
Available online at http://jprm.sms.edu.pk/
Journal of Prime Research in Mathematics, 17(1) (2021), 21–34

Inequalities of Hardy-type for Multiple Integrals on
Time Scales

Dawood Ahmada, Khuram Ali Khanb, Ammara Nosheena,∗

aDepartment of Mathematics & Statistics, The University of Lahore, Sargoha Sub-Campus, Sargodha, Pakistan.
bDepartment of Mathematics, University of Sargodha, Sargodha, Pakistan.

Abstract

We extend some inequalities of Hardy-type on time scales for functions depending on more than one param-
eter. The results are proved by using induction principle, properties of integrals on time scales, chain rules
for composition of two functions, Hölder’s inequality and Fubini’s theorem in time scales settings.
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1. Introduction and Preliminaries

The discrete Hardy inequality was given in 1920 by Hardy [6] to find Hilbert double series sum. He
[7] (see also [8]) proved an inequality by using the calculus of variations which is continuous version of his
inequality given in [6]. Afterward these inequalities have been studied in more general settings. New proofs,
extensions and generalizations of these inequalities have taken place in many papers. For example Chan
[4] proved some extensions of Hardy-type inequality in 1979. Pachpatte [10] considered generalizations of
inequalities established by chan [4] in 1992. In 2005, P. Rehak proved Hardy’s inequality via time scales in
[11]. In 2015, S. H. Saker and D. O’Regan [12] extended results of Pachpatte’s inequalities [10] in time scales
settings. For some other extensions of Hardy inequalities on time scales for function of several variables, the
readers are referred to [5, 9, 13, 14].

Let us start to discuss the basic concepts used in the paper from [2, 3]. A time scale T is nonempty
as well as close set in R. So R, N and Z are some examples of time scales. In present paper assume that
supT =∞ and a time scale interval is denoted by [t0,∞)T := [t0,∞) ∩ T for t0 ∈ T.

The operators σ, ρ : T→ T defined by

σ(ω) := inf {y ∈ T; y > ω} and ρ(ω) := sup {y ∈ T; y < ω}
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are forward as well as backward jump operators respectively for ω ∈ T. The point ω satisfying σ(ω) > ω
is called right-scattered and left-scattered when ρ(ω) < ω. The points which are left and right-scattered
simultaneously are isolated. Also the point ω is right-dense if ω < supT and σ(ω) = ω and is left-dense
when ω > inf T and ρ(ω) = ω. The points which are left and right-dense simultaneously are dense points.

Notation: gσ(ω) = g(σ(ω)) for any function g = T→ R.
A function µ : T → [0,∞) for a time scale T is called the graininess function if µ(ω) := σ(ω) − ω for

ω ∈ T.
Assume h1, h2 : T→ R are differentiable at ω ∈ T. Then

(i) Derivative for product of two functions at ω ∈ T is,

(h1h2)∆(ω) = h1
∆(ω)h2(ω) + h1

σ(ω)h2
∆(ω) = h1(ω)h2

∆(ω) + h1
∆(ω)h2

σ(ω). (1.1)

(ii ) Quotient rule to find derivative is,(
h1

h2

)∆

(ω) =
h1

∆(ω)h2(ω)− h1(ω)h2
∆(ω)

h2(ω)h2
σ(ω)

.

Chain Rules

(i) Let u : R→ R be differentiable and v : T→ R is delta differentiable, then

[u(v(ω))]∆ =

∫ 1

0
u′[hvσ + (1− h)v]dhv∆(ω). (1.2)

(ii) The fact that vσ(ω) = v(ω) + µ(ω)v∆(ω) and u : T→ R is delta differentiable, gives

[u(v(ω))]∆ =

∫ 1

0
u′[v + hµ(ω)v∆(ω)]dhv∆(ω). (1.3)

(iii) Assume that u : R→ R is continuously differentiable and v is continuous from R→ R and v : T→ R
is delta differentiable. Then a real number c ∈ [ω, σ(ω)] exists such that

[u(v(ω))]∆ = u′(v(c))v∆(ω). (1.4)

If ξ1, ξ2 : T→ R are delta integrable and m, n̂ ∈ T, then integration by parts formula for delta integrals is∫ n̂

m
ξl(ω)ξ2

∆(ω)∆ω = [ξl(ω)ξ2(ω)]n̂m −
∫ n̂

m
ξl

∆(ω)ξ2
σ(ω)∆ω. (1.5)

From chain rule (1.3),

(logω)∆ =

∫ 1

0

1

[ω + hµ(ω)]
dh =

1

µ(ω)
log

(
ω + µ(ω)

ω

)
,

when µ(ω) 6= 0. Therefore,

z(ω) := (logω)∆ =

{
1

µ(ω) log
(
ω+µ(ω)

ω

)
µ(ω) 6= 0,

1
ω µ(ω) = 0,

(1.6)

which gives, ∫ ω

ω0

z(s)∆s = log

(
ω

ω0

)
, for ω ∈ T.
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As the generalization of (1.6), we find

(log θ(ω))∆ = Z(ω) :=


1

µ(ω) log
(

1 + µ(ω) θ
∆(ω)
ω

)
µ(ω) 6= 0,

θ∆(ω)
∆(ω) µ(ω) = 0,

provided that θ∆(ω)
θ(ω) ∈ R. Therefore,∫ ω

ω0

Z(s)∆s = log

(
θ(ω)

θ(ω0)

)
for ω ∈ T.

Hölder’s inequality

Let ω1, ω2 ∈ T, for rd-continuous functions φ, ψ : [ω1, ω2]→ R, we have

ω2∫
ω1

|φ (ω)ψ (ω)|∆ω ≤

 ω2∫
ω1

|φ (ω)|p2∆ω

 1
p2

 ω2∫
ω1

|ψ (ω)|p1∆ω

 1
p1

, (1.7)

where p1 > 1 and p2 = p1/(p1 − 1).

Fubini’s Theorem [1]

Let (Γ,M, α∆) and (Σ,L, β∆) be two finite dimensional time scale measure spaces.
We consider the measure space (Γ×Σ,M×L, α∆ × β∆), where M×L is σ-algebra product generated

by the family {E × F : E ∈M, F ∈ L} and

(α∆ × β∆)(E × F ) = α∆(E)β∆(F ),

then Fubini’s theorem holds, more precisely if φ(π) =
∫

Γ ξ(γ, π)∆γ and ψ(γ) =
∫

Σ ξ(γ, π)∆π for almost
everywhere π ∈ Σ and γ ∈ Γ respectively, also if ξ : Γ×Σ→ R is a α∆ × β∆- integrable function, then φ is
β∆- integrable on Σ and ψ is α∆- integrable on Γ, and∫

Γ

∆γ

∫
Σ

ξ(γ, π)∆π =

∫
Σ

∆π

∫
Γ

ξ(γ, π)∆γ. (1.8)

Aim of the paper is to extend the work done in [12] for functions of several variables.

2. Main results

We assume throughout that all the functions are non-negative and the integrals considered exist.

Theorem 2.1. Let Tl denote time scales and hl(tl) be non-decreasing functions for tl ∈ Tl, where l =
1, . . . , n̂. Define ∀(t1, . . . , tn̂) ∈ T1 × · · · × Tn̂,

Λn̂(t1, . . . , tn̂) :=
n̂∏
l=1

1

hl(tl)

∫ ∞
tl

· · ·
∫ ∞
tn̂

n̂∏
l=1

hl(sl)

sl
f(s1, . . . , sn̂)∆sn̂ · · ·∆s1. (2.1)

Suppose p1/p2 > 1, p1, p2 > 0, and for tl ∈ [1,∞)Tl

1− p1

p2

log σl(tl)g
∆l
l (tl)

hσll (tl)zl(tl)
≥Ml, ∀Ml > 0. (2.2)
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Then the following inequality holds

∫ ∞
1
· · ·
∫ ∞

1

n̂∏
l=1

zl(tl)[Λn̂(t1, . . . , tn̂)]
p1
p2 ∆tn̂ · · ·∆t1

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∫ ∞

1
· · ·
∫ ∞

1

{
n̂∏
l=1

zl(tl)

(
log σl(tl)gl(tl)

tlg
σl
l (tl)zl(tl)

) p1
p2

}
f

p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1. (2.3)

Proof. We use mathematical induction. For n̂ = 1, the statement is true by [12, Theorem 2.1]. Consider
that (2.3) holds for 1 ≤ n̂ ≤ k̂.

To prove the result for n̂ = k̂ + 1, we write the left hand side of (2.3) as follows:

∫ ∞
1
· · ·
∫ ∞

1

k̂∏
l=1

zl(tl)

{∫ ∞
1

zk̂+1(tk̂+1)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 ∆tk̂+1

}
∆tk̂ · · ·∆t1. (2.4)

Denote,

Ik̂+1 =

∫ ∞
1

zk̂+1(tk̂+1)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 ∆tk̂+1.

By using (1.5) with ξ1 =
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 and ξ2

∆ = zk̂+1(tk̂+1), we have

Ik̂+1 =

∣∣∣∣log(tk̂+1)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2

∣∣∣∣∞
1

+

∫ ∞
1

log σk̂+1(tk̂+1)

(
− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2

)
∆tk̂+1. (2.5)

Use chain rule (1.3) with u = t
p1
p2 and v = Λk̂+1(t1, . . . , tk̂+1) to obtain

− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 =

p1

p2

∫ 1

0

[
Λk̂+1(t1, . . . , tk̂+1) + hµ(tk̂+1)

∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

] p1
p2
−1

dh

×

(
− ∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

)
≥ 0. (2.6)

Use (2.1) for n̂ = k̂ + 1 and differentiate with respect to tk̂+1 with the help of (1.1) to get

∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1) = −

 hk̂+1(tk̂+1)

tk̂+1g
σk̂+1

k̂+1
(tk̂+1)

Λk̂(t1, . . . , tk̂+1) +
h

∆k̂+1

k̂+1
(tk̂+1)

h
σk̂+1

k̂+1
(tk̂+1)

Λk̂+1(t1, . . . , tk̂+1)

 ≤ 0,

(2.7)

where for fix tk̂+1 ∈ Tk̂+1,

Λk̂(t1, . . . , tk̂+1) :=

k̂∏
l=1

1

gl(tl)

∫ ∞
tl

· · ·
∫ ∞
tk̂

k̂∏
l=1

gl(sl)

sl
f(s1, . . . , sk̂, tk̂+1)∆sk̂ · · ·∆s1. (2.8)
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Combine (2.6) and (2.7), then substitute in (2.5) to obtain

Ik̂+1 ≤
p1

p2

∫ ∞
1

log σk̂+1(tk̂+1)

 hk̂+1(tk̂+1)

tk̂+1g
σk̂+1

k̂+1
(tk̂+1)

Λk̂(t1, . . . , tk̂+1) +
h

∆k̂+1

k̂+1
(tk̂+1)

h
σk̂+1

k̂+1
(tk̂+1)

Λk̂+1(t1, . . . , tk̂+1)


×
∫ 1

0

[
Λk̂+1(t1, . . . , tk̂+1) + hµ(tk̂+1)

∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

] p1
p2
−1

dh∆tk̂+1.

Since ∂
∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1) ≤ 0, therefore

Ik̂+1

1− p1

p2

log σk̂+1(tk̂+1)g
∆k̂+1

k̂+1
(tk̂+1)

zk̂+1(tk̂+1)g
σk̂+1

k̂+1
(tk̂+1)

 ≤ p1

p2

∫ ∞
1

logσk̂+1(tk̂+1)gk̂+1(tk̂+1)Λk̂(t1, . . . , tk̂+1)

tk̂+1g
σk̂+1

k̂+1
(tk̂+1)

[
zk̂+1(tk̂+1)

] p1−p2
p1

×
[
(zk̂+1(tk̂+1))

p1−p2
p1 [Λk̂+1(t1, . . . , tk̂+1)]

p1−p2
p2

]
∆tk̂+1.

Apply Hölder’s inequality on right hand side with indices p1/p2 and p1/(p1− p2) and use (2.2) for l = k̂ + 1
to get

Ik̂+1 ≤

(
p1

Mk̂+1p2

) p1
p2
∫ ∞

1
zk̂+1(tk̂+1)

 logσk̂+1(tk̂+1)gk̂+1(tk̂+1)Λk̂(t1, . . . , tk̂+1)

tk̂+1g
σk̂+1

k̂+1
(tk̂+1)zk̂+1(tk̂+1)


p1
p2

∆tk̂+1. (2.9)

Put (2.9) in (2.4) and exchange integrals k times by using Fubini’s theorem on right hand side to find

∫ ∞
1
· · ·
∫ ∞

1

k̂+1∏
l=1

zl(tl)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 ∆tk̂+1 · · ·∆t1

≤

(
p1

Mk̂+1p2

) p1
p2
∫ ∞

1
zk̂+1(tk̂+1)

(
logσk̂+1(tk̂+1)gk̂+1(tk̂+1)

tk̂+1hk̂+1
σk̂+1(tk̂+1)zk̂+1(tk̂+1)

) p1
p2

×

∫ ∞
1
· · ·
∫ ∞

1

k̂∏
l=1

zl(tl)[Λk̂(t1, . . . , tk̂+1)]
p1
p2 ∆tk̂ · · ·∆tl

∆tk̂+1. (2.10)

By using induction hypothesis for Λk̂(t1, . . . , tk̂+1) (instead of Λk̂(t1, . . . , tk̂)) for fix tk̂+1 in (2.10), we have

∫ ∞
1
· · ·
∫ ∞

1

k̂+1∏
l=1

zl(tl)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 ∆tk̂+1 · · ·∆t1 ≤

(
p1

p2

) (k̂+1)p1
p2

k̂+1∏
l=1

1

Ml


p1
p2

×
∫ ∞

1
· · ·
∫ ∞

1


k̂+1∏
l=1

zl(tl)

(
log σl(tl)gl(tl)

tlg
σl
l (tl)zl(tl)

) p1
p2

 f
p1
p2 (t1, . . . , tk̂+1)∆tk̂+1 · · ·∆t1.

Corollary 2.2. Let R+
l be time scales, hl(rl) be non-negative, non-decreasing functions on R+

l where l =
1, . . . , n̂. Define for any (r1, . . . , rn̂) ∈ R+

1 × · · · × R+
n̂ ,

Λn̂(r1, . . . , rn̂) :=

n̂∏
l=1

1

hl(rl)

∫ ∞
r1

· · ·
∫ ∞
rn̂

n̂∏
l=1

hl(sl)

sl
f(s1, . . . , sn̂)dsn̂ · · · ds1.
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and suppose p1, p2 > 0 such that p1/p2 > 1 and for rl ∈ [1,∞)R+
l

,

1− p1

p2

rlhl
′(rl)

hl
log(rl) ≥Ml; rl ∈ [1,∞)R+

l
, ∀Ml > 0.

Then the following inequality holds∫ ∞
1
· · ·
∫ ∞

1

1

r1 · · · rn̂
[Λn̂(r1, . . . , rn̂)]

p1
p2 drn̂ · · · dr1

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∫ ∞

1
· · ·
∫ ∞

1

{
n̂∏
l=1

1

rl
(log rl)

p1
p2

}
f

p1
p2 (r1, . . . , rn̂)drn̂ · · · dr1.

Proof. Use T = R+
l ∀ l ∈ (1, · · · , n̂) in Theorem 2.1 to get the above result.

Corollary 2.3. For l ∈ (1, · · · , n̂), ql > 1 if we fix Tl = qN0
l in Theorem 2.1 and for (qm1

1 , . . . , qmn̂
n̂ ) ∈

qN0
1 × · · · × q

N0
n̂ , define

Λn̂(qm1
1 , . . . , qmn̂

n̂ ) =

n̂∏
l=1

1

gl(q
ml
l )

∞∑
k̂1=m1

· · ·
∞∑

k̂n̂=mn̂

n̂∏
l=1

gl(q
k̂l
l )f(qk̂1

l , . . . , q
k̂n̂
l )(ql − 1).

Also for p1, p2 > 0 such that p1/p2 > 1. suppose that,

1− p1

p2

log(qml+1
l )∆lgl(q

ml
l )

gl(q
ml+1
l )zl(q

ml
l )

≥Ml, ∀Ml > 0

Then,

∞∑
m1=1

· · ·
∞∑

mn̂=1

{
n̂∏
l=1

qml
l (ql − 1) log

(
qml
l + 1

qml
l

)}
[Λn̂(qm1

1 , . . . , qmn̂
n̂ )]

p1
p2

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∞∑

m1=1

· · ·
∞∑

mn̂=1

{
n̂∏
l=1

qml
l (ql − 1) log

(
qml
l + 1

qml
l

)}

×

 log(qml+1
l )gl(q

ml
l )

qml
l gl(q

ml+1
l ) log

(
q
ml
l +1

q
ml
l

)


p1
p2

f
p1
p2 (qm1

1 , . . . , qmn̂
n̂ ).

Proof. Use Tl = qN0
l ql > 1, l ∈ (1, · · · , n̂) in Theorem 2.1 to get the result.

Corollary 2.4. Let p1, p2 > 0 be such that p1/p2 > 1 and for l ∈ (1, · · · , n̂) and αl > 0, gl(αlml) are
non-negative, non-decreasing sequences, where ml ∈ N . Then for (α1m1, . . . , αn̂mn̂) ∈ α1N × · · · × αn̂N,
define

Λn̂(α1m1, . . . , αn̂mn̂) =

n̂∏
l=1

1

gl(αlml)

∞∑
k̂1=m1

· · ·
∞∑

k̂n̂=mn̂

n̂∏
l=1

gl(αlk̂l)

k̂l
f(α1k̂1, . . . , αn̂k̂n̂).

Also suppose that,

1− p1

p2

log(αlml + 1)∆lgl(αlml)

gl(αlml + 1)zl(αlml)
≥Ml,
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for some constant Ml > 0, where l = 1, . . . , n̂. Then,

∞∑
m1=1

· · ·
∞∑

mn̂=1

{
n̂∏
l=1

αl log

(
αlml + 1

αlml

)}
[Λn̂(α1m1, . . . , αn̂mn̂)]

p1
p2

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∞∑

m1=1

· · ·
∞∑

mn̂=1

{
n̂∏
l=1

αl log

(
αlml + 1

αlml

)}

×

 log(αlml + 1)gl(αlml)

αlmlgl(αlml + 1) log
(
αlml+1
αlml

)


p1
p2

f
p1
p2 (α1m1, . . . , αn̂mn̂).

Proof. Use Tl = αlN αl > 0, l ∈ (1, · · · , n̂) in Theorem 2.1 to get the result.

Corollary 2.5. Let p1, p2 > 0 be such that p1/p2 > 1. Assume that hl(tl) are non-decreasing functions on

time scales Tl and θl(tl) are non-negative functions such that θl
∆l (tl)
θl(tl)

∈ Rl where l = 1, . . . , n̂. Λn̂(t1, . . . , tn̂)

is defined in (2.1) and assume for tl ∈ [1,∞)Tl
,

1− p1

p2

tlh
∆l
l (tl) log θσll (tl)

hσll (tl)Zl(tl)
≥Ml, ∀Ml > 0.

Then

∫ ∞
1
· · ·
∫ ∞

1

n̂∏
l=1

Zl(tl)[Λn̂(t1, . . . , tn̂)]
p1
p2 ∆tn̂ · · ·∆t1

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∫ ∞

1
· · ·
∫ ∞

1

n̂∏
l=1

Zl(tl)

(
hl(tl) log θσll (tl)

tlh
σl
l (tl)Zl(tl)

) p1
p2

f
p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1.

Proof. To obtain the result, use the functions Zl(tl) instead of zl(tl) in Theorem 2.1 and proceed similarly.

To prove some further results, apply chain rule (1.2) and the inequality.

a1
δ + a2

δ ≤ (a1 + a2)δ ≤ 2δ−1(a1
δ + a2

δ); if a1, a2 ≥ 0 and δ ≥ 1. (2.11)

Theorem 2.6. Let Tl be time scales and hl(tl) are non-decreasing functions on Tl where l = 1, . . . , n̂.
Λn̂(t1, . . . , tn̂) is defined in (2.1). Suppose p1, p2 > 0 such that p1/p2 ≥ 2, also for tl ∈ [1,∞)Tl

,

1−
2

p1
p2
−1

log σl(tl)h
∆l
l (tl)

hσll (tl)zl(tl)
≥Ml, ∀Ml > 0

Then the following inequality holds

∫ ∞
1
· · ·
∫ ∞

1

n̂∏
l=1

zl(tl)[Λn̂(t1, . . . , tn̂)]
p1
p2 ∆tn̂ · · ·∆t1 ≤ 2

n̂p1(p1−p2)

p2
2

(
n̂∏
l=1

1

Ml

) p1
p2

∫ ∞
1
· · ·
∫ ∞

1

{
n̂∏
l=1

zl(tl)

(
log σl(tl)hl(tl)

tlh
σl
l (tl)zl(tl)

) p1
p2

}
f

p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1.
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Proof. Use mathematical induction method and proceed as in the proof of Theorem 2.1 for n̂ = k̂ + 1 to
get,

Ik̂+1 =

∣∣∣∣log(tk̂+1)
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2

∣∣∣∣∞
1

+

∫ ∞
1

log σk̂+1(tk̂+1)

(
− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2

)
∆tk̂+1. (2.12)

Use chain rule formula (1.2) with u = t
p1
p2 and v = Λk̂+1(t1, . . . , tk̂+1),

− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 =

p1

p2

∫ 1

0

[
hΛ

σk̂+1

k̂+1
(t1, . . . , tk̂+1) + (1− h)Λk̂+1(t1, . . . , tk̂+1)

] p1
p2
−1
dh

×

(
− ∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

)
≥ 0.

Apply (2.11),

− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2

≤ 2
p1
p2
−2

(
− ∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

){[
Λ
σk̂+1

k̂+1
(t1, . . . , tk̂+1)

] p1
p2
−1

+
[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2
−1
}
. (2.13)

Also from (2.7) of Theorem 2.1,

∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1) = −

 hk̂+1(tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)

Λk̂(t1, . . . , tk̂+1) +
h

∆k̂+1

k̂+1
(tk̂+1)

h
σk̂+1

k̂+1
(tk̂+1)

Λk̂+1(t1, . . . , tk̂+1)

 , (2.14)

where Λk̂(t1, . . . , tk̂+1) is defined in (2.8). Since ∂
∂t2

Λ(tl, t2) ≤ 0 and σ2 (t2) ≥ t2, therefore (2.13) can be
written as,

− ∂

∂tk̂+1

[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2 ≤ 2

p1
p2
−1

(
− ∂

∂tk̂+1

Λk̂+1(t1, . . . , tk̂+1)

)[
Λk̂+1(t1, . . . , tk̂+1)

] p1
p2
−1
. (2.15)

Combine (2.14) and (2.15) in (2.12) and proceed similar as Theorem 2.1 to reach the proof.

Consider the case when p1

p2
≤ 2. Also

2ε−1(a1
ε + a2

ε) ≤ (a1 + a2)ε ≤ (a1
ε + a2

ε), (2.16)

where a1, a2 ≥ 0 and 0 ≤ ε ≤ 1.

Theorem 2.7. Let p1, p2 > 0 such that p1

p2
≤ 2. Assume that hl(tl) are non-decreasing functions on time

scales Tl where l = 1, . . . , n̂. Let Λn̂(t1, . . . , tn̂) and Λk̂(t1, . . . , tn̂) as defined in (2.1) and (2.8) respectively
and assume that for each tl ∈ [1,∞)Tl

1− 2 log σl(tl)hl
∆l(tl)

hl
σl(tl)zl(tl)

≥Ml
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hold for some constants Ml > 0. Then

∞∫
1

· · ·
∞∫

1

n̂∏
l=1

zl(tl)[Λn̂(tl, . . . , tn̂)]
p1
p2 ∆tn̂ · · ·∆tl

≤

(
n̂∏
l=1

2

Ml

) p1
p2
∞∫

1

· · ·
∞∫

1

n̂∏
l=1

zl(tl)

(
log σl(tl)hl(tl)

tlhl
σl(tl)zl(tl)

) p1
p2

f
p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆tl.

Proof. Apply (2.16) when p1

p2
− 1 < 1 instead of inequality (2.11), to see(

p1

p2

)∫ 1

0
[hΛσ + (1− h)Λ](p1/p2)−1dh ≤ (Λσ)(p1/p2)−1 + (Λ)(p1/p2)−1,

≤ 2(Λ)(p1/p2)−1; p1/p2 ≤ 2. (2.17)

Use (2.17) and proceed as in Theorem 2.6 to obtain the required inequality.

In next results, for any (t1, . . . , tn̂) ∈ T1 × · · · × Tn̂, use the following operator:

Ωn̂(t1, . . . , tn̂) :=

n̂∏
l=1

1

hl(tl)

∫ tl

0
· · ·
∫ tn̂

0

n̂∏
l=1

hl(sl)

sl
f(s1, . . . , sn̂)∆sn̂ · · ·∆s1. (2.18)

Theorem 2.8. Let Tl be time scales and hl(tl) are non-increasing functions on Tl where l = 1, . . . , n̂ and
(2.18) hold for any (t1, . . . , tn̂) ∈ T1 × · · · × Tn̂. Suppose p1, p2 > 0 such that p1/p2 ≥ 2, and

1 + 2
p1
p2
−1 | log(tl)|h∆l

l (tl)Ωl(σ1(t1), . . . , σl−1(tl−1), tl, . . . , tn̂)

hσll (tl)Ωl
σl(σ1(t1), . . . , σl−1(tl−1), tl, . . . , tn̂)zl(tl)

≥Ml, ∀Ml > 0. (2.19)

Then the following inequality holds,

∫ 1

0
· · ·
∫ 1

0

n̂∏
l=1

zl(tl)[Ω
σ
n̂(t1, . . . , tn̂)]

p1
p2 ∆tn̂ · · ·∆t1 ≤ 2

n̂p1(p1−p2)

p2
2

(
n̂∏
l=1

1

Ml

) p1
p2

×
∫ 1

0
· · ·
∫ 1

0

{
n̂∏
l=1

zl(tl)

(
| log (tl)|hl(tl)
tlh

σl
l (tl)zl(tl)

) p1
p2

}
f

p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1. (2.20)

Proof. To prove the required result, we use mathematical induction method. For n̂ = 1, the statement is
true by [12, Theorem 2.9]. Let statement (2.20) holds for 1 ≤ n̂ ≤ k̂

Now to prove the result for n̂ = k̂ + 1, write the left hand side of (2.20) as:

∫ 1

0
· · ·
∫ 1

0

k̂∏
l=1

zl(tl)

{∫ 1

0
zk̂+1(tk̂+1)

[
Ωσ
k̂+1

(t1, . . . , tk̂+1)
] p1

p2 ∆tk̂+1

}
∆tk̂ · · ·∆t1. (2.21)

Denote,

Ik̂+1 =

∫ 1

0
zk̂+1(tk̂+1)

[
Ωσ
k̂+1

(t1, . . . , tk̂+1)
] p1

p2 ∆tk̂+1

=

∫ 1

0
zk̂+1(tk̂+1)

[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2 ∆tk̂+1.
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Integrate by using parts formula (1.5) with ξ2
∆ = zk̂+1(tk̂+1) and ξ1

σ = [Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]

p1
p2

and use chain rule formula (1.2), to obtain

Ik̂+1 =
p1

p2

×
1∫

0

|log(tk̂+1)|
1∫

0

[
hΩ

σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1) + (1− h)Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1
dh

×

{
∂

∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

}
∆tk̂+1. (2.22)

Use product rule of derivative (1.1), to obtain

∂

∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1) =
hk̂+1(tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)

Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

−
h

∆k̂+1

k̂+1
(tk̂+1)

h
σk̂+1

k̂+1
(tk̂+1)

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1) ≥ 0, (2.23)

where for fixed tk̂+1 ∈ Tk̂+1,

Ωk̂(σ1(t1), . . . , σk̂(tk), tk̂+1) =

k̂∏
l=1

1

gl(σl(tl))

σ1(t1)∫
0

· · ·

σk̂(tk)∫
0

k̂∏
l=1

gl(sl)

sl
f(s1, . . . , sk̂, tk̂+1)∆sk̂ · · ·∆s1.

Apply inequality (2.11) on the term[
hΩ

σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1) + (1− h)Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1

of (2.22) also note that ∂
∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1) ≥ 0, write

p1

p2

∫ 1

0

[
hΩ

σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1) + (1− h)Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1
dh

≤ 2
p1
p2
−2
[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1
. (2.24)

Substitute (2.24) and (2.23) into (2.22) and use (2.19) for l = k̂ + 1, to obtain

Ik̂+1 ≤
2

p1
p2
−1

Mk̂+1

1∫
0

 | log(tk̂+1)|hk̂+1(tk̂+1)Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)[zk̂+1(tk̂+1)]

p1−p2
p1


×
(

[zk̂+1(tk̂+1)]
p1−p2

p1 [Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]

p1−p2
p2

)
∆tk̂+1.

Apply Hölder’s inequality on right hand side with indices p1/p2 and p1/(p1 − p2),

Ik̂+1 ≤ 2
p1(p1−p2)

p2
2

(
1

Mk̂+1

) p1
p2

1∫
0

zk̂+1(tk̂+1)

 | log(tk̂+1)|hk̂+1(tk̂+1)Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)zk̂+1(tk̂+1)


p1
p2

∆tk̂+1.

(2.25)
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Put (2.25) in (2.21) and exchange integrals k̂ times by using Fubini’s theorem on right hand side,

1∫
0

· · ·
1∫

0

k̂+1∏
l=1

zl(tl)[Ω
σ
k̂+1

(tl, . . . , tk̂+1)]
p1
p2 ∆tk̂+1 · · ·∆tl

≤ 2
p1(p1−p2)

p2
2

(
1

Mk̂+1

) p1
p2

1∫
0

zk̂+1(tk̂+1)

 | log(tk̂+1)|hk̂+1(tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)zk̂+1(tk̂+1)


p1
p2

 1∫
0

· · ·
1∫

0

k̂∏
l=1

zk̂(tk̂)[Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]
p1
p2 ∆tl

∆tk̂+1. (2.26)

Therefore use (2.20) for Ωk̂(tl, . . . , tk̂+1) instead of Ωk̂(tl, . . . , tk̂) for fix tk̂+1 in (2.26), to get

∫ 1

0
· · ·
∫ 1

0

k̂+1∏
l=1

zl(tl)
[
Ωσ
k̂+1

(t1, . . . , tk̂+1)
] p1

p2 ∆tk̂+1 · · ·∆t1 ≤ 2
(k̂+1)p1(p1−p2)

p2
2

k̂+1∏
l=1

1

Ml


p1
p2

×
∫ 1

0
· · ·
∫ 1

0


k̂+1∏
l=1

zl(tl)

(
| log (tl)|hl(tl)
tlh

σl
l (tl)zl(tl)

) p1
p2

 f
p1
p2 (t1, . . . , tk̂+1)∆tk̂+1 · · ·∆t1.

Theorem 2.9. Let Tl be time scales and hl(tl) are non-increasing functions on Tl where l = 1, . . . , n̂ and
(2.18) holds for any (t1, . . . , tn̂) ∈ T1×· · ·×Tn̂. Suppose p1, q1 > 0 such that p1/p2 ≥ 2, also for tl ∈ [1,∞)Tl

,

1 +
p1

p2

| log(tl)|h∆l
l (tl)Ωl(σ1(t1), . . . , σl−1(tl−1), tl, . . . , tn̂)

hσll (tl)Ω
σl
l (σ1(t1), . . . , σl−1(tl−1), tl, . . . , tn̂)zl(tl)

≥Ml, ∀Ml > 0 (2.27)

Then the following inequality holds

∫ 1

0
· · ·
∫ 1

0

n̂∏
l=1

zl(tl)[Ω
σ
n̂(t1, . . . , tn̂)]

p1
p2 ∆tn̂ · · ·∆t1

≤
(
p1

p2

) n̂p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∫ 1

0
· · ·
∫ 1

0

{
n̂∏
l=1

zl(tl)

(
| log (tl)|hl(tl)
tlh

σl
l (tl)zl(tl)

) p1
p2

}
f

p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1. (2.28)

Proof. To prove the required result, we use mathematical induction method. For n̂ = 1, the statement is
true by [12, Theorem 2.10]. Let (2.28) holds for 1 ≤ n̂ ≤ k̂.

To prove the result for n̂ = k̂ + 1, consider (as in the proof of Theorem 2.8)

Ik̂+1 =

∫ 1

0
zk̂+1(tk̂+1)

[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2 ∆tk̂+1.

Integrate by using parts formula (1.5) with

ξ1
∆ = zk̂+1(tk̂+1), ξ2

σ = [Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]

p1
p2 ,

to obtain

Ik̂+1 ≤
1∫

0

|log(tk̂+1)|

(
∂

∂tk̂+1

[Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]
p1
p2

)
∆tk̂+1. (2.29)



D. Ahmad, K. A. Khan, A. Nosheen, Journal of Prime Research in Mathematics, 17(1) (2021), 21–34 32

Apply the chain rule formula (1.4), see that there exists ck̂+1 ∈ [tk̂+1, σk̂+1(tk̂+1)] such that

∂

∂tk̂+1

[Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]
p1
p2

=

(
p1

p2

)
[Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), ck̂+1)]

p1
p2
−1

(
∂

∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

)
. (2.30)

Use the fact that ∂
∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1) ≥ 0 from (2.23), also σk̂+1(tk̂+1) ≥ ck̂+1 implies

Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1) ≥ Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), ck̂+1) in (2.30), to get

∂

∂tk̂+1

[Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]
p1
p2

≤
(
p1

p2

)[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1
(

∂

∂tk̂+1

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

)
. (2.31)

Put (2.23) of Theorem 2.8 and (2.31) in (2.29),

Ik̂+1 ≤
p1

p2

1∫
0

(|logtk̂+1|)
[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1

 hk̂+1(tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)

Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

∆tk̂+1

− p1

p2

1∫
0

(|logtk̂+1|)
[
Ω
σk̂+1

k̂+1
(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

] p1
p2
−1

h∆k̂+1

k̂+1
(tk̂+1)

h
σk̂+1

k̂+1
(tk̂+1)

Ωk̂+1(σ1(t1), . . . , σk̂(tk̂), tk̂+1)

∆tk̂+1.

Proceed similar to the proof of Theorem 2.8 and use (2.27) , to get

1∫
0

· · ·
1∫

0

k̂+1∏
l=1

zl(tl)[Ω
σ
k̂+1

(tl, . . . , tk̂+1)]
p1
p2 ∆tk̂+1 · · ·∆tl

≤

(
p1

Mk̂+1p2

) p1
p2

1∫
0

zk̂+1(tk̂+1)

 | log(tk̂+1)|hk̂+1(tk̂+1)

tk̂+1h
σk̂+1

k̂+1
(tk̂+1)zk̂+1(tk̂+1)


p1
p2

 1∫
0

· · ·
1∫

0

zk̂(tk̂)[Ωk̂(σ1(t1), . . . , σk̂(tk̂), tk̂+1)]
p1
p2 ∆tl

∆tk̂+1. (2.32)

Use (2.28) for Ωk̂(tl, . . . , tk̂+1) instead of Ωk̂(tl, . . . , tk̂) for fix tk̂+1 in (2.32), to obtain

∫ 1

0
· · ·
∫ 1

0

k̂+1∏
l=1

zl(tl)
[
Ωσ
k̂+1

(t1, . . . , tk̂+1)
] p1

p2 ∆tk̂+1 · · ·∆t1 ≤
(
p1

p2

) (k̂+1)p1
p2

k̂+1∏
l=1

1

Ml


p1
p2

×
∫ 1

0
· · ·
∫ 1

0


k̂+1∏
l=1

zl(tl)

(
| log (tl)|hl(tl)
tlh

σl
l (tl)zl(tl)

) p1
p2

 f
p1
p2 (t1, . . . , tk̂+1)∆tk̂+1 · · ·∆t1.



D. Ahmad, K. A. Khan, A. Nosheen, Journal of Prime Research in Mathematics, 17(1) (2021), 21–34 33

Theorem 2.10. Let p1, q1 > 0 be such that p1/p2 ≤ 2. Assume that hl(tl) are non-increasing function on
time scales Tl where l = 1, . . . , n̂. Let Ωn̂(tl, . . . , tn̂) be defined in (2.18) and assume that (2.19) holds for
some constants Mj > 0. Then

∫ 1

0
· · ·
∫ 1

0

n̂∏
l=1

zl(tl)(Ω
σ
n̂(t1, . . . , tn̂))

p1
p2 ∆tn̂ · · ·∆t1

≤ (2n̂)
p1
p2

(
n̂∏
l=1

1

Ml

) p1
p2 ∫ 1

0
· · ·
∫ 1

0

n̂∏
l=1

zl(tl)

(
| log(tl)|hl(tl)
tlh

σl
l (tl)zl(tl)

) p1
p2

f
p1
p2 (t1, . . . , tn̂)∆tn̂ · · ·∆t1.

Proof. Apply the inequality (2.16) on the term [hΩσ + (1− h)Ω]
p1
p2
−1

when p1/p2 ≤ 2, to have

p1

p2

∫ 1

0
[hΩσ + (1− h)Ω]

p1
p2
−1
dh ≤ p1

p2

∫ 1

0
[h

p1
p2
−1

(Ωσ)
p1
p2
−1

+ (1− h)
p1
p2
−1

Ω
p1
p2
−1

]dh

=
[
(Ωσ)

p1
p2
−1

+ Ω
p1
p2
−1
]
≤ 2(Ωσ)

p1
p2
−1
. (2.33)

Proceed as in prove of Theorem 2.8 and further use (2.33) to complete the result.

3. Conclusion

In this paper several Hardy type inequalities involving several variables are proved by using time scales
calculus, The obtained inequalities are also discussed in quantum calculus, differential calculus and α discrete
calculus where α > 0.

Moreover, similar to inequalities given in Corollary 2.2–Corollary 2.4, which we get by choosing special
time scales in Theorem 2.1, we can obtain inequalities by choosing special time scales in Theorem 2.6–
Theorem 2.10.

It is also possible to establish inequalities in more general settings by using the functions Zl(tl) instead
of zl(tl) in Theorem 2.6–Theorem 2.10, as we have done in Corollary 2.5.
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