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IMPROVEMENT OF THE HARDY INEQUALITY
INVOLVING k-FRACTIONAL CALCULUS

SAJID IQBALY*, MUHAMMAD SAMRAIZ?

ABSTRACT. The major idea of this paper is to establish some new improve-
ments of the Hardy inequality by using k-fractional integral of Riemann-
type, Caputo k-fractional derivative, Hilfer k-fractional derivative and
Riemann-Liouville (k,r)-fractional integral. We discuss the log-convexity
of the related linear functionals. We also deduce some known results from
our general results.
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1. Introduction

The study of non integer order derivative and integral operators is known
as fractional calculus. It draws increasing attention due to its applications in
many fields see e.g. the books [1, 2].

Let us recall the well known definitions of Riemann-Liouville fractional in-
tegrals (see [3], [4]).

Definition 1. Let [a,b] be a finite interval on real axis R. The left-sided and
right-sided Riemann-Liouville fractional integrals I, f and I} f of order a >
0 respectively are defined by
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and
b
@) = 5o [ t0w-ory. @<,

where T'(«) is the Gamma function.

The first result yields that fractional integral operators are bounded in
Ly(a,b), —0o <a<b< oo, 1<p<oo,that is

15 fllp < Kl fllps 1= fllp < KN flps (1)
where
B (b—a)”
Fa+1)

G. H. Hardy proved the inequality (1) involving left-sided fractional integral
in one of his initial paper (see [5]) and is known as inequality of G. H. Hardy
(see [6]).

We initiate some essential notation and recollect a number of basic specifics
about convex functions, log-convex functions [7, 8] as well as exponentially
convex functions [9, 10, 11]. For More details, see [12, 13, 14, 15, 16] and
references therein.

Definition 2. A positive function f is said to be logarithmically convex if
log f is a convex function on an interval I C R. For such function f, we
shortly say f is log-convex. A positive function f is log-convex in the Jensen
sense if for each a,b € I

2 (“5) = s@sw

holds, i.e., if log f is convex in the Jensen sense.

Definition 3. [17] Let I C R be an interval and f : I — R be conver on I.

Then for si1, s2,53 € I such that s1 < so < s3, the following inequality holds:
f(s1)(s3 = s2) + f(s2)(s1 — s3) + f(s3)(s2 — s1) > 0.

The function f islog-convex on an interval I, if and only if for all s1, s2, s3 € 1,
81 < 89 < s3 it holds

[F(s2))% < [F(s)]™ " [F(sa)] 0.

Definition 4. [10, p. 373] A function h : (a,b) — R is exponentially convex
if it is continuous and

n
Z aiajh(:ci + xj) >0,
ij=1
for all n € N and all choices of a; € R, z; + xj € (a,b), i,j=1,...,n.
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Proposition 1. [9] Let h : (a,b) — R. The following statements are equiva-
lent.

(i) h is exponentially convex.

(ii) h is continuous and

Z aiajh <$Z—+2_x]> > 0,

ij=1
for everyn € N, a; € (a,b) and z; € (a,b),1 <i<n.

Let (1,31, p1) and (Qg, X9, u2) be measure spaces with o-finite measures
and A be an integral operator defined by

1
A =—— [k d 2
@) = g7 [ Fan) @), &)
Qo
where k : 21 x Q29 — R is measurable and non-negative kernel, f is measurable
function on s, and

0< K(z):= /k(az,y)dug(y), x €. (3)
Qo
The following theorem is given in [18] (see also [19]).
Theorem 2. Let (21,31, p1) and (Q2, X, o) be measure spaces with o-finite

measures, u be a weight function on 1, k be a non-negative measurable func-
tion on Q1 x Qg, and K be defined on Q1 by (3). Suppose that the function

x u(:v)k[({?%) is integrable on 1 for each fized y € Qo and that v is defined

on Qo by

u(x)k(x,

o) i= [ MOE D da) < . (1)
951

If @ is convex on the interval I C R, then the inequality

[u@e @) dne) < [vwo ) duw.
Ql QQ
holds for all measurable functions f : Qo — R, such that Imf C I, where Ay
is defined by (2).
Lemma 3. Let s € R, @5 : RT — R be a function defined as
S(:iil)a S ?é 07 17
ps(@) =1 —logz, s=0, (5)
zlogx, s=1.

Then @ is strictly convex on R™ for each s € R.
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Proof. Since ¢, (z) = 572 > 0 for all z € Rt s € R, therefore ¢, is strictly
convex on R* for each s € R. O

The following theorem is given in [19].

Theorem 4. Let the assumption of the Theorem 2 be satisfied and ps be
defined by (5). Let f be a positive function. Then the function p : R — [0, 00)
defined by

o(s) = / o(y)s(F () dpialy) — / (@) Apf(@))dp(z),  (6)

QQ Q1

1s exponentially conver.

The function p being exponentially convex is also log-convex function. Then
by Definition 3 the following inequality holds true:

[o(@)]*" < [p(@P " [p(r)]*™7, (7)

for every choice 7, p,q € R, such that r < p < q.

Upcoming result is given in [20].

Theorem 5. Let the assumptions of the Theorem 2 be satisfied. If ® is convex
on the interval I C R, and ¢ : I — R is any function, such that p(x) € 0P(x)
for all x € Int I, then the inequality

[ ) dus) - / u()® (A4S (2)) dyas (x)

Qo 2
> [ 3 [ M [18070) - #(Anf @)
971 Qo
= [p(Arf(@))|-1f(y) — Arf(@)] | dp2(y) dp (2) (8)

holds for all measurable functions f : Qo — R, such that f(y) € I, for all fized
y € Qo where Ay, is defined by (2).

The paper is planned in the following manner. After this introduction, in
Section 2 we give the improvement of G. H. Hardy’s inequality for Riemnn-
Liouville fractional integral and deduce some known results from our general
results. Section 3 deals with improvement of an inequality of G. H. Hardy
via Caputo k-fractional derivative. As special case we shall derive the result
of Caputo fractional derivative given in [21]. Section 4 is dedicated to Hilfer
k-fractional derivative and the log-convexity of the related functionals. Last
section is devoted to (k,r)-fractional integral along the log-convexity of the
functionals.
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2. Main Results

Definition 5. [22] If f € Li[a,b] and k > 0, then the Riemann-Liouville
k-fractional integral ];:,a of order a is defined by

t

o 1 a_
Bl )= g [€=DE a0t efwt, )
where Iy is the Gamma k-function which is defined as:
oo tk
Ik (x) :/t""_le_kdt,
0

and
Ip(a+ k) = al'y().

Now we give our first main result.

Theorem 6. Let s > 1, I, f denotes the left-sided Riemann-Liouville k-
fractional integral of order o and p1 : R — [0, 00). Then the following inequality
holds true:

pi(s) < o1(s), (10)
where
[y / T+ k) ;
_ _ )% FS — T —a % kT at o x X
pls) = a/(b D7 1)y a/( (i w) ).
(b _ a)cx(l—s) b b
ni(s) = T |-t / F*(w)dy — Dyl + R))* / (Ifuf (2))'da
(11)
Proof. Applying Theorem 2 with Q; = Qs = (a,b), du1(z) = dz, dps(y) = dy,
l%(a?,t):{ (’;Fkl@(x_t)k_l’ Ziiii (12)
we get
. 1 a
K(JJ): aFk(a)(x_a)k’ (13)

and the integral operator Ay f(z) take the form

xT

a_

Apf(z) = k(x_a)ga/(fﬂ_t)k

Lt(t)at. (14)
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Then the equation (6)

Pk(OJ + k)

(¢~ a)F

p1(s) —/bﬁ(y)ws(f(y))dy—/bU(x)ws( IR f(x )) dz.  (15)

a

MQ
Q_.

For particular weight function u(z) = (z —a)*, we obtain 9(y) = (b—y)

we take @g(z) = S(:jl), r € RT. So (15) becomes
1] / Ty(a+ k) o]
m(S)—S(S_l) L/(b y) 2 (y)dy a/( ) <($_a) lial (2 )) d

b b
< 5(51_1) [(ba)z /fs(y)dy— (b—a)3(1‘5>(Fk(a+k))sa/(f,gjaf(x))m

— g)a1-s) o p b
(bs(s)l){(ba)ks/f()dy (Cr(a + k) /Ika ]

a

It follows (10). O

Remark 1. For particular value of k = 1, we get the improvement of G. H.
Hardy’s inequality given in [21, Theorem 2.3].

Now we shall provide the refinement of the Theorem 6. For this let us
continue by taking a positive difference between the the left hand-side and the
right-hand side of refined Hardy-type inequality given in (8).

¥(®) = / v()® (f(4)) dpia(y) — / w(2)® (A f (2)) dyur ()

951

K / 2,9) | 12(f(y)) — ®(Apf(2))]

_|90(Akf( ))I-If( ) — A f ()] | dpa(y) dpi(z) = 0. (16)

Theorem 7. Let the assumptions of the Theorem 6 be satisfied and 11 : R —
[0,00). Then the following inequality holds:

0 <Uy(s) <oi1(s) — Ai(s) < o1(s), (17)
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where
b
\Pl(s a 5—1 / y
- / (w—a)? (F(jfff:)?fk,aﬂx)) d| a9
b
M0 =y e - (TP o)
s—1
| )| | - D 1) |y )

and o1(s) is defined by (11).

Proof. Rewrite equation (16) with Q1 = Qs = (a,b), dui(x) = dx, dusz(y) = dy
and k, K, A, f(x) is defined by (12), (13), (14) respectively. For particular
weight function u(z) = (z — a)¥, we obtain 9(y) = (b — y)*. If we take
O(z) = 2°/s(s— 1), x € RT, after some calculations (16) becomes

b b
Ui(s) = s(s—1) / y)dy — /(x—a)‘z <mlkaf( )> i
b =z
o f e[ (Delatk) S
_ks(s—l)a/a/( t) () <(x_a) I f( )>
s—1
_ mlk af(x) . f(y) - (;z:(f:)k)Ik af(x) dy dz 2 0.

Since ¢(1 —s) <0 for s > 1 and A1(s) > 0, we obtain that
0 < Wi(s) < pi(s) — Auls) < pa(s)-
This complete the proof. ]
Remark 2. For particular value of k = 1 we get the improvement of G. H.
Hardy’s inequality given in [23, Corollary 2.1].
3. RESULTS FOR CAPUTO k-FRACTIONAL DERIVATIVE

Following definition of Caputo k-fractional derivatives is given in [24].
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Definition 6. Leta > 0,k > 1 anda ¢ {1,2,3, ...}, n = [a]+1, f € AC"[a,b].
The left and right sided Caputo k-fractional derivatives of order o are defined
as follows:

C 1o,k _ 1 v f(n) (t)
D,y f(x) = kI’k(n—%)/a (x—t)%*”+1dt’$>a (20)
and
Crak ey (D" A0
D" f(z) = k‘Fk(nz)/w (tf$)%*n+1dt’x<b (21)

where T (a) is the k-Gamma function defined as

o) ik
Fk(a):/ t* e dt,
0
also
Ti(a+ k) = al'g (@)
If « = n € {1,2,3,...} and usual derivative of order n exists, then Caputo

k-fractional derivative (CDfo)(:B) coincides with ™ (z).

Theorem 8. Let s > 1, (CDgff) (x) denotes the Caputo k-fractional deriv-

ative defined by (20) and pa : R — [0,00). Then the following inequality holds
true:

p2(s) < o2(s), (22)

where

and
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Proof. Applying Theorem 2 with Q; = Qy = (a,b), dui(x) = dx, dus(y) = dy,

. S PSR <y<um
]f (.fU,y) — krk(n_g) (:E y) , XY ST (25)
0, <y <b,
N 1 n_o
K () = z—a)y %, (26)

F- D)
and

Aup(@y = OB (opntg) ) (27)

(x — a)("_%

Then the equation (6) take the form

b

b
pals) = [y (F0W) dy- [ ulz)e (kt (fa‘)(:;f) (“pats) <x>> da.

a a

(28)
) , x € (a,b) we get v(y) =

and we take p4(x) = ﬁ, r € RT. So (28) becomes

For particular weight function u(z) = (z — a)nf%

n—ao

(b—y) *

b
o) = oo ! [o-0" (1) dy

b
el o [ (o)
b
- (k;rk (n ~2 k))/ ((Cpgff) (x)) da;]
= oa(s). '
It follows (22) . O

The improved version of Theorem 8 is given in next theorem.

Theorem 9. Let the assumptions of the Theorem 8§ be satisfied and Vo : R —
[0,00). Then the following inequality holds:

0 < Us(s) < oa(s) — Aa(s) < oa(s), (29)
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b
Wo(s) = { [o-0" (1w) dy

a

ne (KTg (n= % 4K) 10 a ’
(x —a) ( (x_a)(s—i) (CDaff) (a:)) dm] — Xa(s),

|
Se—_ o

b =z

o= 7 [ freos (o)

_ka(n_%+k) Cpok z)%| — ka(n_%+k) C ok T -
(l‘—a)(ni%) < Da+ f) ( ) (x_a)("*%) ( Da+f>( )
AF™(y) - ETy, (n—%tk) (CDoc kf>( )| | dy da, (30)

(m—a)(n_ﬁ)

and oy(s) is defined by (24).

Proof. Rewrite equation (16) with Q1 = Q9 = (a,b), du1(z) = dz, dua(y) = dy
with k, K and A, f(z) is defined by (25), (26), (27) respectively. For particular
weight function u(z) = (x — a)( ~%), we obtain o(y) = (b—y) " F) | If we
take ®(z) = 2%/s(s — 1), x € R, after some calculations we get

b
vals) = : 5 L/(b 0T (1) dy
b

KLk (n =% + k) 0ok ’ (s
/ ( (& — a)("= %) ( D f>( )> ] Aa(s):
Since (n — ¢) (1 —s) <0 for s > 1 and Az(s) > 0. Then
Wa(s) < pa(s) — Aa(s) < pa(s). (31)
This complete the proof. O

Remark 3. Choose k =1 in Theorem 8 we get the result for Caputo factional
derivative, see [21, Theorem 2.9].
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4. Results Involving Hilfer k-Fractional Derivative

Let us recall the definition of Hilfer k-fractional derivative presented in [25].

Definition 7. Let f € L'[a,b], f * Ka_vya-p) € AC[a,b]. The k-fractional
derivative operator kDf;f of order 0 < v <1 with respect to x € [a,b] is defined
by

k iy — w4 -p)

("Dt f) @) = 18— (1) f @) (32)

whenever the right hand side exists. The derivative (32) is called Hilfer k-
fractional derivative.

The more general integral representation of equation (32) is defined by:
Let f € L' [a,b] S H K-y € ACT [a,b] ,n—1<p<n0<v<1ne
N. Then

(oeer) @ = (1 s (I s@)).

which coincide with (32) for n = 1.

Specially for k = 1, v = 0, Dgf f = D} _f is a Riemann-Liouville fractional
derivative of order u, and for v = 1 it is a Caputo fractional derivative Dflﬂrl =
CDg . f of order p. Applying the properties of Riemann-Liouville integral the
relation (33) can be rewritten in the form:

(spies) 1= (109 (55401 )

= m / (=) T (D) )t (34)

a
Now we shall establish the improvement for Hilfer k-fractional derivative.
Theorem 10. Let s > 1, (kDg_f ) (z) denotes the Hilfer k-fractional deriva-

tive defined by (33) and ps : R — [0,00). Then the following inequality holds
true:

p3(s) < o3(s), (35)

where
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and

(b—a) v(n—p)

_— o, f o,
o3(s) = S 1) {(ba) R a/f(y)dy

b
~(Tx (v (0 1) + ))* / (("pirs) @) dw] SNEY

Proof. Applying Theorem 2 with Q; = Qy = (a,b), dui(x) = dx, dus(y) = dy,

i (2, y) = ﬁ(x—y)y(n’;m_l, a<y<a
k(,y)—{g’F(( ) e (38)
~ 1 v(n—p)
K = w7 T (39)
and
At @) = F’“((” U ;f‘)i 9 (vpirs) @) (40)

Then the equation (6) becomes

b

pas) = [ oo (D2 5) ) ay

a

- [ty (F’“ W= k) (k) (1‘)) dr.  (41)

(z—a)"F

a

v(n—p)
For particular weight function u(z) = (x —a)™ % e (a,b) we get 0(y) =
v(n—p)

(b—y)” *  and we take p4(x) = 5(57;)7 x € R*. So (41) becomes

b
1 o)
p3(s) = sG-1) [/(by) A (y)dy

a

b s
_/@_a)”(”k“) (Fk (v(n —g k) (’“ijff) (;c)) d:c]

(x—a)” &
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—u ”("k_“)(l—s) S b
S {(ba)“ﬂs [y
b
Tk (v (n / kD”” )) d:E]
= o04(s).
It follows (35) . O

The improvement of Theorem 10 is given in next theorem.

Theorem 11. Let the assumptions of the Theorem 10 be satisfied and Vs :
R — [0,00). Then the following inequality holds:

0 S \113(8) S 03(8) — )\3(8) S 03(8), (42)

where

b
1

Us(s) = s5—1) a/(b

(*

v(n—

P (y)dy
)

b

—y)
B /(x—a)"(nk_“) ((l/(n _fnj; k) ( D f)( )) ] — As(s), (43)

J x—a) F

b x

o) =gt //— T
_<Fk(y(n—,§t)4;k) ( i f)( ))s

(x—a) F
s—1
_S‘<rk<u<n—yﬁ>;k> (D85 )>
(v —a)"
.‘f(@—(r’“((”(”;f)j’“)(m f)()) dyds,  (44)

and o3(s) is defined by (37).

Proof. Rewrite equation (16) with Q1 = Qs = (a,b), dui(x) = dx, duz(y) = dy
with k, K and Ay f(x) is defined by (38), (39), (40) respectively. For particular
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v(n—p) v(n—p)
weight function u(z) = (x —a)™ * : , we obtain v(y) = (b—y)  * “ U If we

take ®(z) = 2°/s(s — 1), = € R, after some calculations we get

b

1 vin—p)
7#3(8):@ /(b—y) P (y)dy

a

b s
_/@;—a)”("k“) (Fk(”(”_uf?_j)k) @ (@) dz | — X (s).

(x—a) F

Since ”("k_“)(l — ) <0for s >1and A3(s) > 0. Then
Us(s) < os(s) — A3(s) < o3(s).

This complete the proof. O

Remark 4. Specially for k =1, v = 0, Dgff = Dg+f in Theorem 10 we
get the result for Riemann-Liouville fractional derivative of order u, and for
v =1 it is a Caputo fractional derivative DZ‘J: = CD5+ of order p.

5. RESULTS FOR THE RIEMANN-LIOUVILE (k,7)-FRACTIONAL INTEGRAL

Definition 8. [26] Let f be a continuous function on on a the finite real
interval |a,b]. Then Riemann-Liouville (k,r)-fractional integral of f of order

a > 0 is defined by:
t

/(trJrl . 7_1"Jr1)%717_7"f(7_)d7_7 (45)

where k > 0, r € R\ {1} and Ty is the generalization of the classical I" function
defined by Diaz et al. in [27] and is given as follows:

) n!k‘"(nk)%_l
Ip(t) = lim ——————, k >0, R(t) > 0, 46
(1) = Jim (1 (46)
where (t)nr =t(t+k)(t+2k)...,(t+(n—1)k), n > 1, is called Pochhammer
k symbol. The integral representation is given by

(r+1)'"%

liaf® = kT (o)

[e’e] m
[(t) = / 2= teThdx, R(t) > 0. (47)
0

Theorem 12. Let s > 1, r > 0, I,"" denotes the Riemann-Liowville (k,r)-

fractional integral of order o > 0 and py : R — [0,00). Then the following
inequality holds true:

pa(s) < ou(s), (48)
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where

b
P = o | [y =@

a

b a s
_/xr(xrﬁ-l_ar—&-l)% ((r"’—l)krk(a"i_k)I’?,r (l’)) dr (49)

(zr+l — ar+1)% a

b
prtl _ grtl T(1-s) . as .
ous) = ) o+ - [y

s(s—1)
b
- (Teta+ 0+ 0F)" [0 @) ds

Proof. Applying Theorem 2 with Q; = Qy = (a,b), dui(x) = dx, dus(y) = dy,

~ (T+1)1_% r+1 o+l R-L e .
Ret) = o @ oy a<y < (50)
0, r<t<b,
> (r+ 1)_% +1 41\ &
Kaz)=—+— (2" —a"")* 1
and
alr+1)

Apf(x) =

¥ /(aﬂ+1 —a Y ET T () dy. (52)

a

fe(zr 1 — qrl

For particular weight function u(z) = 2" (2" ' — a"t1)%, we obtain o(y) =
y (bt — )% and we take @g(z) = S(S“Tiil), x € RT. So (15) becomes
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b
) = oo | [ =@y

a
b

_/xr(xvdrl - ar+1)% <(7"+ 1)?Fk(a +ak)11i’¢;f($)> dr

(errl _ arJrl) 7

a

b
< 8(81_1) /yr(br—‘rl o CLT—H)%fS(y)dy
' b
- ((r+1)%rk(a+k))s(w+1_ar+1)2‘<1—s>/ (122 f(@)) " da
(br—l-l _ar—l-l)%(l—s) - b1y as b o
= s =1) ™ —a )k/yf(y)dy
b
~ (Tela+R)r + DT) / (I () da
= 0‘4( )
It follows (48). O

Remark 5. For particular value of r = 0, we get Theorem 6.

Remark 6. For particular value of k = 1, r = 0 we get the improvement of
G. H. Hardy’s inequality given in [21, Theorem 2.3].

Theorem 13. Let the assumption of the Theorem 12 be satisfied and Wy :
R — [0,00]. Then the following inequality holds:

0 S \114(8) S 04(8) — )\4(8) S 04(8),
where
1 b
y(s) = P /(br+1 Ry (y)dy

a

b o s
_/ (a7 — ar+1)% o (aFk(a)(r + 1); (Ij}’i)f(a:)) dz| — M(s)

(1-7”-1-1 _ ar—i—l)
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b T
a(r+1) -1
Y r+1 r+1 r
a(s) = Tss 1) / / —y Ry (y)

B (afk(a)(r—i- DE (1ag)f(x)>s‘ . <ark(a)(r+ Ol (Iak)f(x)>s

s—1

(xr—‘rl _ ar—i—l) (xr+1 _ ar—i—l)

) (“Fk(a)(” oL <I§i>:>f<x>> |

(zr+1 — 1) %

dydz (54)

and o4(s) is defined in defined by (52).

Proof. Rewrite equation with €y = Qs = (a,b),dpi(x) = dx,dps(y) = dy,
k(x,t), K(z), Apf(x) are given by (50), (51), (52) respectively. For particular
"2t — @™ % we obtain §(y) = y" (b — TR,

weight function u(z) = z"(
If we take ¢(x) = s(:;tijly for z € R, after some calculations we get

b b
]‘ T T T T‘ z
\114(5) — 5(5 — 1) /(b +1 —y +1) dy / +1 +1 k

a

e <ark<a><r + D o) m) dm]

(:L‘H'l _ aT+1)

b T
e [ [ I

B (O[Pk(a)(r + 1)§ (Ia’]:)f(.%')> ’ ‘

(xr—‘rl _ ar—i—l)

s (“P’“(“W L <Ia,k>f<sc>> )

(xr-&-l _ ar-i—l)

OéFk(Oé)(T‘ + 1)% a,r

_ ( ot - ) (L) f(z) | [|dydz > 0. (55)
@ < 0 for s > 1 and A5(s) > 0, we obtain that
0 < WUy(s) <os(s) — Als) < ouls)

In the following theorem we prove the three different cases for the above

Since

results related to log-convexity.
Theorem 14. Fori=1,2,3,4 the following inequalities hold true:

(). [0 ()77 [pi(@)) 7 < o4(r) (56)
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(i). i (1) 7= [0(p)] 7 < o4(q)
(iid). pi(p) < [o3(r)]+ [o(g)]

for every choice p,q,r € R, such that 1 <r < p < q.

(57)

(58)

Proof. We will prove this theorem just in case i = 1, since all other case are

proved analogous.

(i). Since the function p; is exponentially convex, it is also log-convex. Then

forl<r<p<gq, rp,q€cR, (7)can be written as

1 ()] " [pr(@)] 7P < [pr(r)]97P.
This implies that

[o1(p)] 5 [p1(q)] 7=

b
—a a(l-s) o
S(bs(s)—l) {(baw/f( )dy — (Ti(a + k))
=o1(r).

It follows (56).

(ii). Now (7) can be written as,

[o1 ()P~ [p1 ()] < [pa(@)P"
This implies that

p— ga_r

(o1 ()] 7= [p1 (p)] 7=

b
—a a(l—s) o
< O {(baw [ Fiwdy - @i+ )
= 01(q)-

It follows (57).

(iii). The (7) can be written as,
q—r q

o )] < [p1(M)]7= [p1(a)),

q—-r a—p

[p1(p)]P= < [p1(r)] P~

This implies that
qa—p b—r

p1(p) < [o1 ()]s [o1(g)] .

It follows (58).

Jun

b
S/
a

Ik‘ a Sdm]

Lo f (ﬂf))qdﬂf]
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Likewise we can give the results for Hilfer k-fractional derivative, Caputo
k-fractional derivative and Riemann-Liouville (k,r)-fractional integral but we
omit the details.
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