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ZAGREB CONNECTION INDICES OF DISJUNCTION AND

SYMMETRIC DIFFERENCE OPERATIONS ON GRAPHS

USMAN ALI1, M. JAVAID1,∗

Abstract. In this paper, we compute the general results in the form
of the upper bounds of the Zagreb indices based on connection number
called as first Zagreb connection index, second Zagreb connection index
and modified first Zagreb connection index for the resultant graphs which
are obtained by applying the product-related operations such as disjunc-
tion (co-normal product) and symmetric difference. At the end, some
applications of the obtained results with a comparison between exact and
computed values of the aforesaid Zagreb connection indices for the partic-
ular classes of alkanes are also included.
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1. Introduction

Topological indices (TI’s) are the fixed real numbers directly linked with the
molecular graphs which are used to predict the physicochemical properties of
the chemical compounds such as critical temperature, connectivity, density,
stability, chirality, ZE-isomerism, correlation coefficient, boiling point, see [1,
2]. Medicinal chemistry, drugs and bio-informatics current trends in drugs
discovery & crystalline materials have studied with the help of various TI’s [3–
10]. In addition, the quantitative structures activity relationships (QSAR) and
quantitative structures property relationships (QSPR) are used to compute
relationship between molecular graphs to their biological reactions. For more
details, we refer to [11–13] and Todeschini and Consonni [14] reported that
these relationships play an important role in the subject of cheminformatics.
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In history, the first TI was studied by famous chemist Harold Wiener (1947)
[15] when he worked successfully on the boiling point of paraffin. First time in
1972, Gutman and Trinajstic [16] defined degree based TI named first Zagreb
index. Gutman and Ruscic extended their work and developed a new TI named
second Zagreb index. Now at present time, so many revolutionized work have
been presented on these TI’s, see [17–19]. After a long space, Furtula and
Gutman [20] studied one more TI and called it as forgotten index. Currently,
many worked related to TI’s with various properties have been studied, see
[2, 21].

In 1972 [16], Gutman defined another descriptor which depends on that
degree whose distance from corresponding vertex must be two. No one re-
searchers had put their eyes or attention to this descriptor till 2017. Recently,
Ali and Trinajstic [22] reopened this idea and called it as modified first Zagreb
connection index. They also reported that it has better absolute value of cor-
relation coefficient for the following thirteen physicochemical properties of oc-
tane isomers. Now-a-days, this descriptor are being used in various disciplines
of graph theory especially in chemical graph theory to predict the physico-
chemical properties of chemical compounds liked alkanes, extremal alkanes
and cycloalkanes etc. For more detail, see [23–25].

Operations on graphs have paid very important position in the study of
chemical graphs. A simple graph can be changed or designed into various
chemical structures by applying any one product-ralated operations such as:
a cycloalkanes in the molecular graph obtained by the corona product of N2

with any graph Q, a lader graph is a chemical graph obtained by the cartesian
product of Pn+1 & P2 and the C4 nanotube TUC4(m,n) is designed by the
cartesian product of Pn & Pm and so on. So, many resultant graphs which are
designed by any one producted-related operations are shown in the literature
[26–37].

In this paper, we compute the general results in the form of upper bounds of
the first Zagreb connection index, second Zagreb connection index and modi-
fied first Zagreb connection index of the resultant graphs which are obtained
by applying various product-related operations such as disjunction and sym-
metric difference. The rest of the paper is settle as: Section II represents the
preliminary definitions and results. Section III covers the general results of
product-related graphs and Section IV includes the applications & conclusion.

2. Preliminaries

Let Q = (V (Q), E(Q)) be a simple and connected molecular graph with
vertex set V (Q) and edge set E(Q) ⊆ V (Q) × V (Q) such that their cardi-
nalities are called order and size of Q respectively. Todesehini and Consonni
[38] defined the generalized form of the degrees of vertices of the graph Q as
kfQ(b) = |kNQ(b)|, where kNQ(b) = {a ∈ V (Q) : d(a, b) = k}. For k=1 and



Zagreb connection indices of disjunction and symmetric difference operations on graphs 3

k=2, 1fQ(b) = dG(b) and 2fQ(b) = τG(b) are called the degree and connection
number of the vertex b in the graph Q. In chemical modeling of molecular
descriptors, chemical terms atom and bond are equal to graphical terms vertex
and edge respectively. Now, throughout the paper, we assume that Q1 and Q2

are two connected graphs such that |V (Q1)| = n1, |V (Q2)| = n2, |E(Q1)| = e1

and |E(Q2)| = e2.

Definition 1. For a graph Q, the first Zagreb index (M1(Q)), second Zagreb
index (M2(Q)) and their coindices are defined as:

M1(Q) =
∑

b∈V (Q)

[dQ(b)]2 =
∑

ab∈E(Q)

[dQ(a) + dQ(b)],

M2(Q) =
∑

ab∈E(Q)

[dQ(a)× dQ(b)],

M̄1(Q) =
∑

ab/∈E(Q)

[dQ(a) + dQ(b)]

and

M̄2(Q) =
∑

ab/∈E(Q)

[dQ(a)× dQ(b)].

The two TI’s defined in above Definition 1 are a few decades old and two
are recently degree based version descriptors for the chemical structure defined
by Gutman, Trinajstic, Ruscic and Ashrafi see [16, 39, 40]. But these are
very popular descriptors to compute the activity & quantitative structural
properties of the molecular graphs such as chirality, heterosystems, branching,
total π-electron energy and complexity, see [11, 12]. Corresponding to these
degree-based TI’s, the connection-based TI’s are defined in Definition 2. For
further studies of connection-based TI’s, see [22, 25, 26, 41].

Definition 2. For a graph Q, the first Zagreb connection index (ZC1(Q)) ,
second Zagreb connection index (ZC2(Q)) and modified first Zagreb connection
index (ZC∗1 (Q)) are defined as;

ZC1(Q) =
∑

b∈V (Q)

[τQ(b)]2,

ZC2(Q) =
∑

ab∈E(Q)

[τQ(a)× τQ(b)]

and

ZC∗1 (Q) =
∑

b∈V (Q)

dQ(b)τQ(b) =
∑

ab∈E(Q)

[τQ(a) + τQ(b)].
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Figure 1. (k)Q1
∼= C3, (m)Q2

∼= P2 and (n)Q1 ∨Q2.
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Figure 2. (p)Q1
∼= C3, (q)Q2

∼= P2 and (r)Q1 ⊕Q2.

Definition 3. The disjunction (Q1 ∨ Q2) and symmetric difference (Q1 ⊕
Q2) of two graphs Q1 and Q2 are obtained by taking vertex set : V (Q1 ×
Q2) = V (Q1) × V (Q2) and edge set: E(Q1 × Q2) = {(a1, b1)(a2, b2); where
(a1, b1), (a2, b2) ∈ V (Q1)× V (Q2)} with conditions: [a1a2 ∈ E(Q1)] or [b1b2 ∈
E(Q2)], and [a1a2 ∈ E(Q1)] or [b1b2 ∈ E(Q2)], but not both hold at the same
time, respectively.

For more detail, see Figures 1 & 2.

Lemma 1. [42] Let Q be a connected graph and Q̄ be its complement. Then
(i)

∑
b∈V (Q)

dQ(b) = 2e,

(ii) dQ̄(b) = (n− 1)− dQ(b) and

(iii) M1(Q̄) = M1(Q)− 4, where |V (Q)| = n and |E(Q)| = e.

Lemma 2. [18] Let Q be a connected graph with n vertices and e edges. Then
τQ(a) + dQ(a) ≤

∑
b∈NQ(a)

(dQ(b), where equality holds if and only if Q is a

{C3, C4}− free graph.
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Lemma 3. [26] Let Q be a connected and {C3, C4}− free graph with n vertices
and e edges. Then,

∑
a∈V (Q)

τQ(a) = M1(Q)− 2e.

3. Main Results

The main results have been started here.

Theorem 4. Let Q1 and Q2 be two connected graphs. Then, ZC1 of the dis-
junction (co-normal product) of Q1 and Q2 are as follows:
ZC1(Q1 ∨Q2) ≤ n2M1(Q1) + 4ZC1(Q1)ZC1(Q2) + n1M1(Q2) + n1n2 + 4n1e2

+4ZC∗1 (Q1)[M1(Q2)−2e2]+4ZC∗1 (Q2)[M1(Q1)−2e1]+4[M1(Q1)−2e1][M1(Q2)
− 2e2] + 8e1e2 + 4n2e1.

Proof. If for any a ∈ V (Q1), b ∈ V (Q2) and τQ1∨Q2(a, b) ≤ dQ1(a) + 2τQ1(a)
× τQ2(b) + dQ2(b) + 1.
ZC1(Q1 ∨Q2) =

∑
(a,b)∈V (Q1∨Q2)[τQ1∨Q2(a, b)]2

≤
∑

a∈V (Q1)

∑
b∈V (Q2)[dQ1(a) + 2τQ1(a)τQ2(b) + {dQ2(b) + 1}]2

=
∑

a∈V (Q1)[n2d
2
Q1

(a)+4τ2
Q1

(a)ZC1(Q2)+M1(Q2)+n2 +4e2 +4dQ1(a)τQ1(a)

× {M1(Q2)− 2e2}+ 4τQ1(a)ZC∗1 (Q2) + 4τQ1(a){M1(Q2)− 2e2}+ 4e2dQ1(a)
+ 2n2dQ1(a)]
= n2M1(Q1) + 4ZC1(Q1)ZC1(Q2) + n1M1(Q2) + n1n2 + 4n1e2 + 4ZC∗1 (Q1)
× [M1(Q2)−2e2] + 4ZC∗1 (Q2)[M1(Q1)−2e1] + 4[M1(Q1)−2e1][M1(Q2)−2e2]
+ 8e1e2 + 4n2e1. �

Theorem 5. Let Q1 and Q2 be two connected graphs. Then, ZC2 of the dis-
junction (co-normal product) of Q1 and Q2 are as follows:
ZC2(Q1 ∨Q2) ≤ 4ZC∗1 (Q1)ZC∗1 (Q2) + 2[M1(Q2)− 2e2]ZC∗1 (Q1) + 2[M1(Q1)
−2e1]ZC∗1 (Q2)+8ZC2(Q1)ZC2(Q2)+4[ZC1(Q1)ZC2(Q2)+ZC1(Q2)ZC2(Q1)]
+ (n2 + δ2 + 2e2)M2(Q1) + (n1 + δ1 + 2e1)M2(Q2) + (n2 + δ2 + 5e2)M1(Q1)
+ (n1 + δ1 + 5e1)M1(Q2) + (n1 + δ1)e2 + (n2 + δ2)e1 + 10e1e2 + e2[M̄1(Q1)
+M̄2(Q1)]+e1[M̄1(Q2)+M̄2(Q2)]+2[M1(Q1)−2e1]

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2)

+ dQ2(b2)τQ2(b1)] + 2[M1(Q2)− 2e2]
∑

a1a2∈E(Q1)[dQ1(a1)τQ1(a2) + dQ1(a2)

×τQ1(a1)]+4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ1(a1)τQ1(a2)τQ2(b2)+dQ1(a2)τQ1(a1)

× τQ2(b1)] + 2
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)]

+ 4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2)τQ1(a2) + dQ2(b2)τQ2(b1)τQ1(a1)]

+4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1(a1)τQ2(b1)+τQ1(a2)τQ2(b2)]+2

∑
a1a2∈E(Q1)∑

b1b2 /∈E(Q2)[dQ1(u1)τQ1(u2)τQ2(v2) + dQ1(u2)τQ1(u1)τQ2(v1)] +
∑

a1a2∈E(Q1)∑
b1b2 /∈E(Q2)[dQ1(u1)dQ2(v2)+dQ1(u2)dQ2(v1)]+4ZC2(Q1)

∑
b1b2 /∈E(Q2)[τQ2(v1)

×τQ2(v2)]+2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ2(b1)τQ2(b2)τQ1(a2)+dQ2(b2)τQ2(b1)

× τQ1(a1)] + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)]

+ 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)]

+
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] + 4ZC2(Q2)
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×
∑

a1a2 /∈E(Q1)[τQ1(a1)τQ1(a2)] + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ2(b1)τQ2(b2)

×τQ1(a2)+dQ2(b2)τQ2(b1)τQ1(a1)]+2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1)

+ τQ1(a2)τQ2(b2)].

Proof. ZC2(Q1∨Q2) =
∑

(a1,b1)(a2,b2)∈E(Q1∨Q2)[τQ1∨Q2(a1, b1)×τQ1∨Q2(a2, b2)]

=
∑

a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a, b1)× τQ1∨Q2(a, b2)]

+
∑

b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1∨Q2(a1, b)× τQ1∨Q2(a2, b)]

+
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)]

+
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)]

+
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)].

Taking ∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a, b1)× τQ1∨Q2(a, b2)] ≤∑

a∈V (Q1)

∑
b1b2∈E(Q2)×[{dQ1(a) + 2τQ1(a)τQ2(b1) + dQ2(b1) + 1}× {dQ1(a) +

2τQ1(a)τQ2(b2) + dQ2(b2) + 1}] =
∑

a∈V (Q1)

∑
b1b2∈E(Q2)[d

2
Q1

(a) +

2dQ1(a)τQ1(a){τQ2(b1) + τQ2(b2)}+ dQ1(a)× {dQ2(b1) + dQ2(b2)}+ 2dQ1(a) +
4τ2

Q1
(a)τQ2(b1)τQ2(b2) + 2τQ1(a){dQ2(b1)τQ2(b2) + dQ2(b2)τQ2(b1)}+

2τQ1(a){τQ2(b1) + τQ2(b2)}+ {dQ2(b1)dQ2(b2)}+ {dQ2(b1) + dQ2(b2)}+ 1] =
e2M1(Q1) + 2ZC∗1 (Q1)ZC∗1 (Q2) + 2e1M1(Q2) + 4e1e2 + 4ZC1(Q1)ZC2(Q2) +

2[M1(Q1)− 2e1]ZC∗1 (Q2) + n1M2(Q2) + n1M1(Q2) + n1e2 + 2[M1(Q1)−
2e1]×

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2) + dQ2(b2)τQ2(b1)].

Similarly∑
b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1∨Q2(a1, b)× τQ1∨Q2(a2, b)] =

n2M2(Q1) + 2e2M1(Q1) + n2M1(Q1) + 4ZC2(Q1)ZC1(Q2) +
2ZC∗1 (Q2)ZC∗1 (Q1) + 2[M1(Q2)− 2e2]ZC∗1 (Q1) + e1M1(Q2) + 4e1e2 + n2e1 +

2[M1(Q2)− 2e2]
∑

a1a2∈E(Q1)[dQ1(a1)τQ1(a2) + dQ1(a2)τQ1(a1)].

Also taking∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)] ≤∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[{dQ1(a1) + 2τQ1(a1)τQ2(b1) + dQ2(b1) + 1} ×
{dQ1(a2) + 2τQ1(a2)τQ2(b2) + dQ2(b2) + 1}]

Since ∑
b1b2 /∈E(Q2)

= n2(n2 − 1)− 2e2 = δ2 =

δ2M2(Q1) + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)τQ1(a2)τQ2(b2) +

dQ1(a2)τQ1(a1)τQ2(b1)] +
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)dQ2(b2) +

dQ1(a2)dQ2(b1)] + δ2M1(Q1) + 4ZC2(G1)
∑

b1b2 /∈E(Q2)[τQ2(b1)τQ2(b2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ2(b1)τQ2(b2)τQ1(a2) + dQ2(b2)τQ2(b1)τQ1(a1)] +
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2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] + e1M̄2(Q2) +

e1M̄1(Q2) + δ2e1.

Similarly∑
b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)] ≤∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[{dQ1(a1) + 2τQ1(a1)τQ2(b1) + dQ2(b1) + 1} ×
{dQ1(a2) + 2τQ1(a2)τQ2(b2) + dQ2(b2) + 1}]

Since ∑
a1a2 /∈E(Q1)

= n1(n1 − 1)− 2e1 = δ1 =

e2M̄2(Q1) + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)τQ1(a2)τQ2(b2) +

dQ1(a2)τQ1(a1)τQ2(b1)] +
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)dQ2(b2) +

dQ1(a2)dQ2(b1)] + e2M̄1(Q1) + 4ZC2(Q2)
∑

a1a2 /∈E(Q1)[τQ1(a1)τQ1(a2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ2(b1)τQ2(b2)τQ1(a2) + dQ2(b2)τQ2(b1)τQ1(a1)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] + δ1M2(Q2) +

δ1M1(Q2) + δ1e2.

and∑
a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a1, b1)× τQ1∨Q2(a2, b2)] = 2e2M2(Q1) +

4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)] +

2
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] + 2e2M1(Q1) +

8ZC2(Q1)ZC2(Q2) + 4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2)τQ1(a2) +

dQ2(b2)τQ2(b1)τQ1(a1)] + 4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1(a1)τQ2(b1) +

τQ1(a2)τQ2(b2)] + 2e1M2(Q2) + 2e1M1(Q2) + 2e1e2.

Consequently, we achieve our desired result. �

Theorem 6. Let Q1 and Q2 be two connected graphs. Then, ZC∗1 of the
disjunction (co-normal product) of Q1 and Q2 are as follows:

ZC∗1 (Q1 ∨Q2) ≤ 2[M1(Q2)− 2e2]ZC∗1 (Q1) + 2[M1(Q1)− 2e1]ZC∗1 (Q2) +
(n2 + δ2 + 2e2)M1(Q1) + (n1 + δ1 + 2e1)M1(Q2) + 2e2(n1 + δ1) + 2e1(n2 + δ2) +
12e1e2 + e1M̄1(Q2) + e2M̄1(Q1) + 4

∑
a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1(a1)τQ2(b1) +

τQ1(a2)τQ2(b2)] + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) +

τQ1(a2)τQ2(b2)] + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)].

Proof. Take

ZC∗1 (Q1 ∨Q2) =
∑

(a1,b1)(a2,b2)∈E(Q1∨Q2)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] =∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a, b1) + τQ1∨Q2(a, b2)] +∑

b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1∨Q2(a1, b) + τQ1∨Q2(a2, b)] +∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] +
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a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] +∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)].

Taking ∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a, b1) + τQ1∨Q2(a, b2)] ≤∑

a∈V (Q1)

∑
b1b2∈E(Q2)[{dQ1(a) + 2τQ1(a)τQ2(b1) + dQ2(b1) + 1}+ {dQ1(a) +

2τQ1(a)τQ2(b2) + dQ2(b2) + 1}] =
4e1e2 + 2[M1(Q1)− 2e1]ZC∗1 (Q2) + n1M1(Q2) + 2n1e2.

Similarly∑
b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1∨Q2(a1, b) + τQ1∨Q2(a2, b)] ≤

n2M1(Q1) + 2[M1(Q2)− 2e2]ZC∗1 (Q1) + 4e1e2 + 2n2e1.

Also taking∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] ≤∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[{dQ1(a1) + 2τQ1(a1)τQ2(b1) + dQ2(b1) + 1}+

{dQ1(a2) + 2τQ1(a2)τQ2(b2) + dQ2(b2) + 1}] =
δ2M1(G1) + 2

∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] +

e1M̄1(Q2) + 2δ2e1.

Similarly∑
b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] ≤

e2M̄1(Q1) + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] +

δ1M1(G2) + 2δ1e2.

And ∑
a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1∨Q2(a1, b1) + τQ1∨Q2(a2, b2)] ≤

2e2M1(Q1) + 4
∑

a1a2∈E(Q1)

∑
b1b2∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] +

2e1M1(Q2) + 4e1e2.

Consequently, we arrive at our desired result. �

Theorem 7. Let Q1 and Q2 be two connected graphs. Then, ZC1 of the
symmetric difference of Q1 and Q2 are as follows:

ZC1(Q1 ⊕Q2) ≤ n2M1(Q1) + ZC1(Q1)ZC1(Q2) + n1M1(Q2) + n1n2 +
4n1e2 + 2ZC∗1 (Q1)[M1(Q2)− 2e2] + 2ZC∗1 (Q2)[M1(Q1)− 2e1] + 2[M1(Q1)−

2e1][M1(Q2)− 2e2] + 8e1e2 + 4n2e1.

Proof. Since

τQ1⊕Q2(a, b) ≤ dQ1(a) + τQ1(a)τQ2(b) + dQ2(b) + 1,

where a ∈ V (Q1), b ∈ V (Q2) and (a, b) ∈ Q1 ⊕Q2.
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ZC1(Q1 ⊕Q2) =
∑

(a,b)∈V (Q1⊕Q2)[τQ1⊕Q2(a, b)]2 ≤∑
a∈V (Q1)

∑
b∈V (Q2)[dQ1(a) + τQ1(a)τQ2(b) + {dQ2(b) + 1}]2 =∑

a∈V (Q1)[n2d
2
Q1

(a) + τ2
Q1

(a)ZC1(Q2) +M1(Q2) + n2 + 4e2 +

2dQ1(a)τQ1(a){M1(Q2)− 2e2}+2τQ1(a)ZC∗1 (Q2) + 2τQ1(a){M1(Q2)− 2e2}+
4e2dQ1(a) + 2n2dQ1(a)] = n2M1(Q1) + ZC1(Q1)ZC1(Q2) + n1M1(Q2) +
n1n2 + 4n1e2 + 2ZC∗1 (Q1)[M1(Q2)− 2e2]+2ZC∗1 (Q2)[M1(Q1)− 2e1] +

2[M1(Q1)− 2e1][M1(Q2)− 2e2] + 8e1e2 + 4n2e1.

�

Theorem 8. Let Q1 and Q2 be two connected graphs. Then, ZC2 of the
symmetric difference of Q1 and Q2 are as follows:

ZC2(Q1 ⊕Q2) ≤ 2ZC∗1 (Q1)ZC∗1 (Q2) + [M1(Q2)− 2e2]ZC∗1 (Q1) + [M1(Q1)−
2e1]ZC∗1 (Q2) + ZC1(Q1)ZC2(Q2) + ZC1(Q2)ZC2(Q1) + (n1 + 2δ1)M2(Q2) +

(n2 + 2δ2)M2(Q1) + (n2 + 2δ2 + 3e2)M1(Q1) + (n1 + 2δ1 + 3e1)M1(Q2) +
(n1 + 2δ1)e2 + (n2 + 2δ2)e1 + 8e1e2 + 2e1[M̄1(Q2) + M̄2(Q2)] + 2e2[M̄1(Q1) +
M̄2(Q1)] + [M1(Q1)− 2e1]

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2) + dQ2(b2)τQ2(b1)] +

[M1(Q2)− 2e2]
∑

u1u2∈E(Q1)[dQ1(a1)τQ1(a2) + dQ1(a2)τQ1(a1)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] +

2ZC2(Q1)
∑

b1b2 /∈E(Q2)[τQ2(b1)τQ2(b2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ2(b2)τQ2(b1)τQ1(a1) + dQ2(b1)τQ2(b2)τQ1(a2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] +

2ZC2(Q2)
∑

a1a2 /∈E(Q1)[τQ1(a1)τQ1(a2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ2(b2)τQ2(b1)τQ1(a1) + dQ2(b1)τQ2(b2)τQ1(a2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)].

Proof. Since

ZC2(Q1 ⊕Q2) =
∑

(a1,b1)(a2,b2)∈E(Q1⊕Q2)[τQ1⊕Q2(a1, b1)× τQ1⊕Q2(a2, b2)] =∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1⊕Q2(a, b1)× τQ1⊕Q2(a, b2)] +∑

b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1⊕Q2(a1, b)× τQ1⊕Q2(a2, b)] +∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1⊕Q2(a1, b1)× τQ1⊕Q2(a2, b2)] +∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1⊕Q2(a1, b1)× τQ1⊕Q2(a2, b2)].

Taking ∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1⊕Q2(a, b1)× τQ1⊕Q2(a, b2)] ≤∑

a∈V (Q1)

∑
b1b2∈E(Q2)[{dQ1(a) + τQ1(a)τQ2(b1) + dQ2(b1) + 1} × {dQ1(a) +

τQ1(a)τQ2(b2)+dQ2(b2)+1}] = e2M1(Q1)+ZC∗1 (Q1)ZC∗1 (Q2)+2e1M1(Q2)+
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4e1e2 + ZC1(Q1)ZC2(Q2) + [M1(Q1)− 2e1]
∑

b1b2∈E(Q2)[dQ2(b1)τQ2(b2) +

dQ2(b2)τQ2(b1)] + [M1(Q1)− 2e1]ZC∗1 (Q2) + n1M2(Q2) + n1M1(Q2) + n1e2.

Similarly∑
b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1⊕Q2(a1, b)× τQ1⊕Q2(a2, b)]leqn2M2(Q1) +

[M1(Q2)− 2e2]
∑

a1a2∈E(Q1)[dQ1(a1)τQ1(a2) + dQ1(a2)τQ1(a1)] + 2e2M1(Q1) +

n2M1(Q1) + ZC1(Q2)ZC2(Q1) + ZC∗1 (Q1)ZC∗1 (G2) + [M1(Q2)−
2e2]ZC∗1 (Q1) + e1M1(Q2) + 4e1e2 + n2e1.

Also taking∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1⊕Q2(a1, b1)× τQ1⊕Q2(a2, b2)] ≤

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[{dQ1(a1) + τQ1(a1)τQ2(b1) + dQ2(b1) + 1} ×

{dQ1(a2) + τQ1(a2)τQ2(b2) + dQ2(b2) + 1}] =
2δ2M2(Q1) + 2

∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(u1)τQ1(u2)τQ2(v2) +

dQ1(u2)τQ1(u1)τQ2(v1)] + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(u1)dQ2(v2) +

dQ1(u2)dQ2(v1)] + 2δ2M1(Q1) + 2ZC2(Q1)
∑

b1b2 /∈E(Q2)[τQ2(v1)τQ2(v2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ2(v2)τQ2(v1)τQ1(u1) + dQ2(v1)τQ2(v2)τQ1(u2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(u1)τQ2(v1) + τQ1(u2)τQ2(v2)] + 2e1[δ2 +

M̄1(Q2) + M̄2(Q2)].

Similarly∑
b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1⊕Q2(a1, b1)× τQ1⊕Q2(a2, b2)] ≤

2e2M̄2(Q1) + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(u1)τQ1(u2)τQ2(v2) +

dQ1(u2)τQ1(u1)τQ2(v1)] + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(u1)dQ2(v2) +

dQ1(u2)dQ2(v1)] + 2e2M̄1(Q1) + 2ZC2(Q2)
∑

a1a2 /∈E(Q1)[τQ1(u1)τQ1(u2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ2(v2)τQ2(v1)τQ1(u1) + dQ2(v1)τQ2(v2)τQ1(u2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(u1)τQ2(v1) + τQ1(u2)τQ2(v2)] + 2δ1[e2 +

M1(Q2) +M2(Q2)].

Consequently,

ZC2(Q1 ⊕Q2) ≤ 2ZC∗1 (Q1)ZC∗1 (Q2) + [M1(Q2)− 2e2]ZC∗1 (Q1) + [M1(Q1)−
2e1]ZC∗1 (Q2) + ZC1(Q1)ZC2(Q2) + ZC1(Q2)ZC2(Q1) + (n1 + 2δ1)M2(Q2) +

(n2 + 2δ2)M2(Q1) + (n2 + 2δ2 + 3e2)M1(Q1) + (n1 + 2δ1 + 3e1)M1(Q2) +
(n1 + 2δ1)e2 + (n2 + 2δ2)e1 + 8e1e2 + 2e1[M̄1(Q2) + M̄2(Q2)] + 2e2[M̄1(Q1) +
M̄2(Q1)] + [M1(Q1)− 2e1]

∑
b1b2∈E(Q2)[dQ2(b1)τQ2(b2) + dQ2(b2)τQ2(b1)] +

[M1(Q2)− 2e2]
∑

u1u2∈E(Q1)[dQ1(a1)τQ1(a2) + dQ1(a2)τQ1(a1)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] +

2ZC2(Q1)
∑

b1b2 /∈E(Q2)[τQ2(b1)τQ2(b2)] +

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[dQ2(b2)τQ2(b1)τQ1(a1) + dQ2(b1)τQ2(b2)τQ1(a2)] +
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2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)τQ1(a2)τQ2(b2) + dQ1(a2)τQ1(a1)τQ2(b1)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ1(a1)dQ2(b2) + dQ1(a2)dQ2(b1)] +

2ZC2(Q2)
∑

a1a2 /∈E(Q1)[τQ1(a1)τQ1(a2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[dQ2(b2)τQ2(b1)τQ1(a1) + dQ2(b1)τQ2(b2)τQ1(a2)] +

2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(a1)τQ2(b1) + τQ1(a2)τQ2(b2)].

�

Theorem 9. Let Q1 and Q2 be two connected graphs. Then, ZC∗1 of the
symmetric difference of Q1 and Q2 are as follows:

ZC∗1 (Q1 ⊕Q2) ≤ [M1(Q2)− 2e2]ZC∗1 (Q1) + [M1(Q1)− 2e1]ZC∗1 (Q2) + (n2 +
2δ2)M1(Q1) + (n1 + 2δ1)M1(Q2) + 2(n1 + 2δ1)e2 + 2(n2 + 2δ2)e1 + 8e1e2 +

2[e1M̄1(Q2) + e2M̄1(Q1)] + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(u1)τG2(v1) +

τQ1(u2)τG2(v2)]+2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(u1)τQ2(v1)+τQ1(u2)τQ2(v2)].

Proof. Since

ZC∗1 (Q1 ⊕Q2) =
∑

(a1,b1)(a2,b2)∈E(Q1⊕Q2)[τQ1⊕Q2(a1, b1) + τQ1⊕Q2(a2, b2)] =∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1⊕Q2(a, b1) + τQ1⊕Q2(a, b2)] +∑

b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1⊕Q2(a1, b) + τQ1⊕Q2(a2, b)] +∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1⊕Q2(a1, b1) + τQ1⊕Q2(a2, b2)] +∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1⊕Q2(a1, b1) + τQ1⊕Q2(a2, b2)].

Taking ∑
a∈V (Q1)

∑
b1b2∈E(Q2)[τQ1⊕Q2(a, b1) + τQ1⊕Q2(a, b2)] ≤∑

a∈V (Q1)

∑
b1b2∈E(Q2)[{dQ1(a) + τQ1(a)τQ2(b1) + dQ2(b1) + 1}+ {dQ1(a) +

τQ1(a)τQ2(b2) + dQ2(b2) + 1}] =
4e1e2 + [M1(Q1)− 2e1]ZC∗1 (Q2) + n1M1(Q2) + 2n1e2.

Similarly∑
b∈V (Q2)

∑
a1a2∈E(Q1)[τQ1⊕Q2(a1, b) + τQ1⊕Q2(a2, b)] ≤

n2M1(Q1) + [M1(Q2)− 2e2]ZC∗1 (Q1) + 4e1e2 + 2n2e1.

Also taking∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1⊕Q2(a1, b1) + τQ1⊕Q2(a2, b2)] ≤

2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[{dQ1(a1) + τQ1(a1)τQ2(b1) + dQ2(b1) + 1}+

{dQ1(a2) + τQ1(a2)τQ2(b2) + dQ2(b2) + 1}] =
2δ2M1(Q1) + 2

∑
a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(u1)τQ2(v1) + τQ1(u2)τQ2(v2)] +

2e1M̄1(Q2) + 4δ2e1.

Similarly
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b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1⊕Q2(a1, b1) + τQ1⊕Q2(a2, b2)] ≤

2e2M̄1(Q1) + 2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(u1)τQ2(v1) + τQ1(u2)τQ2(v2)] +

2N1M1(Q2) + 4N1e2.

Consequently,

ZC∗1 (Q1 ⊕Q2) ≤ [M1(Q2)− 2e2]ZC∗1 (Q1) + [M1(Q1)− 2e1]ZC∗1 (Q2) + (n2 +
2δ2)M1(Q1) + (n1 + 2δ1)M1(Q2) + 2(n1 + 2δ1)e2 + 2(n2 + 2δ2)e1 + 8e1e2 +

2[e1M̄1(Q2) + e2M̄1(Q1)] + 2
∑

a1a2∈E(Q1)

∑
b1b2 /∈E(Q2)[τQ1(u1)τQ2(v1) +

τQ1(u2)τQ2(v2)]+2
∑

b1b2∈E(Q2)

∑
a1a2 /∈E(Q1)[τQ1(u1)τQ2(v1)+τQ1(u2)τQ2(v2)].

�

4. Applications and Conclusion

Assume that Q1
∼= P3 & Q2

∼= P3 be two particular alkanes called by
paths. So, We can compute relation between exact and computed values of
these product-related operations (disjunction & symmetric difference) on these
alkanes are as follows:
Disjunction:
• Exact value of ZC1(P3 ∨ P3) = 40,
• Computed value of ZC1(P3 ∨ P3) ≤ 189,
• Exact value of ZC2(P3 ∨ P3) = 52,
• Computed value of ZC2(P3 ∨ P3) ≤ 488,
• Exact value of ZC∗1 (P3 ∨ P3) = 88,
• Computed value of ZC∗1 (P3 ∨ P3) ≤ 236.
Symmetric Difference:
• Exact value of ZC1(P3 ⊕ P3) = 116,
• Computed value of ZC1(P3 ⊕ P3) ≤ 153,
• Exact value of ZC2(P3 ⊕ P3) = 240,
• Computed value of ZC2(P3 ⊕ P3) ≤ 384,
• Exact value of ZC∗1 (P3 ⊕ P3) = 140,
• Computed value of ZC∗1 (P3 ⊕ P3) ≤ 204.

In this paper, we have computed the general results in the form of upper
bounds related to first Zagreb connection index, second Zagreb connection in-
dex and modified first Zagreb connection index of the resultant graphs which
are obtained with the help of operations of product on graphs such as disjunc-
tion (co-normal product) and symmetric difference. However, the problem is
still open to obtain other Zagreb connection indices for the resultant graphs
based on various operations on graphs.
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