e
\B;

) (L1 (D1 (5, @) + LY (P (1, ) —  (3,£,0, R, 5¢)
) (L (Ch (@) * L (Pa (9,0)) — 4 (. £, Ba, R, 56)

Gm _ _
+ () (L ! (C3 (y7Q)) * L ! (PQ (y7q)) - ¢ (y7t7 B57 R7 SC)) .
(4.8)
By taking A — 0 and U = 0 identicals results are exist in Pattnaik et al.
[41](Equation (13) with a = b, A = M?, é = 0 and v = 0) when magnetic
field is fixed relative to the fluid. Also temperature and concentration effects
are absent.

4.3. Case 3(f(t) =sinwt). Consider F(q) = 57 in equation (3.11) and we
get,

Bna) = (2 ) VT

q2 +w2

(S 3a) (5 (emvmmrst - o)
_ ;lj; (1 —q ;—q> <€7M\/m _ e—Wﬁ@)
. ijl (;—_;’) (VA GFa=al _ -/Prvira)
2 (L) (e )

2 — 415
+ ifl’;l (e—y\[\\/m _ e—y\/@\/m>
_ MngM (e AVlrFen™=a} _ (-v/SeuaR)

- 2

_ m (cmrAVTEP=aE _ /5o (4.9)

Applying laplace inverse to Eq. (4.9), it becomes

Um (y,t) = w/o cos(t—7)e 7 (agly (azT) + 9 (7)) dr
t
— o /0 sin (t — 7) e M7 (asly (asT)) dT

t
— a3 / sin (t —7) e 7 (azly (asT) + 4 (7)) dT, (4.10)
0
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urlrt) = (5 - 5+ 30 ) 7 (B )+ L7 (P

—@Z)(y,t,O,Q,Pr)—I—u(t—1)1,!)(1/,15—1,O,Q,P7‘))

- <;li;> (L7 (D1 (y,9) * L7 (P2 (y,9)) — ¥ (y,1,0,Q, Pr))

A,
« L7V (Py (y,t — 1)) = (y, t, As, Q, Pr) +u(t — 1) (y,t — 1, Ay, Q, Pr))

" (ii;) (L7 (Caly,9) * L7 (P2 (y,0)) —u(t = 1)+ L7 (Ca (y, 9))

*Lil (P2 (y,t—1))—w(y,t,A5,Q,Pr)+u(t—1)¢(y,t— I,A?,Q,)PT’)),
4.11

n ( G ) (L (Co (y.0)) * L (Pa (yo0)) — (= 1) L (Cs (3, )

uc (y,t) = (i%?) (L7 (D1 (y,9) * L7 (P2 (y,9)) — ¥ (y,¢,0, R, Sc))

_|_

(fgz) (L7 (C1(y,0) * L7 (P2 (y,9)) — ¥ (4,1, By, R, Sc))

+ (G’”> (L7 (C3(y,9)) * L™ (P2 (y,9)) — % (y, t, Bs, R, S¢)) .

\B;
(4.12)
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4.4. Case 4(f(t) = t%). Consider F(q) =t in equation (3.11) and we have,

1 — e 4
aly, q) = tde~vVAV (ata)*—a] <,\A2 2G7”>( c >><

A4
(e ama= _ cn/Priira)

q

2

_ 4Gy <1_6_q> ( —yVA/(a+a1)*—af _ —yVPrvatQ )

AAs q

4 26 (1‘”) (e AVTama T —ai _ oV Prea)

M\ q— Ay

_ 26, (1 - eq) (VAW GFaT= _ /P

)\AQ q— A5

L 3G (e AVGroT=ed _ o-uVSevii)
)\qu

_ Gm ( -y (g+o1)2—a _ —y\ﬁ\/q-ﬁ-R)
/\ (q — B4) B2

. Gm ( —y/ay/(atan—al _ _yrm) 7

A(q — Bs) B3

Applying laplace inverse to Eq. (4.13), it gives

U (y,t) = (5/0 (t — 7')571 e M (azly (asT) + 6 (7)) dT

—a /0 t (t—1)° e~ 7 (a3l (agT) + 6 (7)) dr

t
— / (t = 1)° Iy (as7) dr) « L7 (Py (4, 9)),
0

(4.13)

(4.14)
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urlrt) = (5 - 5+ 30 ) 7 (B )+ L7 (P

—@Z)(y,t,O,Q,Pr)—I—u(t—1)1,!)(1/,15—1,O,Q,P7‘))

- <;li;> (L7 (D1 (y,9) * L7 (P2 (y,9)) — ¥ (y,1,0,Q, Pr))

" (fi) (L7 (Ca (y.0) * L7 (Pa(y.@)) —u(t=1) = L7 (Ca (3, 9)
# L7 (P (gt = 1) = (0,1, Aa, Q Pr) 1t = 1) (0, = 1, A4, Q. Pr)
" (ii;) (L7 (Caly,9) * L7 (P2 (y,0)) —u(t = 1)+ L7 (Ca (y, 9))

*Lil (P2 (y,t—1))—w(y,t,A5,Q,Pr)+u(t—1)¢(y,t— I,A?,Q,)PT’)),
4.15

w8 = (55 ) (67 (D1 (1) # L7 (P2 (1) = (11,0, R, 50)

+ (i;;) (L7 (C1(y. @) * L7 (P2 (y,9) = ¥ (y,t, Ba, R, Sc))
+ (fB";) (L7 (C3(y,9) * L' (P2 (y,9)) — ¥ (y,t, Bs, R, Sc)) .

(4.16)

5. CONCLUSION

Phenomena of heat and mass transfer is studied for MHD Maxwell fluid
with ramped temperature and constant concentration over an infinite vertical
plate. The generalized time dependent conditions on velocity are considered.
Some special case are considered to highlight the applications of problem in
the field of engineering sciences. Laplace transform is applied in order to
get exact solutions for generalized velocity, their particular cases for velocity,
temperature and concentration. Results from the literature can be acquired
by our general results.
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