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Abstract

In this paper, we use new definition of left and right conformable fractional integral to obtain some new
inequalities. The results obtained are refinements of existing results.
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1. Introduction and Preliminaries

Recently, a significant number of considerations have been given to fractional calculus due to its various
applications in different field of sciences. In pure and applied mathematics, fractional calculus is the most
developed areas of classical calculus. The development of several fractional operators is a noteworthy feature
of this investigation (See [1}, 2, B, 6], 12], [15]). A more complete overview of the development of this area with
its overlapping with the generalized local calculus can be found at [5], [§] and [9].

Integral inequalities have significant role as these are helpful for the study of different classes of differential
and integral equations.

In this paper, we present new integral inequalities in the framework of conformable fractional integral
of order a.

The class of functions that we will consider in our study is defined below (see [6] and [9]) as:

Definition 1.1. A function h is said to be in L, [0, 4+00) space if

1
a2 o

q
Lorl0,00) = (1 il oy = ([ I005705)"
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where < 400, 1<g¢ <400, 7 >0} and for r =0, we have

Lq[0a+oo) = {h:HhHLq[O,-i-oo)

a2
= </ |h(s)]qu> s +00, 1<¢q< +o0}.
al

In [8], the following functional class is defined as:

Definition 1.2. Let h € L;1[0,400) and ¥ be an increasing and positive monotone function on [0, +o00)
and U’ is also continuous on [0,+00) and ¥(0) = 0. The space XJ,(0,400) where 1 < ¢ < 400 of those
real-valued Lebesgue measurable functions h on [0, +00) for which

1
as =
iy = ([ 15 ) <o, 150 < 4o

al
Based on the previous definition, there is another functional class defined as:

Definition 1.3. Let h € L1[0,400) and F' continuous and positive function on [0, +00) with F'(0) = 0. The
space X (0, +00)(1 < ¢ < 4+00) of those real-valued Lebesgue measurable functions h on [0, +00) for which

1
as =
Ity = ([ @GS < oo 1< 400,

al

and for the case ¢ = 400

12l o0 = ess sup [F'(s)h(s)] -

Remark 1.4. If F(t) =1, 1 < g < +o0 the space X} (0, +00) coincides with the Ly[0, +00)-space.
Remark 1.5. If F(t) = 1 the space X (0, +00) coincides with Ly [1,400)-space (see [10, 16} [I7]).

More and more researchers have dedicated themselves to this area [0, [7]. A more complete overview of
the development of this area with its overlapping with the generalized local calculus can be found at [4] and
[18].

To make the work easier to read, we begin by these definitions for fractional integrals and derivatives,
here authors proved that (see [14]):

and

where 6 > 0 and f is a positive continuous function on [0, 1] such that

1

/:F(s)dsz/ sds, uc[0,1].

u

Then in [12] , W. J. Liu et al. established the following result:

/ ’ ForB(s)ds > / b(s — @) FB(s)ds.

a a
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Definition 1.6. [I8](Left Conformable derivative). Let a function F': [uj,us] — R, where 0 < u; < ua.
Then left conformable fractional derivative of F' of order « is defined as:
G(T+eT~T —uy)) — G(T)

6(1 — uleo‘) ’

Dy, (G)(T) = lime 0

where T > uy, a € (0,1) and T # u;.

Theorem 1.7. Let T > uy, a € (0,1) and T # uy, we have following results for left conformable fractional
derivative of order

(1) D (aF +bG) = aDy, (F) £bDg (G),
(it) Dy (FG) = FDg, (G) + GDg, (F),
(iii) D ( ) = GDg, (F)G;}«“fo1 (G)’

(iv) D5 () = 0,

(v) D ( ") = LTa)),wherenER
(vi) D3, (F o G) = F'(G(T) DS, (G(T).
(vii) D, (G(T)) = (7= z)Gm.

Proof. (vii) We know
G(T4+eT T —u))—G(T)
6(1 — ul—l——"‘) '

Dy, (G)(T) = lime 50

Substitute e T~*(T — uy) = ¢, we have

o T - . G(T+4)—-G(T
Dul(G)(T):Wi_uullhmeeo ( ) ( )

Now, we will define right conformable derivative as:

Definition 1.8. (Right Conformable derivative). Let a function F : [uy, us] — R, where 0 < u; < uy. Then
right conformable fractional derivative of F' of order « is defined as u
G(T+eT %ug—T))—G(T)

6(1 — 'LLQT_Q) ’

D, (G)(T) = —lime 0

where T < ug, a € (0,1) and T # ug.

Theorem 1.9. Let T < ug, a € (0,1) and T # ug, we have following results for right conformable
fractional derivative of order o

vi) D (F o > F/(G(T))Dg,(G(T)),
vii) D3, (G(T)) = (22 ) G'(T).

(i) D (aF +bG) = aDg, (F) £ bDg, (G),
(it) Dg,(FG) = FDg, (G) + GDg, (F),
() D3 (5) — Sl 5@

(iv) DS, (c ) = 0,

(v) Dg,(T") = <u1;2:TTa) , where n € R,
(

(
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Proof. (vii) We know

G(T+eT%ug—T))—G(T)
5(1 — UQTfa) '

Dy, (G)(T) = —lime 0

Substitute e T~*(ug — T) = ¢, we have

-7 T+6)-G(T
D2, (@)(T) = 2=, SO =C0)
-

O

Definition 1.10. Let a function G : [u1,u2] — R, where 0 < u; < ug. Then left conformable fractional
integral of G of order « is defined as:

/ Gl =) g, (1.1)

u—ul)
where T > uy, a € (0,1].

Definition 1.11. Let a function G : [u1, u2] — R,where 0 < u; < ug. Then right conformable fractional
integral of G of order « is defined as:

/ G(u) 2_“)du (1.2)

(ug — u)
where T < ug, a € (0, 1].

Remark 1.12. When o = 1 and u; = 0, we obtain from (1.1)) :

_ /0 ! )

Remark 1.13. When o = 1 and uz = 0, we obtain from ((1.2) :

= /OT G(u)du

In [I1] and [12], the following two theorems were proved.

Theorem 1.14. Let F' and G be continuous and positive functions defined on the interval [a,b], such that
F < G on [a,b]. Such that g is decreasing and F is increasing. Assume that ® is a convex function
¢ : ®(0) =0. Then the inequality

holds.

Theorem 1.15. Let F, G and H be three continuous and positive functions defined on the interval [a,b],
such that FF < H on [a,b]. Such that % is decreasing and F and G are increasing. Assume that ® is a
convez function ® : ®(0) = 0. Then the inequality

holds.
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2. Main Results

In this section we obtain new integral inequalities within the framework of the generalized operators of

the definition [L10] and [L.T11

Theorem 2.1. Let F' and G be continuous and positive functions defined on the interval [1,400), such that
F < G. Under the condition that g is decreasing and F is increasing over [1,400), then for any convex
function Q that satisfies Q(0) = 0, the following inequality holds:

(2.1)

where o € (0, 1].

Proof. Utilizing the convexity of © and from the fact that (0) = 0, the function Q(i(u)) is increasing and F’

is also increasing, then we have the increasing function ngs;)) Using the fact that g is decreasing function,
QF QF F F
(F) _QFW)\ (F) _ FO) | )
F(v) F(u) G(u) G(v)

for all u, v € [1,+00). From the inequality (2.2)), we have

QFW) F(u) | UF@W) F)  QAF(W) Fu) | AF@)) Fv) (2.3)
Fv) G(u)  F(u) Gv) ~ F(u) G()  F(v) G) '

On multiplying inequality (2.3)) by G(v)G(u), we obtain

%ﬂ?bwﬂm+%%?GWﬂmzMﬂ@W@+WﬂWWW- (24)

Multiplying the inequality by (ZL:__J?)) and integrating the above inequality over (u1, T) w.r.t. u, we
obtain

EED oy, )y + 15, [ m)] £ 25)

)
> 15 [QF(T)]Gv) + QF W)L, [G(T)].

Similarly, multiplying the inequality (2.5) by % (v ”1)), integrating the resulting inequality over (uq, T) with
respect to v, we obtain

%Vwmmﬂmwmwﬁmmﬁwmmwﬂ

F(T) F(T)
= 1y [QUF(T) I [GOT)] + I, [F(T))] L [G(T)], (2.6)
We have from
Ia, [F(T)] I, [Q(F(T))]

> .
Jo ™ — QF(T
WG] g | 206
Since, F' < G and the from property of €2, it is easy to obtain that

O(F(T)) _ QG(T))

FOT) = G(T) , T € lar,+00)
Then in the same way, we obtain
i, | e < e 1)

By utilizing (2.7 in (2.6)), we obtained the required inequality (2.1]). O]
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Remark 2.2. If u; =a, T =b and a = 1, then we obtain Theorem

Theorem 2.3. Let F' and G be continuous and positive functions defined on the interval [1,400), such that
F < G. Under the condition that g is decreasing and F is increasing over [1,4+00), then for any convex
function Q that satisfies Q(0) = 0, the following inequality holds:

15 (UG, [F(T)] + L [F(T)] L, [Q(G(T))] (2.8)
> I [QF(T))] L, [G(T)] + 15, [QF(T)] L, [G(T)]
with T € (0,1].
Proof. Utilizing the convexity of Q and from the fact that (0) = 0, the function Q(IL(")) is increasing and F’
is also increasing, then we have the increasing function ngs;)) Using the fact that g is decreasing function,
QFW)  QFw)\ (Fu) F@)
— — >0 2.9
e~ ) (e - a) 2° 29

for all u,v € [1,+00). From the inequality (2.9, we have

QF (W) Fu) | Q(F(u) F(v)

(v)
F(v) G(u)  F(u) G(v) : (2.10)

>

u)
On multiplying inequality (2.10) by G(v)G(u), we obtain
(u

A Gy rw) + XD Gy ) > (F@)GW) +2F0)GW) (2.11)

F(u
If we multiply the inequality (2.11]) by % and integrating the resulting inequality over (uj, T) with
respect to u, we obtain

QF(v))

\_/

e ewn, e+, [P em] o)

> L, [QF(T))] G(v) + QF ()1, [G(T)]. (2.12)
Similarly, multiplying the inequality (2.12]) by (zj::v?)), integrating the resulting inequality over (uq, T) with
respect to v, we obtain

QF(T))
(

1 [AE ] g 1o+ 1, e 1, [ )|

> L [QFC)] L (G + L [QUF(T))], [GOT)] (2.13)
Since F' < G and using the property of €, it is easy to obtain that

QF(u) _ QG (W)
Flu) = G

(u )) G(u) and integrating the above inequality over (uj, T) with

(u—u1

,u € [ay, +00)

If we multiply with both sides with
respect to u, we obtain

1z, |2 en)| < 1 e, 214
Similarly. we obtain
1, [AE o] < e 215)

By utilizing inequalities (2.14]) and (2.15) in (2.13)), we obtained the required inequality. O
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Remark 2.4. If v = a in we obtain Theorem
Remark 2.5. If u; =a, T =b and v = a = 1, then we obtain Theorem

Theorem 2.6. Let F' and G be continuous and positive functions defined on the interval [1,+00), such that
F < G. Under the condition that g is decreasing and F' is increasing over [1,400), then for any convex
function Q that satisfies Q2(0) = 0, the following inequality holds:

L, [UGT)] g, [F(T)] + I, [F(T)] g, [AG(T))]
> L, [Q(F(T))] L, [G(T)] + L, [QCF(T))] g, [G(T)], (2.16)

where « € (0, 1].

Proof. Utilizing the convexity of Q and from the fact that (0) = 0, the function Q(i(u)) is increasing and F’

is also increasing, then we have the increasing function % Using the fact that g is decreasing function,
UFW) _ QF@)Y (Fw _F@) | o o17)
F(v) F(u) G(u) G(v)

for all u,v € [1,400). From the inequality (2.17), we have

QFW)) Flu) | QF W) Fv)

Fv)

> +

F(u) G(v) F(u) G(u) F(v

On multiplying inequality (2.18 - by G(v)G(u), we obtain
(

(
L UFW)

(ug—u®)

~Fay CWFW) 2 AFW)GW) + AFW)C(w).

W) (2.18)

(2.19)

Multiplying both members of above inequality by =) and integrating the resulting inequality over

(T, ug) with respect to u, we obtain

QF(v))

(F

a o (M)
Fiv) G(v) I, (F)(T) + I, [ FIT) G(T)| F(v) (2.20)

> I, [QF(T))] G(v) + QF ()1, [G(T)].
Similarly, multiplying the inequality (2.20]) by (ZZQ__UU)), integrating the resulting inequality over (T, ug) with

respect to v, we obtain

@P%@Qﬂ%wmw@mmw{

>mw (2.21)
> Iy, [QF ()] I3, [G(T)] + I, [QF(T))] I, [G(T)] .

Since, F' < G and the properties of (2

QF(T) _ 2AG(T)
F(T) < GIT) , T € [ar, +00).
It is easy to obtain that
i, | e < e, 222
and
1 [ )] < o), 223)

By utilizing (2.22)) and (2.23]) in (2.21)), we obtained the required inequality.
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Remark 2.7. If ug =vo =b, T =a and a = 1, then we obtain Theorem
O

Theorem 2.8. Let F' and G be continuous and positive functions defined on the interval [1,+00), such that
F < G. Under the condition that g is decreasing and F' is increasing over [1,+00), then for any convex
function Q that satisfies Q(0) = 0, the following inequality holds:

o QUGN LG, [F(T)] + I3, [F(T)] Ly, [2G(T))] (2.24)

>I” [QECTNI (G + L5 [QE(T))] g, [G(T]

where « € (0, 1].

Proof. Utilizing the convexity of © and from the fact that (0) = 0, the function Q(Fu(u)) is increasing and F'

is also increasing, then we have the increasing function % Using the fact that g is decreasing function,
QUF QUF F F
(F0) _ Q(F@)Y (F _F@)Y | o 2.25)
F(v) F(u) G(u)  G(v)

for all u,v € [1,+00). From the inequality (2.9, we have

QUF(v)) F(u)  QF() F(v) _ QF(u) Fu)  QF()) F(v)
FO) G T Flw) Gw) - Fw) G Fu) G) (2.26)
On multiplying inequality (2.10) by G(v)G(u), we obtain
UFW)) o QUF)
Fi) G(v)F(u) + Flu) Gu)F(v) > Q(F(u)G(v) + QF(v))G(u). (2.27)

(u2—u?)

(u U)’

Multiplying both sides of above inequality by and integrating the resulting inequality over (T, us)

with respect to u, we obtain
WFW) .. ( ,
e ewn, rml+ [P em] o) (2.28)
> 1, [QF(T)]G) + QF W)L, [GT)].-

Similarly, multiplying the inequality ([2.28)) by (E’:;fil)), integrating the resulting inequality over (T,v;) with

respect to v, we obtain

Q(F(T))

I [Q(FF((TT)))G(T)] 13, [F(T)] + 12 [F(T)] 12, [(((TT)))G(T)]

> L, [QF(T)] L, [G(T)] + L5, [QF(T)] L, [G(T)] . (2:29)
Since, F' < G and from the properties of €2, it is easy to obtain that
AF() _ QACwW)

u € [ay,+00)

F(u) Gu) ~

If we multiply both sides with (Z‘j;g))G(u) and integrating the resulting inequality over (T,ug) w.r.t. u, we
obtain Q(F(T))

I | ———2G(T)| < IV [QUG(T))]. 2.

L | em] < ) (2.30)
Similarly, we obtain

QF(T))

IY | ——2G(T)| <IT [QG(T))]. 2.31

s [ e < o ) 2.31)
By utilizing (2.30) and (2.31)) in (2.29)), we obtained the required inequality. O]

Remark 2.9. If us =vo =b, T =a and a = v = 1, then we obtain Theorem
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3. Conclusion

We established some new inequality for new conformable left and right fractional Integrals. The existing
inequalities can be established from new established inequalities as special cases.
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