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Abstract

The core idea of this paper is to provide the Opial-type inequalities for Hadamard fractional integral operator
and fractional integral of a function with respect to an increasing function g. Moreover, related extreme
cases and counter part of our main results are also given in the paper.
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1. Introduction and Preliminaries

Mathematical inequalities play very significant role in development of all branches of mathematics. In
1960, Opial [I] presented a fascinating inequality which is called Opial’s inequality afterwards. Opial-type
inequalities have importance in applications in the theory of ordinary differential equations and boundary
value problems. A large number of research papers have appeared in literature, for example, (|2} 3] [4, 5]).
Willett [2] considered the Opial-type inequality which involves a higher order derivative. Later Beesak and
Das [3] found a more general result but all generalization of Opial-type inequalities only involve a higher
order in one order derivative at the left side of the inequality until now. Yang [6] has established some
interesting generalization of the Opial’s inequality by using the Mallows method [7].

The Opial’s inequality is stated as:

Theorem 1.1. Let a > 0,® € C1[0,a] with ®(a) = ®(0) = 0 and ®(¢) > 0 on (0,a), then
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the constant § is the best possible.

Agarwal, Pang and Alzer ([§]-[10]) considered the wide range of Opial-type inequalities including ordinary
derivatives with their application in differential equation and difference equation. Recently, Igbal et al. [I1]
gave Opial-type inequalities for two functions with applications. Here our main interest is to give the Opial-
type inequalities using Hadamard fractional integral operator and fractional integral of a function with
respect to an increasing function g with related extreme and counter case of main results.

Next we give the definition of left-and right-sided Hadamard fractional integrals of order « see [12].

Definition 1.2. Suppose (a,b),0 < a < b < 0o be a finite or infinite interval of the half-axis Ry and o > 0.
The left-and right-sided Hadamard fractional integrals of order « are defined by

§ a—1
(Jar ®)(§) = F(la)/ <log§> (I)(:]?)dn,é > a, (1.1)
b a—1
(S @)(€) = P(la)/ <log2.> q)(?d”,é <b, (1.2)
¢

respectively. Here I represents usual Gamma function defined by
[e.e]
INa) = /Ta_le_TdT, R(a) > 0.
0

Next we give the definition of the left-and right-sided fractional integrals of a function ® with respect to
an increasing function g in [a, b], see [12].

Definition 1.3. Assume (a,b),—0co0 < a < b < oo be a finite or infinite interval of the extended real line
R and « > 0. Also assume on (a,b], g be the increasing function and on (a,b), ¢’ is a continuous function.
The left-and right-sided fractional integrals of a function ® with respect to another increasing function g in
[a, b] are defined by

£
1 "(n)®(n)d
12O = 1y [ oo i o (1)
b
1 "(n)®(n)d
00900 = 17 [ G g€ < 4
3

respectively with g(&) # g(n).

2. Opial-type inequalities for Hadamard fractional integral oprator
First we shall give the Opial-type inequalities involving Hadamard fractional integral operator.

Theorem 2.1. Let (Jg, @) be the left side Hadamard fractional integral operator of ® of order .. Let 0 >0
and a measurable function A >0 on [a,x]. Let s >1,0< q<s and p> 0. Assume ®,¥ € Lg[a,b]. Then
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where
SPE)), (2.1)
and

1-2 ]
dp:{2 “» 0spsg (2.2)
q .

Proof. Let § € [a, ], using the identity (1.1) and Hélder’s inequality for conjugate exponent { *7,s}, we
have
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where ¢
V() = / o) () *dn. (2.4)
Take ¢
W(e) = / o(m)|® () *dn. (2.5)
Then ’ , »
D(6)7 = W' ()]* [o()] (2.6)
Now and imply that
AOJL W) (E)P|B(E)]T < UE)[V ()] W' (€))%, (2.7)
e (6) = ———A©)o(©)] [P
TP '

Integrating and applying Holder’s inequality for conjugate exponent {ﬁ, 3}7 we obtain

/ AE) (T2 D) (E)P|D(E)|9(de) < ( / [U(f)]s%dg) ( / [V(ﬁ)]ZW’(i)d£) . (2.8)
Similarly, we can write

/ A(E)|(J2, @) ()| (€) de < ( / [U(gnssqu) ( / [W(&)}Z’v’@)dg) . (2.9)

Now, we use the inequality

c(A+0) < A+ 0° < d (A +O), (A, 0 > 0), (2.10)
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where
0<e< 1y

_J L <
€T\ 2lve, e>1.

And
i = 2l=¢ 0<e<1;
<1, e>1.

Therefore from ([2.8)), (2.9) and (2.10) with s > ¢ we conclude that

T

/A(ﬁ) (T )OI + (Jey YO[B (§)]] dE

a
8$—4q q
s

< ( / [U(é)]ssqdf) 2'=% (/ (V1w E) + W©iv'©)] df) . (2.11)

a a

Since V(a) = W(a) = 0 then with follows
/ [V©OITW'(€) + W1V (©)] de < —L(de — 270V () + W(@)] 5™, (2.12)

Hence from and , we conclude that
/A(ﬁ) [T D) EPIRENT + (o @) ()P (€)|7] d€

a
$—=4q ptaq

<2'"s (ziq)z(d —27)Z (/[U<§>];ng) | (/e(n)[Q(n)s+W(n)S]dn) | |

a a

Qs

The proof is complete. O
Next for s = oo we present the extreme case of Theorem

Theorem 2.2. Let (J& ®) be the left side Hadamard fractional integral operator of ® of order . Let A > 0
be measurable function on [a,z|, and p,l1,lo > 0 and &,V € Ly[a,b]. Then
[ Iz s DO ROF + U U wE " ver] d

a

/ arli+asls
1
. </ (o2 (3)) dg) 5 1120 )22 w2 2]

a

B [\l
where N = (M M a2

Proof. Let & € [a, x], using identity (1.1)) the triangle inequality and Holder’s inequality, for i = 1,2 we have
l;

§ a;—1 o E Vo
D < o (/ (106 (%)) ;dn) 2l = ool (213

By analogy for i = 1,2 we get

(log(&))kes
s (2.14)
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Also [(&)P < [|®][5, and [W(E)[P < ||¥|[%. Hence
(log<§))lla1+12a2
a

a1 l1 o) 2 p 1+p 2
RO OB < =B (2.15)
Likewise
o EV a1 +laas
|<J;$<I>><£>|l2|<J;w><e>vl|x11<£>|pg og(,)) 112w+, (2.16)

[C(on + D] (o2 + 1))

From and (| - ) follows

/A |(J2L @) (T3 DY Q=R P + (57 )OI (JL 2O [T ()| d

SE— )| W['FZOQ — ( / (log (§>)z+z df)

1
g (1Rl 4 )2 4 w22 + |l 2]

r: é‘ arli+asls 1
=N (/ <1°g <a dg | 5 [HRUE) + (|02 + |22 + || w2+

a

This completes the proof. O
In the next theorem the counter part of Theorem [2.1]is given.

Theorem 2.3. Let (J3, ®) be the left side Hadamard fractional integral operator of ® of order oo . Assume
A > 0,0 > 0 be measurable functions on [a,z]. Let s <0,q >0 and p > 0. If ®,V € Lg[a,b], each of which
is of fized sign a.e. On [a,b], also é, % € Lgla,b]. Then

/ AE) [[(JE, D) E)PIBE)]7 + (T3, @) ()| (€)]7) de

s—q p+q
xT x

> g1t (05_2—5)3(]&)3 ( / [U(g)}fqu) S ( / 9(n)[<1>(n)s+‘1'(n)s]dn) -

a a

where U(§) is defined by (3.5)).

Proof. Let £ € [a,x] using the identity (1.1 the triangle inequality and reverse Holder’s inequality for
{27, s} we have

(O (9] = = lo(m)] % (n)dn

s(a—1)

(
j [(lgj) (;)&[@m)]—s@—w] ] ( i g(mqf(n)sczn)
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Let V(&) and W(§) be difened by (2.4) and (2.5)) respectively. Then

—-q

D()]7 = [W'(€))5[0(€)] - (2.18)
Now and imply that
OIS D) (E)P|@(E)]7 > UV (E))* [W'(€)]5, (2.19)

th)qere U(&) defined by 1D Integrating 1} and applying reverse Holder’s inequality for {ﬁ, 3} we
obtain

s—q q
T

/ AT D) (E)P|@(€)|ode > ( / [U(g)]ssqdf) ( / [V<§>]5W’<§>d5) | (2.20)

a a a

Similarly

s—q q
S

/ AE) (T2, ®) () |0 (€)|ode > ( / [U(@Mdf) ( / [W(g)]‘?v%»s)dg) | (2.21)

a a a

Therefore from and with s > g we conclude that
/A(E) (e TP + (T3 @) ()P (E)|7] dg

a
s—q q

> ( / [U(@];ng) B (/ [VE©ITW'(©) + W]V ()] dg)

a a

(2.22)
Since V(a) = W(a) = 0 then with follows
/ VNS (€ + W@ V(©)] de > S (ex =270V () + W]+ (2:23)
Hence from and we conclude that
/)\(E) (T2 D)EPIPE)? + (T2 @) (€)W (8)[7] dE
-4 q % =2 % f = % f s s %
>t (L) (o - 27) ( / [U(g)]sng) ( [ etmiier + e ]dn) .
This complete the result. O

3. Opial-type inequalities for fractional integral of a function with respect to an increasing
function

In this section we shall give the results for fractional integral of a function with respect to an increasing
function g.
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Theorem 3.1. If (I3, ®) be the left side fractional integral of a function ® with respect to an increasing
function g. Let o > 0,A > 0 be measurable functions on [a,x]. Assume s > 1,5 > q > 0 also p > 0. If
O,V € Lg[a,b]. Then

xT

/A(é) (T2 DO IRE)? + (134 g @)W (E)|] dg

=4 ptq

< - (d,;_zf:)z(quf ( / [D(f)]s“qdf) 5 ( / 9(n)[<1>(n)5+‘1’(n)s]dn) 6

a

where

Proof. Let & € [a, x| using the identity (1.3) and Hélder’s inequality for { %5, s} we have

3
(U240 < F* / 1719’ () e(n)] = [o()]* |2 (n)ldn
1 1 1 (o 11) = ; :
< '@ Ol I I Y PO T
- F(a) A, (3.3)
where ¢
A(E) = / o) (n)[*dn (3.4)
Let us choose c
T(€) = / o(n)|® () *dn. (3.5)
Then
T'(€) = 0()|B(€))7,
that is . .
D(6)]7 = [Y(€)]* [o(€)] (3.6)
Now and imply that
MO0 () P|(6)|7 < DAY (€)]7, (3.7)
where
1 q p(s—1)

Integrating (D and applying Holder’s inequality for Ssq q} we obtain

s—q 9

x

/ AE) (I, W) (€) 7] B(€) |7de < ( / [D(s)]ssng) ( / [A(g)ﬁ’r’(&)ds) | (3.8)

a a a
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Similarly

s—q a
T

/ AE) (T2, ®) (€7 T(€)7dE < ( / [D@Mds) ( / [m)]@’A’(odf) |

a a a

Therefore from (3.8), (3.9) and (2.10) with s > ¢ we conclude that

xT

/A(é) (2D IRE)? + (154 y @)L (E)|] de

s—q q

< ( / [D(E)]Ssqdﬁ) E (/ (A1 () + [T(©)7 (&) dg)s.

a

Since A(a) = Y(a) = 0 then with (2.10]) follows

Hence from (3.10) and (3.11]) we conclude that

T

/A(f) [I& g DO IR + (14 g @)W (E)|] dg

x x

(az —27)’ ( / [D(gnfng) | ( [ etmlivele + wen i

a a

This complete the proof.

Example 3.2. If we take g(§) =& and A(§) = 1,0(§) =1,s =2,a =0, in (3.1) we get

©"5
D - D
© = ez 18

z 2 p(2a—1)—q+2
(/[D(é)] 24) = [F(O[)]p[Qa _ 1]§[p(2a;1)*4+2]2%‘1 ’

—-q

and

Then (3.1)) take the form

/ (12 D)L + (15, @) (&) P[w ()[] de
0

g q g mP(2a 1)—q+2
< 21—* dp — 2 4 < ) / 2 . \Il
( 2 ) p+q [F(a)]p[Qa—l] [p(2a 1)— q+2 2— q ‘ |

—-q

where (I, V)(§) denote the Riemann-Liouville fractional integral of order a.

Now we give the extreme case of Theorem [3.1] for s = co.

(3.9)

(3.10)

(3.11)

PTq

. (3.12)
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Theorem 3.3. Let (Ing;g@) be the left side fractional integral operator. Let X > 0 be measurable function

on [a,z], and p,l1,lo > 0 and ®,¥ € Ly[a,b]. Then
[ 30 12,201 122, DO 1ROF +I21,)) " 021, O wE)r] de

a
T

1
<N [ [late) — glaertronts | de g [IFBIED )+ 02 + |2 + |20 7))

a

_ Al
where N = rarDih Mas+ 72

Proof. Let & € [a, x] using identity (1.3)) the triangle inequality and Holder’s inequality, for ¢ = 1,2 we have

[F(e))" [T(c; + 1)t

By analogy for i = 1,2 we get

& i liag
= el < (/ [g<f>g(n>}%1<g’<n>>dn) ol = 9O =gl g 313

— g(a)liei
2t vl < LE=IOEE o

Also [®(E)]P < [|@]%, and [¥(&)[P < [[¥][%. Hence

o5} 1 a2 9 [g(g) B g(a)]l1a1+l2a2 1 2
U O U, DO ROP < o iy B (3.15)

Likewise we can write

s 21/ 7o . o lg(&) — gla))hrortize .
Uz, @@ g O P < XA iy, (3.16)

From (3.15) and (3.16) follows

T

[ (12,1 g2, WO BOF +127, )" 2L, VIO eE)F] de

a

T [Mla+ D] (az + 1))

a

Moo i 1
N ( JGE g(a)]a”ﬁa?b) e [0 4 (1122 + w22 + 2]

f 1
<N (/[9(5) g(a)]o”““’zl?) dé5 [H@Hié““’) + 11132 + [1W[[32 + || 27

a

This complete the result. O
Specially for ly,l; = 0, and g(§) = £ we get the next corollary.

Corollary 3.4. Let (Ig+;g<1>) be the left side fractional integral of a function with respect to an increasing

function g. Let X > 0 be measurable function on |a,x], also p > 0 and &,V € Lya,b].

f / [Alloo (@ = a) | 1113 + [ ]]22
[rOI©OP +[w©FIde < Nl [(@)de x5 B2+ 1212] < ; |

a a
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Now we present the counter part of Theorem for the condition s < 0.

Theorem 3.5. If (IS atig ®) be the left side fractional integral operator of a function ® with respect to an
increasing function g. Suppose o > 0, > 0 be measurable functions on [a,z]. Assume s < 0,q > 0 also
p>0. If &,V € Lga,b], each of which is of fixed sign a.e. On [a,b], also %, % € Lg[a,b]. Then

/A (T2 YOP PO + (T2, )PP de

s—q bTgq

> g1~ (052—5)3(]&)3 ( / [D(&)]s%ds) S ( / Q(n)[<1>(77)s+‘1’(n)s]dn) -

a a

q p(s—1)

where D(§) = [F(;)]pA(g)[Q(@]ig[Q(g)]
Proof. Let £ € [a, r], using identity (1.3 and reverse Holder’s inequality for {*7, s} we have

(Lo U] = /[9(&)—9(77)}‘“19’(?7)[@(?7)]Sl[@(n)]i!‘l’(n)ldn

vV
}1
ok
~

where A(€) defined by (3.4). Choose Y (&) defined by (3.5)), then

T'(§) = ()2,

that is

q

@)1 = [T'()]*[2(€)] - (3.18)
Now and imply that

AOIUa1, V) P12 = D&)A [Y'(E)]+ (3.19)

where D(§) defined by (3.2). Integrating (3.19)) and applying Holder’s inequality for {—- we obtain
s—q’ q

5—q g
T

[Nz wierieede > ( / [D(ﬁ)]ssqdf) ( / [A(s)ﬁf’@)d&) | (3.20)

Similarly

5—q q
T

/ AE) (I, ®) (€)W (£) [ 7de > ( / [D(&)]fng) ( / [T(&)ﬁA’(g)ds) | (3.21)

a a a
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Therefore from (3.20) (3.21)) and (2.10) with s > ¢ we conclude that

T

/A(é) [T& g DO IRE) + |14y @)W (E)|] dg

a

> | [ip@ras ) 2t { [ @t + i)
’ ’ (3.22)
Since A(a) = T(a) = 0 then with follows
f Lot OV q =k Byl
[ [me@niw @ + rn©] d = ey 27w + Y@ (3.23)
Hence from and we conclude that
/)\(5) T2 DO IRE)? + (134 g @)W (E)|] dg
-4 q % 4 % [ P B f s s ptq
2ot (L) (o o) | [ ([ omlemr + v
The result is complete. O

Remark 3.6. If we choose g(x) = logz in results of Section 3, we the results for Hadamard fractional
integrals.

Acknowledgements:

We are thankful to all the organizers of 5* ICPAM, organized by the University of Sargodha, Sargodha,
Pakistan and providing an opportunity to publish precious work in the prestigious journal JPRM. We are
also grateful to the worthy reviewers for valuable suggestions to improve the quality of the paper.

References

[1] Opial, Z. (1960) On an Inequality. Ann. Polon., 8, 29-32.
[2] Willett, D. (1968). The existence-uniqueness theorem for an nth order linear ordinary differential equation. The
American Mathematical Monthly, 75(2), 174-178.
| Beesak, P. R. & Das, K. M. (1968). Extensions of Opial’s inequalities. Pacific, J. Math., 26, 215-232.
] Das, K. M. (1969). An inequality similar to Opial’s inequality. Proc. Amer. Math. Soc,22, 258-261.
5] Lee, K. M. (1968). On a discrete analogue of inequalities of Opial and Yang. Canad. Math. Bull., 11, 73-77.
6] Yang, G. S. (1966). On a certain result of Opial. Z. Proc. Japan Acad., 42,78-83.
7]
I

Mallows, C. L. (1968. An even simpler proof of Opial’s inequality. Proc. Amer. Math. Soc., 16, 173.

Agarwal, R. P. & Pang, P. Y. H. (1995). Opial-type inequalities with application in differential and difference

equations. Kluwer Acad. publ., Dordrecht, 1995.

[9] Agarwal, R. P. & Pang, P. Y. H. (1995). Sharp Opial-type inequalities involving higher order derivatives of two
functions. Math. Nachr., 174,5-20.

[10] Alzer, H. (1997). An Opial-type inequalities involving higher-order derivatives of two functions. Appl. Math.
Lett., 10(4), 123-128.

[11] Igbal, S, Pecarié¢, J & Samraiz, M. (2014). Opial-type inequalities for two functions with general kernels and
applications. J. Math. Inequal. 8(4), 757-775.

[12] Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and applications of fractional differential

equations (Vol. 204). Elsevier.



	1 Introduction and Preliminaries
	2 Opial-type inequalities for Hadamard fractional integral oprator
	3 Opial-type inequalities for fractional integral of a function with respect to an increasing function

