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NEW SUBCLASS OF STARLIKE FUNCTIONS OF COMPLEX
ORDER

YASAR POLATOGLU, H. ESRA OZKAN

ABSTRACT. The aim of the present paper is to investigate a new subclass
of starlike functions of complex order, b # 0. Let f(z) = z + a22> + ... be
an analytic function in the unit disc D = {z| |z| < 1} which satisfies

141 (z ’;/((;) — 1) = iiéf,ﬁig Jfor some w € Q and for all z € D.

Then f is called a Janowski starlike function of complex order b, where
A and B are complex numbers such that Re(l1 — AB) > |A — B|, im(1 —
AB) < |A— B, |B| < 1, and w(z) is a Schwarz function in the unit disc
D [1], [10], [12]. The class of these functions is denoted by S*(A4, B, b).

In this paper we will give the representation theorem, distortion theo-
rem, two point distortion theorem, Koebe domain under the montel nor-
malization, and coefficient inequality for this class.

Key words : Starlike, distortion, Koebe, Montel normalization, coefficient.
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1. Introduction

Let € be the family of functions w(z) regular in the unit disc D = {z| |z] < 1}
and satisfying the conditions w(0) =0, |w(z)| < 1 for z € D.

Next, for arbitrary fixed complex numbers A and B such that Re(1—AB) >
|A — B|, im(1 — AB) < |A — B| and |B| < 1, denote by Pc(A, B) the family
of functions

p(z) =1+biz+ .. (1)
regular in D such that p(z) is in Po(A, B) if and only if
14+ Aw(z)
p(z) = 1+ Bw(z)

for some function w(z) € Q and every z € D.
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Moreover, let S*(A, B,b) denote the family of functions

f(2) =z+ag2® + ... (2)
regular in D and such that f(z) is in S*(A4, B, b) if and only if
1 f'(2)
14+ —(z —1) =p(z 3
S — D =p(2) 3)

for some p(z) in Po(A, B) and all z in D.

Let f and F be analytic in the unit disc D. The function f is subordinate to
F, written f < F,ifF is univalent, f(0) = F(0),and f(U) C F(U).

The following lemma is due to I. S. Jack’s [2] and plays a very important
role in our proofs.
Lemma 1.1. Let w(z) be regular in the unit disc with w(0) = 0. Then if
|w(z)| attains its maximum value on the circle |z| = r at the point 21, one has
21w’ (z1) = kw(z1), for some real k > 1.

Definition 1.1. The Koebe domain K (F) for a family F' of regular functions
f(2) in F is the set of all points w contained in f(D) for every function f(z)in
F. In symbols

K(F)= () f(D).
f(z)eD
Supposing that the set F is invariant under rotations, so that e'®f(e='*z) is
in I, are concludes that the Koebe domain will be either the single point w = 0
or an open disc |w| < Rin which case R is often easy to find. Indeed, supposing
that we have a sharp lower bound M(r) for |f(re®)| for all functions in F
and F' contains only univalent functions, then

R= lim M(r)
R—1—

gives the disc |w| < R as the Koebe domain for the set F.

We can also impose a Montel-type normalization. This means that for
some fixed 1y, 0 < rg < 1, we consider the family of normalized functions
f(z) regular and univalent in D with f(0) =0, f/(0) =1, f(ro) = ro [1].

2. Main Results

In this section, we will give new results for the class S*(A, B, b).
Lemma 2.1. The function

b(A—B)
w = 1+BZZ’ B # 0
bAz B=0

maps |z| < r onto the disc centred at C(r), and having radius p(r), where
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—Re(cB)r?2 —im(cB c|r
{ C(T) = < 1,|§;|222 ) 17|B(|2rg) ) p(’l“) = 17||B||2r2 > B 7£ 0
C(r) = (0,0) . op(r)=|Allb]r B =
and c=b(A-B).

Lemma 2.2. The function

1+A
L_[EE . B0
1+ Az, B=0

maps |z| < r onto the disc centred at C(r) and having radius p(r) where

—Re(AB)r?2  im(AB A—B|r
C(T) = (1 llj‘(B|2,’,% 9 1—‘(3‘27‘)2) 9 p(?") = 1|—|B|2|7‘2 ) B 7& O
C(T) - (170) ) p(’f‘) = ‘A‘T > B=0

Theorem 2.1. Let f(z) = z+a22?+... be an analytic function in the unit
disc D. If f(z) satisfies the condition

/ b(A—B)z
zf (2) _ 1)< 1+Bz B#0 ; (4)
f(2) bAz , B=0
then f(z) € S*(A, B,b), and this result is sharp on the function
b(A—B)
2(14+4Bz)" 5, B#0
zebA? B=0
Proof
We define the function w(z) by
I&) _ ] 1+ Bu)™ 5" B#o (5)
P 6bAw(z) B =0,

b(A—B) bA
where (14 Bw(z))” 5 and e*4“(®) have the value 1 at z=0. Then w(2)

is analytic and w(0) = 0. If we take the logarithmic derivative of (5) and after
brief calculations, we get

f’(z)H{W B#0 .
f(z) bAzW' (2) B=0

Now it is easy to realize that the subordination (4) is equivalent to |w(z)| <
1 for all z € D. Indeed, assume the contrary: then, there exist a z; € D such
that |w(z1)] = 1. So by Lemma 2.1., z1w'(21) = kw(21) for some k > 1, and
for such z; € D(by using Lemma 2.1), we have

z
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160
(Zl f') ) _ [ PR _ B(w(n) ¢ (D) . B#£0
f(z1) bAkw(z1) = Fa(w(z1)) ¢ Fo(D) , B=0

(7)

But this contradicts (4); so our assumption is wrong, i. e., |w(z)| < 1 for

all z € D. By using condition (6), we get

L fe) [ e pag
' (Zf(z) _1> _{ A B=o (®)

Sharpness follows from the fact that for

f(z) :{ 2(1+B2)"5" | B#0

zebA? , B=0

one has

/ 1+ Az
14_1 Zf(z)_l = 1+Bz B#O
b\ f(2) 1+ Az, B=0
and then we have f(z) € S*(A, B, b).
Corollary 2.1. Let f(z) € S*(A4, B,b). Then {(z) can be written in the form

2(1+Bw(=))" 5, B#0;

f*(z) = { 2ebAw(z) , B=o.

Theorem 2.2. If f(z) € S*(A4, B,b), then, for |z| =r <1

|Bb(A—B)|—|B|2b+Re(AB)b

|Bb(A—B)|—|B|2b+Re(AB)b
r(1—|BJr) 2181% r(1+|B|r) 252
|Bb(A—B)|+|B|%2b—Re(AB)b = |f(Z)| < |Bb(A—B)|+|B|2b—Re(AB)b ’ B # 0
(1+|B|r) 2151% (1—|B|r) 21812
(*)
re PIAIT < | 7(2)] < relldlm - B =0
These bounds are sharp because the extremal function is
b(A—B)

J(2) = { zebAz , B=0

Proof
From the definition of the class S*(A, B,b) and Lemma 2.2, we have
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f'(2) _ 1=(IBI*+(|BI>*~AB)b)r? |b(A—-B)|
o f/(Z) 1—|B|?r2 < 1-|B)*r2 B#0 . (10)
28 1] <ol 4]y . B=0

After brief calculations from (10), we get

1—|b(A—B)|r+(—|B|*+Re(| B>~ AB)b)r* f'(2) « 14|b(A=B)|+(=|B|*+Re(|B|>*~AB)b)r? )
1_‘3‘2,,,2 S Rez f(Z) S/ 1—‘3‘27'2 9 B # 0,
1—[b][A]r < Re2ZE <14 [p] 4] r , B=0,
(11)
on the other hand, we have
f'iz) _ 0
R =r—1I1 . 12
sl = S og £(2) (12)
If we substitute (12) into (11) and after simple calculations, we get
b(A-B Re(|B]*~AB)br b(A-B Re(|B|*~AB)b)r
{4 B S < s <L ) G 5
F =14l < S log|f(2)] < 3 +[b]|A] , B=0

(13)
Integrating both sides of (13) we obtain (*).

Corollary 2.2. The class S*(A, B, b) is compact.
Proof
If we use the inequalities (*), (10) and after simple calculations, we get

|Bb(A—B)|—|B|2b+Re(AB)—2|B|2
2

[1+|B]r] 2Bl

‘f’(z) < |Bb(A—B)|+|B|2b—Re(AB)+2[B[Z  ’ B#0
1| B|r| 21B/?
eltllAlr (1 4 1p] | Al ) ,B=0

Therefore, S*(A, B,b) is normal and compact.

Theorem 2.3. The radius of starlikeness of the class S*(A4, B,b) is

2 , B#0
|b(A_B)|_\/|b(A—B)|2—4[Re(|B|2—AB)b—\3\2] 7 (14)

ST B=0
1] -

The radius is sharp because the extremal function is given in (9).
Proof /
Using Lemma 2.2, the set of values (1 + %(zj}((zz)) — 1)) are obtained, which

comprises the closed disc with centre C(r) and the radius p(r), where
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_ [(1-Re(AB)r? —im(AB) _ |A-B|r
clr) = ( L |BPr2 1—|B|2r2>’ P =igra BAO gy
C(r)=(1,0) , p(r)=[Alr, B=0

Therefore, by using the definition of the class S*(A, B,b), we have

() -enfse

This gives

f'(2) 1—|b(A—B)|r+(—|B|?+Re(|B|>— AB)b)r?
Re (Z f(2) ) = 1—|B|*r? , B ?é 0 (16)
Re( ((j)))>1—|b|\A| ,B=0

Hence for r < rg, the first hand side of the preceeding inequality is positive,
implying that

2 , B#0;
(b(A=B)|—/I0(A—B)P—4[ Re(| B~ AB)o—| 5]

1 _
AT , B=0.

rs =

Also note that the inequality (14) becomes an equality for the function
f«(z) from which it follows that

. . ., B#0;

Ib(A—B)I—\/Ib(A—B)|2—4[RE(IB|2—AB)b—\3\2]
1

rg =
[o[|A]

Theorem 2.4. If f(z) belongs to S*(A, B,b), and the function

lSezr) A > B#0, acD
fo(z) = (a)(z;z-;)( gz) H a7
FaGraitanzaT B=0, acD
satisfies the condition
b(A-B
fO( ) -1) < (1+Bz)z ; B #0; (18)
“olz) bA> , B=0,
then fo(z) € S*(A, B,b).

Proof
We define the function w(z) by
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z+a _
a2f(p($5%)) a5 :(1+Bw(z>)b<ABB) ’ B#0, aeD, 0<p<1
Jop(2) = f(a)(z}%(a)((lﬂz;;?
9Z/\P\ita: _ _bA _
f(a)(Z+a)(ij—raz)2A—1 =e w(z) s B=0, aeD, 0< p<1

(19)
where (1+ Bw(z))b(AE;B) and () have the value 1 at z=0. Then w(z)is
analytic in D, w(0) = 0, and

(1—|al*) +a f,( Z+aaz) Ab @ _ b(A-B)zw'(z)
< f(/)p(z) 1 z (1+az) P (1Z+&z) f(}}_az) - (zj—a) + B 1i?1z - 1+ Bw(z) ,B 75 0, ac D
z — =
fO (Z) (1—la*) z+a f,( Z+aaz) z az _
P z (1+az) 1Y (1+ZLZ) f( }E&az) - (z+a) - (214 — 1) Traz — bAZ(,U/(Z)7 B = O,a S D
(20)

We can easily conclude that this subordination is equivalent to |w(z)| <
1 for all z € D. On the contrary let’s assume that there exists z; € D,
Maz|,|—|.,|, such that |w(z)| attains its maximum value on the circle [z| = r,

that is |w(z1)| = 1. Then when the conditions zlw’(z% = kw(z1), k > 1 are
satisfied for such z; € D(using I. S. Jack’s Lemma), we obtain

<21 fop(21) 1) | GRS — Rw(n) ¢ R(D) . B#O
fOp(Zl) bAk:w(zl) = Fg(w(zl)) ¢ F2(D) , B=0

which contradicts (18) implying that the assumption is wrong, i. e., jw(2)| < 1
for all z € D. On the other hand, we have

(45020 { EeS L B

z
fop(2) 1+ Aw(z) B=0
Using also the property of compactness of S*(A, B, b), we conclude that
fole) = lm, fo,(2)
is in S*(A, B,b).

Theorem 2.5. Let f(z) € S*(A, B,b). Then

Pk, |uf) < | B < By (k, u]), B # 0;

Fy(k, [u]) < < .

where
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|Bb(A—B)|—|B|2b+Re(AB)b _ Ab
(1+\B\(1—kz)|u|—k|u|2 2182 1 k2 \ LR F)
. 1—k|ul? 1—k|ul?
Fl(k’ |u|) - |Bb(A—B)|+|B|2b—Re(AB)b ’
1—| B (1—F) |u|klu|? 2|B2
1—k|ul?
|Bb(A—B)|—|B|2b+Re(AB)b _ Ab
(1—\B\(1—k)|u|—k:|u|2 2B 1=k \ ! Re( )
. 1—k|ul? 1—kul?
Fy(k, [ul) = |Bb(A—B)|+|B|2b—Re(AB)b )
1| BJ(1—F)|u|=klu|? 2|B|2
1—Fk|ul?
2ReA
_ 2
pllA|U=Rlel (] — k2 |y
Fy(h ul) = MR (LR
1 —Fklul
and

2ReA
pjlaja=Rl (] — g2 ul?
Fu(k, u)) = ¢ PSR [ 220
o) .

for -1 < k< 1.

Proof

Using Theorem 2.2, Theorem 2.4 and taking a = ku, u = fja‘lz & 2= =,
—1< k<1 weget (22) after simple calculations.

Theorem 2.6. The Koebe domain of the class S*(A, B,b) under the Montel
normalization is

|Bb(A—B)|—|B|%b+Re(AB)b

5 1 Ab
= (1_‘BDIBb(A—B)\jJE:Qbee(AB’)b (1- T(%)liRe(%) (1 — 2roCost + Tg)E(Re(f_l)) B 70
(1+|BI) 2181
eIAL (1 — 42)*7°4 (1 = 20 Cos + r3)~2ReA » B=0
(23)
Proof

Using the definition of the Koebe domain and Theorem 2.5, we get

|Bb(A—B)|—|B|2b+Re(AB)b

_Ab
|z+a\‘(1+&z) B ’

|1=|B]r| 21817 .
zZ+a > [Bb(A—B)|+|B|%b—Re(AB)b [a] [f(a)l , B #0;
1+az |1+ Bl | e Y
_ |z+al||(1+az)24~
e W\NMT 1f(a)] , B=0.

(24)



New Subclass of Starlike Functions of Complex Order 165

If we take a = ro, f(a) = f(ro) = 10, u = ﬁraaz ooy = 17:%’ u = ret? in

(24) and pass to limit 7 — 17, we obtain (23).

Theorem 2.7. If f(z) = z+ ag2® + ... + a,2" + ... belongs to S*(A, B,b),
then

|an| < (25)
bA
l‘c—l-l' » B=0

These bounds are sharp because the extremal function is

{ sz(AfB) ’ ’5| = 17 B 7é 07

fe(2) = (=Bézx)" B (26)

zebA? , B=0.
Proof
Let B # 0. If we use the definition of the class S*(A, B, b), then we write

1+ ( J;((Z)) - 1) = p(2). (27)

Equality (27) can be written by using the Taylor expansion of f(z) and
p(z) in the form

242a22°+3a32°+...4Anapz"+... = (z+a222+a323+...+anz"—|—...)(1+bp1z—|—bp222+...—i—bpnz”—i—...)

(28)
Evaluating the coefficient of z™ in both sides of (28), we get
Ny = Ay + bpran_1 + bpoay_o + ... + bpn_1. (29)
on the other hand, if we use the same tecnique of [11], we obtain (because
51" = 21" 5] =13 <)
dl Teq =11l 1B
pn| < [A— BJ. (30)
If we consider the relations (29) and (30) together, then we obtain
(n = 1) [an| < [b][A = B[ (1 + [az| + |az| + ... + |an-1]), (31)
which can be written in the form
1 n—1
|an| < (n_l)Z\b! |A—=Bllax| , Jaa| =1 (32)
k=1

To prove (25), we will use the induction principle.
Now, observe that
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(i) for n = 2,
n—1 (2-1)
b]|A — B] |||A Bl
‘anlﬁﬁzmk‘ v e =1=ag| < Z |ag|,
k=1
= laz| < [b]|A — Bl|a1| = |az| < [b]|A — B]

||<Ilw LI N |<%fwA B) A kBl o) < plja- B
“n k+1 k+ 1 2] =

Therefore the right hand side of these 1nequalities one same for n=2.
(ii) for n = 3,

b||A— B bl|A-B 1
| n|<"<7‘1‘21ak, a1 = 1 = |as| <’(L,)’ Z |a §|b| |A — Bl (1+]az|)
k=1

= laz| < 5 !b! A= B+ !bI\A By,

bA B—l—kB bA B+kB
rm<H' ‘|ﬂ<H‘ |

|\b(A—B)—i—B\
k+1 E+1

2

=[b[|A-B

1
= las| < 5 [bl|A = BI[|bl |[A = B| +|B]] < 5 |b]|A — B[ [|o| [A — B| +1]

N | —

= las| < 5 Ibl [A— B + 5 IbIIA B

Therefore the right hand 81de of these 1nequaht1es one same for n=3.
Suppose that this result is true for n = p. Then we have

b||A — B| <=
|an| < ||(’ll1) Z |al, (33)
k=1

bl |A - B|
(p—1)

2 |b(A — B) + kB| b(A — B) + kB
<
lan] < H k+ 1 = layl H k+ 1

a1] = 1= |a,| < (1+ |ag| + |as| + ... + ap_1]),
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1
= lap| < =1 bl |A = B[ (|6l [A = Bl+1)([b] |[A = B[+2)...([b] |A = B|+(p—2))
From (33), (34), and the induction hypothesis, we have
[b]|A = B
—1 —
(p—l) ( +|CL2‘+|(13|+ +|ap 1|)
1
BRI bl1A = Bl (|o][A = Bl + 1)([o] |A = B| +2)...(]b] [A = B| + (p — 2))
If we write x = |b||A — B| > 0, equality (34) can be written in the form
x
1 _
(p_l)( + lag| + las| + ... + [ap-1]) (35)
1
= zxz+1)(x+2)...(z+(p—2)).
oot e+ 2o+ (0= 2)

After simple calculations from (35), we get

X

(p—1)
_ ;!(;H )z +2)(z+3).(z+ (p—2))(x+ (p— 1))

1
L@t p=1) (14 [az| + |ag| + ... + |ap-1])

1 T
-1 [ (1 + las] + Jas] + o+ rap_n)] ;

(p—1)
20+ aal + sl + )
:;!(x+1)(m+2)(x+3)...(1‘+(p—2))($+(p_1)) (36)

> Loyl + []19(1 T Jaal + Jas| & .+ rap_n)]
= ;‘((L’-i- D(E+2)(xz+3)..(z+(p—-2)(z+(p—1))

x
= 5(1 + lazg| + lag| + ... + |ap-1| + |ap|)

_ pl!x(:c 1)@ +2)(x+3)(z+ (p—2)) (@ + (p— 1),

Equality (36) shows that the results is valid for n = p + 1.
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Therefore, we have (25).
We also note that by giving specific values to b we obtain the following
inequalities

(i) For b=1

ABkB
H' “BIRBL B #£0

an] < 22 2
I1 L ., B=0
This is the coefficient inequality for the class S*(A, B,1). The class S*(A, B, 1)
is a generalization of the W. Janowski class [10].
Because A, B are arbitrary fixed complex numbers, Re(1 — AB) > |A — B|,
im(1 — AB) < |A — Bland |B| < 1.
(ii) Forb=(1—a), 0 <a <1, we get

(1—a)|(A—B)+kB]|
k=0 ‘(Hl » B#O
anl <4 2 (1—a)A|
H W 5 B = 0

This is the coefficient inequality for the class S*(A, B,1 — «). The class
S*(A,B,1 — a) is a subclass of starlike functions of order a[2], [6].

(iii) Similarly if we take b = Cosle™™ and b = (1 — a)CosAe ™ we ob-
tain the coefficient inequality for the subclasses of A\—spirallike functions and
A—spirallike functions of order « respectively [5], [8], [9], [11].
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