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Abstract

The purpose of this paper is to introduce the fuzzy LP-Spaces. We give some basic definitions and main
properties of fuzzy spaces. The fuzzy Holder’s inequality will be proved. Also we show that the dual of
fuzzy LP-spaces is fuzzy L9-spaces, where the scalars p and ¢ are conjugate exponents.
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1. Introduction and Preliminaries

In many cases of the modeling of the real world phenomena, fuzzy initial value problems appear naturally,

since information about the behavior of a dynamical system is uncertain. In order to obtain a more adequate
model, we have to take into account these uncertainties [I]. So it is important to develop fuzzy mathematics
and introduce the formulas for the fuzzy operations. More recently, the literature on fuzzy numbers has
grown in terms of contributions to the fuzzy arithmetic operations. In general, the arithmetic operations
on fuzzy numbers can be approached either by the direct use of the membership function (by the Zadeh
extension principle) or by the equivalent use of the a-cuts representation (introduced by Goetschel and
Voxman in [2]). By this approach, it is possible to define a parametric representation of fuzzy numbers that
allows a large variety of possible shapes (types of membership functions) and is very simple to implement,
with the advantage of obtaining easily a much wider set for standard model the lower and upper extremal
values of the a-cuts.
As we know that the subject of classical LP-spaces have been extensively studied. They are special examples
of Banach lattices. Several techniques have been applied to prove existence of solution of integral equations
on LP-spaces. In [3], the authors presented existence of solutions of integral equations of convolution type
on LP-spaces. In [4], existence and finding an approximation of a continuous solution of nonlinear integral
equations of Volterra types is proposed. Also in [5] and [6], authors studied fuzzy metric spaces.
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In this work, we shall introduce the fuzzy LP-spaces by using the a-cuts of fuzzy numbers and by using
fuzzy integration. The organization of the paper is as follows: Section 2] contains a brief explanation about
the fuzzy numbers and the notations that we will use. In Section [3| we introduce the fuzzy LP-spaces, some
basic definitions and main properties of these spaces is given in details and fuzzy Holder’s inequality, is
proved. Also the dual of these spaces are considered.

2. Preliminaries

In this section, the most basic notations, which are used in this paper will be introduced. We start with
the essential concepts of fuzzy set theory. The notion of a fuzzy set is an extension of the classical notion
of a set. In classical set theory, an element either belongs or does not belong to a given set. By contrast,
in fuzzy set theory, an element has a degree of membership, which is a real number from [0, 1], in a given
fuzzy set.

In the following definition the concept of fuzzy set is given:

Definition 2.1. The fuzzy set A in X is the set of ordered pairs A = {(x,p)|z € X}, where p: X — [0,1]
is called the membership function associated with the fuzzy set A. The values of u represents the degree of
membership of x in A.

We now recall the definition of a fuzzy number.
Definition 2.2. A fuzzy number is a function u : R — [0, 1] satisfying the following properties.
a. u is upper semicontinuous on R,
b. u(z) = 0 outside of some interval [c, d],

c. there are the real numbers a,b : ¢ < a < b < d, such that u is increasing on [c, a|, decreasing on [b, d] and
u(z) =1 for each z € [a, ],

d. u is fuzzy convex set (that is u(Az + (1 — N)y) > min{u(z),u(y)}, Vz,y € R, A€ [0,1)).

The set of all fuzzy numbers is denoted by Rp.
Fuzzy number can also be represented via their a-cut as follows:

Definition 2.3. For any u € Rp the a-cut set of w, is denoted by [u|® and is defined by
[u]* ={z € R| u(x) > a}, where 0 < a < 1. The notation,

[u]* = [u*u"], a<€l0,1],
denotes the lower and upper extremal value of the a-cuts, in the other words
(0% —Q

u® = minfu]®, T" = max[u]”.

An arbitrary fuzzy number u is represented, in parametric form, by an ordered pair of functions u = (u, u),
which define the end points of the a-cut, satisfying the three conditions:

a. u is a bounded non-decreasing left continuous function on [0, 1],
b. @ is a bounded non-increasing left continuous function on [0, 1],
c. u(r) <a(r),0<r<1.
For arbitrary u = (u,u), v = (v,7), we define addition (u + v) and multiplication by real k as
(utv)(r) =u(r) +o(r), (utv)(r)=mulr)+v(r),
ku = (ku,ku), k>0, ku= (ku,ku), k<O.
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Definition 2.4. For arbitrary fuzzy number u = (u,%), v = (v,7) the Hausdorff distance between these
fuzzy numbers given by D : Rp x Rp — R U {0}

D(u,v) = sup max{| u(r) —u(r) |, u(r) —v(r) |},
rel0,1]

where D is a metric on Ry and has the following properties(see [7]).
a. D(u®w,v®dw) = D(u,v), Yu,v,w € Rp,

b. D(k®u,k ®v) =| k| D(u,v),Vk € R,u,v € Rp,

c. D(udv,wde) < D(u,w)+ D(v,e),Vu,v,w,e € Rp,

d. (Rp, D) is a complete metric space.

Definition 2.5. The function f : T C R — Rp is called a fuzzy function, and the a-cut set of f is
represented by

f(t,a) = [f(t.a), f(t,0)], a€[0,1],t€T,

where f(t,a) = f(t)*, f(t, ) = f()".

A fuzzy function may have fuzzy domain and fuzzy range. So the function f : Rp — Rp is also a fuzzy
function. More details about the fuzzy function can be seen in [2].

Definition 2.6. Let f : R — Rp be a fuzzy function. We say that f is continuous at tg € R, where we
consider the natural metric on R and the defined Hausdorff distance on Ry as above, i.e. if for an arbitrary
€ > 0, there exists § > 0 such that

[t —to |< 6 = D(f(1), f(to)) < e.

Proposition 2.7. The fuzzy function f : R — Rp is continuous if and only z'fi,? are uniformly continuous
functions respect to a.

Proof. Let f: R — Ry be a fuzzy continuous function at a point tg € R, according to the definition, for an
arbitrary € > 0, there exists § > 0 such that

|t —to |<d = D(f(?), f(to)) <,
D(f(t), f(to)) = sup max{| f(t,a) — f(to, @) |,| f(t,@) = f(to, @) |},

a€l0,1]
so we have,
sup | f(t, @) — f(to,a) | < D(f(1), f(to)),
a€l0,1]
and

sup | f(t, @) — f(to, ) | < D(f(t), f(to))-
a€l0,1]
And so f and similarly f are uniformly continuous functions on {(to, @)|a € [0,1]}.
Now let f, f are uniformly continuous functions on {(to, )| € [0,1]}. So for each € > 0 there exists § > 0
such that,

| t—to|<d= sup | f(t,@)— f(to,a) |[<e, sup | f(t,a)— f(to, ) |<e

a€l0,1] a€l0,1]
So,
max( sup | f(t,a) = f(to,a) |, sup | f(t,a)— f(to,a)]) <e.
a€(0,1] a€0,1]
So we have,

D(f(t), f(to)) <,
and the proof is complete. O



M. S. Yousefi, F. Farahrooz, Journal of Prime Research in Mathematics, 18(1) (2022), 28-37 31

Definition 2.8. The fuzzy function f : R — Rp is called to be fuzzy bounded, if there exists M > 0 such

that [| f[|pu := sup,er D(f(u),0) < M
Proposition 2.9. Let f: [a,b] CR — Ry be a fuzzy continuous function. Then it is fuzzy bounded.

Boundedness of a fuzzy continuous function is trivial by the primary concepts of the metric spaces.
In the following we consider the concept of integral of a fuzzy function.

Definition 2.10. Let f : [a,b] — Rp be a fuzzy function. For each partition p = {x1,z9, -+, 2} of [a,b]
and for arbitrary x;—1 < & < x;, 2 <i <m,let Rp =Y ", f(&)(xi — xi—1). The define integral of f over
[a, b] is,

b
/ f(z,a) =limRp, max|x; —x;—1 |— 0,
a
provided that this limit exists in metric D.

If the function f is continuous, its define integral exists [2]. Furthermore:

/ " flea) = / o),
/  flea) = / .0,

More details about the properties of the fuzzy integral are given in [2].

and

3. Fuzzy LP-spaces

In this section, we will introduce the fuzzy LP-spaces for 1 < p < oco. Some basic definitions and
main properties of these spaces will be given. The suitable norm and the dual of such spaces will be also
considered.

Let X be a compact space, we define the set,

Cr(X) = {f : X — Rp; fis continuous}.

Since, for f,g € Cp(X) and a € R, af + g is continuous, we could say that Cr(X) is a linear space.
we define the fuzzy uniform norm as follows,

I £ll7-w = sup D(f(€),0).
feX

Since, each f € Cp(X) can be represented as f = (f, f) and as we proved before, the fuzzy function
J + X — Rp is uniformly continuous, if and only if f , f are uniformly continuous functions on X x [0, 1]. So,

|/l F-w = sup D(f(€),0)
feX

=sup sup max{| f({, @) —0)|[,| f(§,a)—0)]}

£€X ael0,1]

=sup sup max{| f(& o) | F(&a)l}

§eXae[0,1}
= max{ (|| f|lu: || fllu)}-

Thus, we have,
Cr(X)=C(X x[0,1]) ®*° C(X x [0,1]).

In the next theorem we show that Cr(X) is a Banach space.
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Theorem 3.1. (Cr(X),||.|Fu) is a Banach space.
Proof. The proof of this theorem has been given in [§]. O
Similarly, for a locally compact space X, we define the set,
Cor(X)={f=(f, ), f: X = Rr, f, € Ce(X x[0,1])},

where C.(X X [0,1]) denotes all continuous compact support functions on X x [0, 1].

In the following the fuzzy LP-spaces for 1 < p < oo are introduced. Throughout this section (X, ) is a
Borel o-finite measure space and A is a Lebesgue measure on [0,1].

For 1 < p < oo consider the set,

Lyp(X,m) ={f =), f: X = Rp, f, [ € LP(ux N)}.

It is easy to see that LE.(X, p) for 1 < p < oo is a vector space. Now we put norm as follows:
For 1 < p < oo the fuzzy norm as follows:

£ llmp = (LLIZ + IFIE)7

151 = ([ 1t = A>>*1? |
171 = ([ 17t A))‘l’ |

11100 = maz{ ([l flloo; I fllo)},

we can see that they are the normed vector spaces of fuzzy functionnand according to the definition it is
obvious that,

Sl

where,

and

For p = oo, we define,

IP(X, ) = LP(X x [0,1]) @' LP(X x [0,1]).

| - |F.p for 1 < p < oo has the properties of a usual norm on Rp, i.e. ||f|lpp >0, [|AfllFp = [Nl f]|Fp and

If + glrp < 1fllmp + 1lgllrp for any f,g € L (X, p).
So with the definition of norm as above we have,

(1£15 + L7115

3 =

< (masc{ (| £l [F)Y? + max (7. 1 £,)37) 7
— @max{(|ll, IFl,)}")7
— 25 (max{(|| f]lp» [ Fll)})-

So,
27 (I£15 + FIB) P < maz{ (| £llp: [1Fllp)} < (LG + NFI) -

Now in the next theorem we show that for 1 < p < 0o, Cop(X) in || - ||p.p is dense in LF.(X, p).

Theorem 3.2. (C.p(X),| - |Fu) = L%(X,,u) in |- ||Fp

Proof. Let f € LY.(X, ju), then it can be represented as f = (f, f) such that L? € LP(u x A), so there exists
a sequence of compact support functions f,, = (fn, fn), such that fn— [ and fo— fin || |lp, so for e >0,
there exists n € N such that for n > N we have
€ — = 5
Ifn=flp<—,  Ifa—flp<—-

2p 2p
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So we have,
— =1
[ = fllEp = (Lfn = FII5 + 1 = FII5)7
el egPla
<(§+§)p
< E.

Consequently, (fn, fn) — (f f) with || - [|,. So we infer that L% (X, u) is a complete normed space, so
(L% (X, 1), ] - |Fp) is a Banach space. O

Now in the following theorem we show that L (X, i) is a Banach space, as well.
Theorem 3.3. (L¥(X, ), || - [|[Feo) %5 a Banach space.

Proof. Let {f, = in,fn} be a cauchy sequence in LP(X,u). We claim that for some
f=(F), im||f = fallFeo = 0. As we know that L>(u x A) is a Banach space[9] so there exists some
f.f € L®p x A) such that lim|f — fale = 0 and lim|f — fule = 0, since
m || f — fallroe = max(||f — falloos |f = falloo), this shows that lim| f — ful|Fec = 0, and the proof
of the theorem is complete. O

It is so important that the fuzzy LP-spaces for 1 < p < 0o, can be defined directly by fuzzy integration.

Let f be a fuzzy function. So the fuzzy [ | f |P du is defined, that is a fuzzy number and D([ | f |P dp, (A))%
can also be calculated. In the next theorem we show that if f is a fuzzy function in the fuzzy LP-spaces,

Al
then D([ | f [P dp,0)? is finite, and vice versa.

Theorem 3.4. f € LY.(X, u), if and only if D([ | f |P du,ﬁ)% < 0.

Proof. Let f € LY%.(X,pu). So f can be represented by f = (i,f) such that L? € LP(u x N), therefore

1 — 1
(J|f[Pdpx N)» < oo and ([ [f[Pdu x A)? < oo. According to the definition the metric between fuzzy
numbers we have,

D[ 1717 di0) = sup wax{ [ 1P (.)du(o), [ TP (o,c)dla)).

a€l0,1]

Now it is enough to show that sup,cio1) [ | £ [P (z, @)du(z) < oo. Tt is known that, if we take the integral of
a function of two Variable respect to one variable, then this integral is continuous respect to another variable
so [ | f P (z,a)du(x), [ | f|P (2, a)du(x) are continuous respect to a € [0,1] and by the compactness of
[0,1],

sup/lflpwa)du( < oo, SUp/Iflp (2, 0)dpu(z) <

a€l0,1] a€l0,1]
And the result is achieved. Now let
~ 1
([ 1717 du )7 < .
SO

sup [1£ 1 (.a)dn(e) <o, sup [ 1T P (aa)du(o) <

a€l0,1] a€l0,1]
Also,

[ 117 @a@ane < sw 1717 @a)dute)Aa) <

a€l0,1]

So, ([ IfIP(z,)d(p x X)) < co. Similarly, ([ |f[F(z,a)d(u x X)) < oo
Consequently, f, f € LP(pu x A) and f € LE.(X, p). O
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As we know that,
1915 < DC[ 141 di ),
Hpr<D/\f\” s, 0),
71+ 171> <22D([ | £ dw0)3,

=
-

'B
’ﬁ

=

1l < 25D / F 1P dp)
27 || fllrp < DI / | £ 1P du, 07

On the other hand,
D[ 177 dn.0)? < flep
So we have,
27 fllep < D[ 1P a7 < [l

It means that the topology on the space of fuzzy integrable functions, inherited from the defined norm and
the natural metric above, are the same.

8.1. Duality in fuzzy LP-spaces

Riesz Representation Theorem is known on L,-spaces. It asserts that if T is a bounded linear functional
on L,-space, 1 < p < oo, then there is a function t € L,, where %—i—% =1, such that T'(s) = [ st. In addition,
|T|| = ||t|lq-The above integration are in the appropriate measure space. In slightly different terminology,
the Riesz Representation Theorem states that the dual space of L,-spaces are Lg-spaces. In this section, for
1 < p < 0o, we discuss on the dual of fuzzy LP-spaces. our claim is that the dual of fuzzy LP-spaces is fuzzy
Li-spaces, for dual scalars 1 < p,q < oo.
In the next theorem an important inequality between LP-norms in fuzzy spaces known as fuzzy Holder’s
inequality, is proved.

Lemma 3.5. Let 1 < p < oo and 1 < ¢ < oo be such that % +% =1.If f € Lh(X,p) and g € L% (X, p),
then

/ £ - gld(u X A) + / F-glde x 3) < [ fllra-l9ll 7o

Proof. If f = 0 a.e. or g = 0 a.e. then the inequality is trivial. So let f # 0 a.e. and g # 0 a.e. Then
|| fll7.p > 0 and ||g|/#.q > 0. Since,

|/f-gd<uxA>|+|/f-gd<uxA>|s/|f-g|d<u><A>+/|f-g|d<um>
< £ lpllglla + 1719l

So we will get the result if we prove:

"SM—‘
Q\»—ﬂ

(£ llplglly + 1l l1lle) < CULIG + 1FIE)7-lgll§ + Nglig)e-

Let a1 = || flp, b1 = ||gllg> a2 = || f|lp and by = [|g||q on the other hand it is enough to prove that

»a\»—-
—~
[
+
[
I
—_
SN—

a1by + agby < (af + ag)% . (bq + bq)
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Using the Young’s inequality, ab < %p + %q, put

- ay ~ ag
= ———, dpg=—"T,
(af + aj)? (af +ab)v
- b ~ b
b= ———, bp= ———,
q . pd\e g pd\e
(b +b5)9 (0 +b5)9
S0,
a? ab
(@) + (@) = e b 2
(af +a5)  (af +ab)
Similarly, . .
(bl)q + (b2)q =1,
withthe Young’s inequality,
I I N P byl
aby < ar L7 oy < a2 + L’
p q b
- aP+a? bk 11
ai1by + asby < + =—-—+-=1. (31)
b q b q
With substituting at, b~1, do and b~2 in relation we have
a1 b1 a by _ a1b1 + agbo <1
P, mE g ql+p P N e L
(aj +ay)?  (b] +by)e  (ay +ay)? (b] +by)e  (aj +a5)? - (b] + b3)«
We get aiby + agbe < (af + ag)% (b + bg)% so, the holder inequality is proved. O

For each g = (g,9) € L%(X, i) put,
O, LV(X, ) — R,

f=(f,f)—>/f-gd(u><A)+/f-gd(uxA)-

It is clear that ®, is a linear functional. Based on the definition of norm on L%.(X,p) and the above
inequality, it can be drawn that ¢, is bounded. It means,

[®gll = sup (|l < llgllF-q < 00
Ifllp-p<1

So we can consider the map:
& LX) - (DX, 0)",
g= (g’ g) — @,
Consequently it is proved that (LF.(X,p))* 2 L%(X,n). Now in the next theorem we show that
(L5(X, )" = L (X, ).

Theorem 3.6. The map ¢ defined above is an isometric isomorphism.

Proof. Linearly and the boundedness is proved. It is enough to show that (L% (X, p))* € L%.(X, p). For this
purpose the basic idea is that, each functional on fuzzy LP-space can be decompose into two functionals on
LP-spaces. Consider the following functions,

T - LP(X7 :U’) - Lp(X7 :U’) @lp Lp(Xnu’)?
f—=(0),
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m2 - Lp(X7 :U’) - LP<X7 M) @ZP Lp(qu)v
f =0, ),

In this case m; and 7o are bounded, linear and one to one functions. Based on the definition of ®, function
Q(iaf) = (b(ia 0) + @(0,?) =®do Wl(i) +®o WZ(?))

where ® o m; and ® o my are also bounded and linear functions. According to the Riesz Representation
Theorem,

g € X st Bom(f) = [ ol ),
®om(f) = [ Fo™d(ux ),
Let g = (9*,9**), so for f = (ia?)
B(f) = 0. 1) = [ £g'dlux N+ [ Fo"dlux 2 = e oy (£),

1
in this case g € L% (X, p). But we must show that || = ||g||r.q. In other words ||®|| = (||g*[|7 + ||g**]|9).

By the fuzzy Holders inequality ||®| < (||g*]|7 + Hg**||q)%

Now let a* and a** be real numbers such that a*g* = |¢*| and o**g**

= |g™|. Now,

E;,={ze€X,| g"(z)| <n},
E¥ ={ze X,| ¢"(z)| < n}.

g*]q_la*, f = XEr g**|‘1_1a**. In this way on F,,, ]ﬂp = |g*|, ml) = |g**|9

J

Let [ := xp:x

g7 [ g = [ faduo ) + [ Fortdiexn) = o)

< 1@/ £ 5
1
— J12( / 197 |+ / g™ 19dp)7,
Ej B

*
n

we have 1 — % = %, S0,

q
(/ 197y + / |g**ern> < @]
B B

By taking limit on n and using the monotone convergence theorem, the left hand side increase to

1
q
(/ Ig*\qdu+/lg**lqdu> :

So we will have ||g||r.; < ||®|| and we can infer that ||®| = ||g||F.q. Consequently for 1 < p < oo,
(LE(X, p))* = LL(X, p) in fuzzy spaces. O
4. Conclusions

In this paper, the fuzzy LP-Spaces are introduced. Properties of these spaces are given in details. The
suitable norm and the dual of such spaces are also considered.
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