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Abstract

Let K = Q(f), where 0 = V/d, be a pure sextic field with d # 1 a square free integer. In this pa-
per, we characterize completely whether {1,6,...,6%} is an integral basis of K or do not. When d #
+1,+17,4+10,—15,—11, -7, -3, 5, 13(mod 36) we prove that K has a power integral basis. Furthermore, for
the other cases we present an integral basis.
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1. Introduction

An algebraic number field K is a finite degree extension of Q. In this case, K = Q(6), where 6 € C is
a root of a monic irreducible polynomial p(z) € Q[z]. When p(z) = 2™ — d € Z[z] is irreducible, where
d # 1 is a square free integer, the field K is called a pure number field. The n distinct roots of p(x), namely,
01,0a,...,0,, are the conjugates of §. If o : K — C is a Q-embedding, then () = §; for some i =1,2,...,n.
Furthermore, there are exactly n Q-embeddings o;, for ¢ = 1,2,...,n, of K in C.

An element « € K is called an algebraic integer if there is a monic polynomial f(z) with integer coefficients
such that f(a) = 0. The set Ox = {«a € K : v is an algebraic integer} is a ring, called the ring of algebraic
integers of K. It can be shown that Ok, as a Z-module, has a basis {a1, a9, ..., a,} over Z, called integral
basis, where n is the degree of K.

The trace and the norm of an element o € K over Q are defined as the rational numbers Trg(«) =

Zai(a) and Ng(a) = []"
o1 i—10i(a). If a € Ok, then Trg(a) and Ng(«) are integers. The characteristic
polynomial of « is defined as fu(z) = (z — o1(a))(x — 02(a2)) ... (x — on()) and o € Ok if and only if
the coefficients of the characteristic polynomial are integers. The discriminant of K over Q is defined by
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Dg = D(a1,q,...,a,) = det (Trg(aiey)) = det (oi(ay))?, where {ag,az,...,a,} is an integral basis
1<i,j<n 1<i,j<n
of K [1J.

An element 6§ € Ok generates a power integral basis {1,60,60%, ... 0" '} for K if Og = Z[f]. When K
has a power integral basis, the field K is said to be monogenic. The existence of power integral bases in

algebraic number fields is a classical problem in algebraic number theory [3, 4, 5]. In this work, we show
that the field Q(v/d), where d # 1 is a square free integer and

d# H,+17,+10,—15,—11, -7, 3,5, 13(mod 36),

the field K is monogenic.

2. Pure sextic extensions

Let K = Q(6), where 6 = v/d) is root of an irreducible polynomial p(z) = 2% — d, with d € Z and d # 1
is square free. In this case, § is an algebraic integer and [Q(0) : Q] = 6. The roots of p(x) are 6, 0s, 03,
0¢3, 0¢s and (3, where (g is a primitive 6-th root of unity, and ¢} + (2 + & + (¢ + ¢§ = —1. Let oy,
k=1,2,...,6, be the Q-embeddings of Q(0) in C, that is, op(f) = GCk 1. Since {1,60,6%,63, 6%, 6°} is a
basis of K over Q, it follows that if o € K, then a = ag + a1 + a26? + a393 + a40* + a50°, where a; € Q, for
i=0,1,2,3,4,5.

Proposition 2.1. If a = ag + a10 + a26? + a36® + a40* + a50° € K, with ag, a1, as, as, as, a5 € Q, then the
characteristic polynomial of o is given by fo(x) = 2® + f52°5 + faz* + f323 + fox® + frz + fo, where

(fs = —6ag

, fi = 3(5@% — (a% + 2a9a4 + 2a1a5)d)

, f3 = —[2(10@8 + (a3 + 6ajazaz — 6a0a§ + 3a2ay — 12agazay — 12apaias)d

\ +(a3 + 6azasas + 3a2a5)d2)]

, foo= [3(5@% + (—3a2a3 + 2a0a2 —2a3a3 + 12apaiazas — 6a0a3 + 6agalays — 12a0a2a4

. —12a2a1az)d + (a3 + 3a2a4 6aiazai + 2apai — 6a3azas + 12apazasas + 3aa?

. +6apaza?)d® + (— 3a4a5 2a3a5)d3)}

. i = —[6(a}+ (ataz — 3agata3 + a0a2 — 2a0a1a3 + 6a0a1a2a3 — 2a0a3 + 3a3alay — 4a0a2a4

. —4a0a1a5)d + (a2a3 — 2a1a2a3 + a0a3 — a2a4 + 3a1a3a4 + 3a0a2a4 6a0a1a3a4 + aoai
+2a1a2a5 — 6a0a2a3a5 - —2a1a4a5 + 6a0a3a4a5 + 3a0a1a5 + 3a2aza?)d? + (a3al — azaj

{ —2a3a4a5 + 2a1a4a5 + 3a2a3a5 3aga4a5 — 2a1a2a5 — 2a0a3a5)d3 (a4a§)d4)]

, fo = la§+ (—a$+ 6agatas — 9ada3a3 + 2a0a2 6a0a1a3 + 12a0a1a2a3 3a0a3 + 6a3aiay

. —6a0a2a4 - 6a0a1a5)d + (a2 6a1a2a3 + 9a%aa3 + 6a0a2a3 - 2a1a3 — 12apaiaza}

. +3a0a3 + 6a1a2a4 — 6a0a2a4 — 12adaszazay + 18a0a1a3a4 + 3a1a4 + 9a2a3a?

‘ —18a0a1a3a4 + 2a0a4 6a3a3as + 12a0a1a2a5 + 6a1a3a5 - 18a0a2a3a5 - 12a0a1a4a5

' +12a0a3a4a5 + 9a0a1a5 + 6a0a2a5)d2 + (—a$ + 6a2a3a4 - 9a2a3a4 6a1a3a4 + 2a3a3

' +12a1a2a3a4 + 6a0a3a4 3a2a} — 6apazai — 6a3azas + 6a1a3a5 + 12a3azaqas

1 712a0a3a4a5 — 18a1a2a4a5 + 12a0a1a2a5 — 3(13@5 9a1a3a5 + 18a0a2a§a§ + 18a%a2a4a§

' —9a%aia§ 2a3a3 — 12a0a1a2a5 — 6a0a3a5)d3 (a4 — 6agajas + 9a2a3a? + 6agaia?

L —2a3a5 — 12a2a3a4a5 6a1a4a5 + 3a2a5 + 6a1a3a5 + 6a0a4a5)d4 + (- ag)d5].

Proof. Let o; = 0(«), with i = 1,2,3,4,5,6. Thus,

f a1 = ag + a16 + a26? + az0> + as0* + as6°,

g = ag + a10Cs + a20?CE + az03(3 + a101¢E + as0°¢3,
ag = ag + alc%g + (1202<g + asf3 + a494C62 + a505§§,
oy = ag + a10¢ + az0? + az03¢3 + a0 + as6°¢3,

as = ag + aﬁ(él + CLQGQQ% + CL393 + a494C§ + a505C§
a6 = ap + a10C8 + a202¢ + a303¢3 + as0*CZ + a50°Cs.

—— -

———
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The characteristic polynomial of « is given by

fa@) = (z— )@ —a)(z — a3)(z — aa)(z — as)(z — ag)

= 20— 305(@1 +as+az+oq+as+ag) + 934(01042 + ara3 + agas + oy + asay
+agay + ajas + agas + azas + asas + arae + aaos + asas + auoe + asae)
—x3(a1a20z3 + arasay + arasoy + asaszay + ajagas + ayazas + asazas + apoagas
Fao0as + a3aqas + Qs + Q3o + Qa3 + Qg + Qg + 3ty
tarasag + asasag + asasag + agasag) + 22 (arasazay + ajasazas + ajasagas
Fajazaqas + aazaqas + apaoa3as + a0 + a3y + Q0300
+aanasos + aasasae + aaaaasae + 0 ouasog + pasasoe + a3 ae)
—z(oaa0iagas + 0o + Q103506 + 00 0506 + 0 300
+apazouasas) + (agpaszouasog).

Since (g + ¢Z + (2 + ¢ + ¢§ = —1, it follows that
® ) + as + ag + ayg + as + ag = 6ag.

® g + avpaz + a3 + 1oy + aigoyy + a3y + aras + aeas + asas + ayas + a1
+ o + g + g + asog = 3(5(1% — (a% + 2aga4 + 2a1a5)d).

® (o3 + 1oy + i3y + Qo3 + Qs + Qa3 + eai3as + ey

+ aoayqas + azagas + aragog + apazag + oasag + oy + Qoo + a3yt
+ ajasag + asasag + agasag + agasag = 2(10@8 + (a% + 6ajasasz — 6a0a§ + 3a%a4
— 12agagay — 12apaias)d + (aj + 6agasas + 3aza?)d?).

® (1 (ia(i30Yy + Q2035 + QL5 + i34 l5 + Q3 s + QL i3 + (i g Yy Ol
+ ajazogoe + a3ty + apaasae + 1a3aste + Qa0 + a1 ayasae + oy asag
+ azagasag = 3(5ag + (— 3a1a2 + 2aoa2 — 2aag + 12apaiazaz — 6a3a? + 6apalay

— 12a3azas — 12a2ay1a5)d + (a3 + 3a3a? — 6aiaza? + 2apa3 — 6a2azas + 12apazasas

+ 3a%a? + 6agaza?)d® + (—3a%a? — 2azad)d?).

® (23405 + (1 Qa3 0U4 QLG + 041042043045046 + aragogasas + a5 + i35 0
= 6(a8 + (atagz — 3apalad + a0a2 2a0a1a3 + 6a0a1a2a3 2a0a3 + 3a0a1a4 4aga2a4

— dadaras)d + (a3a3 — 2a1a2a3 + apas — ajay + 3alaaq + 3apadal — 6aparazal + adal

+ 2a1a3as — 6apaiazas — 2a3asas + 6a8a3a4a5 + 3a0a%a§ + 3a%a2ag)d2 + (a3a§ — agaj

— 2a3asas + 2a1a3as + 3aga3a? — 3apala? — 2a1a2ad — 2apazal)d® + (asad)d?).

® (| (Vo305 0 — ag + (- a? + 6a0a‘11a2 — Qaga%a% + 2a0a2 6a0a1a3 + 12a0a1a2a3

— 3aga2 + 6a0a1a4 — 6a0a2a4 — 6a0a1a5)d + (a§ — 6ajajas + 9a1a2a3 + 6a0a2a3 2a1a3

- 12a0a1a2a3 + 3a0a3 + 6a1a2a4 — 6agajas — 12a1a2a3a4 + 18a0a1a3a4 + 3ata? + 9adada?
— 18a0a1a3a4 + 2a0a4 6a1a2a5 + 12a0a1a2a5 + 6a1a3a5 — 18a0a2a3a5 — 12a0a1a4a5

+ 12a0a3a4a5 + Qa%a%ag + 6a0aga5)d2 + (—a§ + 6a2a3a4 — 9a2a3a4 6a1a3a4 + 2a3a3

+ 12a1a2a3a4 + 6aoa3a4 — 3a1a4 — 6a0a2a4 6a? a3a5 + 6a1a3a5 + 12a2a3a4a5 — 12a0a3a4a5
- 18a1a2a4a5 + 12a0a1a;}a5 — 3a3a? — 9a3a3a2 + 18a0a2a3a5 + 18a1a2a4a5 9a0aia§

— 2a1a5 — 12a0a1a2a5 — 6a0a3a5)d3 + (a$ — 6azatas + 9a3a4a5 + 6a2a4a5 2a3a5

— 12aga3asa3 — 6ara3a3 + 3adai + 6a1asai + 6apasal)d* + (—ad)d.
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Thus,

fa(m) = 25— 2[6a¢] + 24[3(5a3 — (a3 + 2a2a4 + 2a1a5)d)] — x3[2(10a3 + (a3 + 6a1aza3

—6a0a§ + 3a2ay4 — 12apasay — 12apaias)d + (ai + 6azagas+
+3aga2)d?)] + 2?[3(5ay + (—3a2a3 + 2apas — 2a}az + 12apaiazaz—

—6a%a§ + 6agalas — 12a%a2a4 — 12aga1a5)d + (a§ + 3a3a? — 6ajaza’l+

+2apai — 6a3azas + 12apazasas + 3ata? + 6apaza?)d® + (—3aja—

—2a3a3)d®)] — z[6(af + (ajas — 3apa?a3 + ada3 — 2apalas + 6adaiazsaz—

—2a3a3 + 3akaay — 4ajasas — dafaras)d + (a3a3 — 2aia2a3 + apas—

—ajay + 3aia3ay + 3apadal — 6aparazal + adai + 2a1a3as — 6apa’azas—

2.3 4

—2a3agas + 6adaszasas + 3apaia? + 3ataza?)d® + (a3al — azaj — 2a3asas+

+2a1aias + 3aza3a? — 3apala? — 2a1a2a3 — 2apazad)d® + (agal)d*)|+
+[a8 + (—a$ + 6agatas — 9ada3a3 + 2aga3 — 6akatas + 12a3ara2a3—
—3aga3 + 6ajatas — 6ajasas — 6agaras)d + (a§ — 6ayajas + 9aiadai+

—|—6a0a§’a§ — 2ai’a§ — 12a0a1a2a§ + Sagag + 6a%a§a4 — 6a0a‘21a4—
2.2 2

—12a3asazas + 18agaiaday + 3ata? + 9a3a3ad — 18adaraza’ + 2a3ai—

f6a§’a%a5 + 12a0a1a%a5 + 6a‘11a3a5 — 18a%a%a3a5 — 12a0a§a4a5+

+12adazasas + 9a3a?a? + 6a3aza?)d® + (—a§ + 6azaias — 9a3a3a?—

—6ajaiaj + 2a3a3 + 12a1aza3a3 + 6agaial — 3ala] — 6agazaj — 6a3aias+
+6a1a§a5 + 12a%a3a4a5 — 12a0a§a4a5 — 18a1a%aia5 + 12a0a1a§1a5—

—3aja2 — 9ata3a? + 18apazaia? + 18a3asasa? — 9a3ata? — 2a3ad—

—12agaiazal — 6a2azal)d® + (a§ — 6azatas + 9a3ala? + 6azaia? — 2a3al—

—12asagasal — 6ayaial + 3a3ai + 6aiasas + 6apasas)d* + (—af)d®],

which proves the result.

Theorem 2.2. The ring of algebraic integers of K is given by

(7470 + 762+ 763 + Z6* + 265, if d # H,+17, 410, 15,11, -7, —3, 5, 13(mod 36)

IZ—FZ@—I—ZQQ-FZ(#)‘FZ(%)+Z(M); if d = 1(mod
"7+ 20 + 267 + 76° + 7 (L2040 1 7, %),zfdz—lo,—umodga
{Z+Ze+292+z(1+f)+z(4+39+§92+94)+z 10902000 g g = 17
VT4 20 + 2607 + Z6° + T (L) 4 7 (0% ip g = —17,10(mod 36)

)
(

mod

! 5
\Z+Z6+26 +7 (#) +Z (%) iy (% L ifd=—15,—11,-7,—3,5,13(mod 36).

Proof. If a € Og C K, then o = ag + a10 + a20? + az0> + a40* + a50°, with ag, a1, ag, a3, as,a5 € Q.
From [2, Proposition 4], it follows that 6ag, 6a1, 6as, 6as, 6ay,6a5 € Z. Thus, 6a; = p;, with p; € Z, for all

i=0,1,2,3,4,5, that is,
a; = %,for alli=0,1,2,3,4,5.
Also, p; can be rewritten as
pi = 6¢; + 14,
where ¢;,r; € Z and r; € {0,1,2,3,4,5}, for i = 0,1,2,3,4,5. Therefore,

a:ao+a19+a202+a393+a4e4+a595:@+%9+@02+%93+%e4+%95:

6 6

6 6 6 6 6 6
_ QO+7“0+ Q1-|-7‘19Jr Q2+T262+ 613-1-7‘393+ Q4+7“494Jr qs + 75

6 6 6 6 6 6
= g0 + @10 + 0260% + q30° + qub* + q56° + %0 + %6+ %292 + %393 + %94 +

36)

36)

6° =

595

6
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So,

T T T T T T
= o+ @10+ 0% + g30° + @b + ¢50° + = + 20+ 207 + 20° + 0t +

6 6 6 6 6

Since ¢ = qo + q10 + ¢20° + 303 + qu0* + ¢50° € Ok, it follows that

7o r1 2,0 T3,3  T4,4  T4,5
=0 Ty 22 Togs | Thpe Ty
acOgsr 6 + 5 + 6 + 6 + 6 + 6 € Ok

Using the magma soft and from Proposition 2.1} it follows that r € Ok if and only if

Consider

( 6% <

(2) 3 27"27‘4 2r17"5
v 3[(36 —( + =352)d)] € Z,
107 3 67‘17“27"3 6T0T§ 37"%7"4 12rgrory 12rgrirs
[21 (216 + 7916~ 316 T 26 216 216 )d+

6137475 37"2T5 2
+(216 + 556 + S76°)d7] 6327 y 2 2
37“17"2 21"07’2 2rirs 12rgrirars 6ryrs 6roriTa 12rgrara

'3[1296 +( 1296 + 1296 2_2 1206 T 1296 3_ 1296 + 296~ 1296

1 _127‘07"1rr 3 3ryry . 6r1r37"4 2rory . 6r571375 12rgr3rars 37”17‘5

. 1296 )d+ (12962—|; 1296 1296 + 1296 1296 + 1296 + 1296 +

6T0T27"5 2 3rirs 27"37"5 3
v 1064 + (= 1296~ 1296, )d*] € %’ , L L \
TIT2 37"07‘17’2 r0r2 27"07”17‘3 6rgrirars . 2ryrs 3rgrira . drgrory
! 6[77g6 + (7776 27776 + 7776 7776 + 7776 77762—; 7776 7776
1 _47‘07‘17‘5 rors 2r1r2r3 ror3 Ty 3rirsry 3roryTy . 6rorirsry
7776 )d +3<7776 76 T T 7776 + e T e 76 T
7“07‘4 2riryrs . 6rorarars 27"17‘47’5 67‘07"37‘47’5 3ror{rs 3rgrars 2
+7776 + 7776 7776 7776 + 7776 + 7776 + 7776 )d
+(r3r;z rzrff B 2r3r4r5 + 27'17‘47“5 + 37"21"37‘5 _ 3’!‘07&7‘? . 2r1r2rg N 2r0r3r5)d3
{ 7776 7776 7776 7776 7776 7776 7776 7776
AT
+(77756)d4] € Z and , ,

' 6 +( + 67"07"11"2 B 97“07"17“2 + o3 r2 67"81"{1”3 12r8r1r2r3 B 3r§r§+
46656 46656 46656 46656 46656 46656 46656 46656
+6r0r17“4 B 6roTary B 67"87"17"0 )d‘l‘( 67‘17’27"3 + Irirsrs + 6roryrs . 27"%7‘3_

46656 46656 46656 46656 46656 46656 46656 46656
_12r0r1r2r3 + 31"07“3l + 67"%1"‘2;1"4 _ 6r0r§r4 B 12r{rorsry + 18’!‘07’%7‘%7‘4 + 3r1r4+
! 46656 46656 46656 46656 46656 46656 46656
' _}_97‘(2]7’37“2 . 187“87"17"37‘4 + 27"07‘4 . 6rirsrs + 12797171575 + 61171375 . 187”07’37’37"5_
46656 46656 46656 46656 46656 46656 46656

1 _12r0rfr4r5 + 12r0r3r4r5 + 9r0r1r5 + 6r0r2r5 )d2 (_ e + 6r2r3r4 N 97"31"51"2 _

f 46656 46656 46656 46656 46656 46656 46656
_67’17’%7“2 + 27"%7‘2 + 127’17’27"37"4 + 67’07’37"2 37‘17’2 . 67‘07"27’3 . 67"%7‘%7"5 + 6r17"37‘5+

' 46656 46656 46656 46656 4665{6 46656 46656 46656
+12r§r3r4r5 B 12r0r§r4r‘5 _ 187“17"%7"37"5 121"01"17“27“5 N 31"‘217‘% 97‘17'§T‘5 + 187‘07“27"37“5_’_

46656 46656 46656 46656 46656 46656 46656
1 +187‘%7"27‘47’5 . 97‘%7"27‘52) . 27"{’7‘? . 127‘07"17’27“? . 67‘87"3rg)d3 ( 7‘2 67’3r2r5+
f 46656 46656 34%5656 466536 46656 ) 46656 46656
97“57“47"5 61"27“47"5 N 2r3r5 _ 12r2r3r4r5 B 67‘1’!"47‘5 3r2r5 67"1r3r5 6r0r4r5 4
T 46656 + 46656 46656 46656 46656 + 46656 + 46656 + 46656 )d +

8\ 5
\+(— 16656)d° € Z-

5r8 — (r2 + 2rory + 2r175)d
12 )

w1 =

107‘8 -+ (T% + 67”17“27‘3 — 67”07‘% + 37”%7‘4 — 127“()7‘27”4 — 12T07‘1T5)d+

el 108
(3 + 6r3rars + 3ror)d>
108 '
B 5rg 4+ (=3r2r2 + 2rgr3 — 2r3ry + 12rgrirars — 61312 + 6197374)d
w8 = 432 *

(—127“(2]7“27"4 127“01“17“5)d + (1“3 + 37‘27"4 67“17"37“4 + 27"0T4 67"27‘3r5)d n

432
(12rgr3ryrs + 37“%1"% + 6r0r2r§)d2 + (—37”27“% — 2r3r§)d3
432

(2.1)

(2.2)

(2.3)

(2.6)
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7“8 + (7“‘111"2 — 37“07“17“2 + 7“07“2 - 27“07“17“3 + 67“07“17“27“3 - 2r0r3)d

Wy =

1296
n (37“(2)7“%7“4 — 47“31“27“4 — 4r8r1r5)d + (r%r% — 2r1r2r§’ + 7“07“§ — r§r4)d2
1296
(31"%7"%1"4 + 37“07“%7‘2 - 61"07‘17“37“2 + 7“(2)7‘2 + 2T17‘§r5 — 67‘07“%7“37‘5)d2 97
N + (2.7)
1296
n (—27“:{’7“47“5 + 67’(2)7“37“47'5 + 37’07“%7’52, + 3r§r2r§)d2 + (r%ri - T’grﬁ — 2r§r4r5)d3
1296
n (27“17“27’5 + 3T2r§7“§ - 37’07“37% - 27"17“27‘;’ — 2r07‘3r§’)d3 + (7‘4T§)d4
1296 '
o — 7“8 + (— 7"1 + 67"07"17“2 — 97"07“17"2 + 2r0r2 67"07“17"3 + 12r0r1r2r3 — 3r0r3)d
b 46656
(67“87“%7“4 — 67“67“27“4 — 6r§r1r5)d + (rg - 6T1r§r3 + 97“%7’%7"% + 6T0T§’r§)d2
+ +
46656
n (—27“{’7'% — 12r0r1r2r§ + 37’07"3 + 67’17“27’4 — 67“07'27"4 — 127“1r2r37“4)d2
46656
(18r0r1r3r4 + 3r1r4 + 9r07“2r4 — 18T0r1r3r4 + 2r0r4 6r1r2r5)d2
+ +
46656
(12rorir3rs + 61"‘117“37"5 — 187"87“%7‘37"5 — 12rgriryrs + 12r8r3r4r5)d2
46656
(97“87"%7"52) + 6r8r27"52))d2 + (— 7’3 + 67“27'37“4 — 97‘27“37'4 — 6T1r3r4 + 2T2T4)d3
+ + (2.8)
46656
(12r1r2r37“4 + 6r0r3r4 — 3r1r4 6r0r27‘4 61“27“31“5 + 6r1r37‘5)d3+
46656
(127"%7“37"47“5 — 127’0r§7"4r5 — 181“17“%7”27“5 + 127"07"17“27“5 3r2r5 97“1r37“52))d3
+ +
46656
(187“0T2r3r5 + 187"17’27“41"5 - 97“07‘47“5 27“11"5 - 127"07“17“27‘5 - 6T0r3rg’)d3
46656
(7‘2 — 67’37"37’5 + 97"%7’27“% + 67’27‘27’% — 2r§’r§ — 127“27’31"47’% — 6r1rir§)d4
+ +
46656
n (37“%7“% + 6T1r3r§ + 6r0r4r§)d4 + (—Tg)d5
46656 '
Therefore,
a€ Ok & w1, ws, w3, Wy, ws € Z. (29)

Since rg,71,72,73,74,75 € {0,1,2,3,4,5}, it follows that there exist 46656 possibilities for s;, where s; =
(ro,71,72,73,74,75). Let a = <QO + %) + (Q1 + 5 ) 0 + <Q2 + %2) 62 + <Q3 + %) 63 + <Q4 + %) 0% +
(Q5—|— )95 where ¢; € Z and r; =0,1,2,...,5.

1 If o = 20 + 210 + 2260% + 2303 + 240* 4 256°, with 29, 21,...,25 € Q, then

r Zoiqu+-49
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Thus, {1,6,62, 63,64 65} is an integral basis if and only if 29, 21, 22, 23, 24, 25 € Z. Thus,
(a) From (1), it follows that rog = 0.
(b) From (2), it follows that r = 0.
(¢) From (3), it follows that 7o = 0.
(d) From (4), it follows that 3 = 0.
(e) From (5), it follows that r4 = 0.
(f) From (6), it follwos that 75 = 0.
Therefore, the only solution is s; = (0,0,0,0,0,0).
2. If
1463 4+ 36 + 467 + 6 3+40+30%+ 63 +6°
a:zo+219+2292+z;3< )4—24( 5 + z5 5 ,
with zg, 21,...,25 € Q, then
z 4z 3z T
r20+*3+74 ?5:(10"‘60 (1),
! 3224 225 71
ATt ——=q 7(2)7
£, 3 2
S A RG]
<3 ,% T3
=t =6+ (4)a
. 2 6 6
4 T4
T =44 + — (5)7
L6 =%"%
1+ 63 4+ 30 +40% + ¢4 3+40+30%+ 03+ 65
Now, {1,9,92,< —; >,< i +6 + >,< te 5 R )}isanintegralbasisifand
only if zg, z1, 22, 23, 24, 25 € Z.
(a) From (6), it follows that z5 = 6¢s + 5. Thus, 75 =0, 1,2, 3,4 or 5.
(b) From (5), it follows that z4 = 6g4 + r4. Thus, 74, =0,1,2,3,4 or 5.
(c) From (4) and (6), it follows that z3 = 2g3 — 2¢5 + s ; Y Thus, r3 = r5(mod 3).
—4ry —3
(d) From (3), (5) and (6), it follows that zo = g2 — 4q4 — 3¢5 + W. Thus, ro = 4ry +
3rs(mod 6).
. ry — 3rqy —4rs
(e) From (2), (5) and (6), it follows that z; = ¢1 — 3qs — 4¢5 + — 6 Thus, r1 = 3rs +
4rs(mod 6).
g —drg —2
(f) From (1), (4), (5) and (6), it follows that zo = qo — 2¢3 — 4q4 — 2¢5 + =T 5 e Thus,
ro = 13 + 414 + 2r5(mod 6).
Therefore, the solutions are s; = (0,0,0,0,0,0), so = (0,1,0,4,3,4), s3 = (0,1,3,4,3,1), s4 =
(0,2,3,2,0,5), s5 = (0,4,3,4,0,1), s¢ = (0,5,0,2,3,2), s7 = (0,5,3,2,3,5), sg = (1,0,1,3,4,3), sg =
(1,0,4,3,4,0), s10 = (1,1,1,1,1,1), s11 = (1,1,4,1,1,4), s12 = (1,2,1,5,4,5), s15 = (1,2,4,5,4,2),
st = (1,3,1,3,1,8), 515 = (1,3,4,3.1,0), 516 = (L4 11,4, 1), s17 = (1,4,4,1,4,4), s15 = (1,5, 1,5,1,5),
s19 = (1,5,4,5,1,2), s90 = (2,0,5,0,2,3), so1 = (2,1,2,4,5,4), 505 = (2,1,5,4,5,1), 523 = (2,2,5,2,2,5),
S94 —( ,3 2 0 5 0)7825 :( 3 5 0 5 3),826 —( 475,4,2 ),827 (2,5,2,2,5,2),828 = (2,5 5 2 5,5),
s99 = (3,1,0,1,3,4), s30 = (3,1,3,1,3,1), s31 = (3,2,0,5,0,2), s32 = (3,2,3,5,0,5), s33 = (3,4,0,1,0,4),
s34 = (3,4,3,1,0,1), s35 = (3,5,0,5,3, 2),3 = (3,5,3,5,3,5), 537 = (4,0,1,0,4,3), 535 = (4,1,1,4,1,1),
530 = (1.4, 4 1,4), 550 = (4.21,2,4.5), 541 = (4,3.1,0.1,3), 549 = (4.3,4.0.1,0), 45 = (4,4.1.4,4.1).
S44 = (4757 1727 17 5)7 S45 = (475 47 27 172)7 S46 = (5 072737270)7 Sq7 = (5 075737273)7 S48 = (57 1727 175 4)7
S49 — (5,1 5,1,5,1), S50 — (5,2 2,5,2 2), S51 — ( 2 5 5 2 5),552 = (5 372,3,5,0), S§53 — (5,3 5 3 5 3),
s51=(5,4,2,1,2,4), 855 = (5,4,5,1,2,1), s56 = (5,5,2,5,5,2), s57 = (5,5,5,5,5,5), 855 = (0,2,0,2,0,2),
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S59 = (07470747074>7 S60 = (2a0a 2a07270)7 S61 = (27272727272)7 562 = (27472747274)7 563 = (4707470a4a 0)7
sea = (4,2,4,2,4,2), s65 = (4,4,4,4,4,4), s66 = (0,0,3,0,0,3), s7 = (0,3,0,0,3,0), ses = (0,3,3,0,3,3),
se9 = (3,0,0,3,0,0), s70 = (3,0,3,3,0,3), s71 = (3,3,0,3,3,0) and s72 = (3,3,3,3,3,3).

3. If
1 22 4 23 5
a =z + 210 + 220% + z360° + 24 <+93+9>+z5 <9+93+9>,

then o ro
{204—7:(]0—’_7 (1)7

A 8
' Zl+§:CJ1+€ (2),
22+%—Q2 %2 (3),

{ 2z T3
B+ —=q@p+= (4),

| 7 3 T4 6

. - =44+ = (5)7

A A
(g:%‘f‘g (6)

1 9 2 4 23 5
Theset{1,0,02,93,< + 93—1_9 ),(9+ ‘93+0 )}isanintegralbasisifandonlyifzo,...,25GZ.

a) From (6), it follows that z5 = 3¢5 + Ti’. Thus, r5 = 0,2 or 4.
2

b) From (5), it follows that z4 = 3q4 + . Thus, r4 = 0,2 or 4.
2

-2
(c) From (4) and (6), it follows that z3 = g3 — 2¢5 + % Thus, r3 = 2r5(mod 6). item From (3)
-2
and (5), it follows that zo = qo — 2q4 + 7426%' Thus, 19 = 2r4(mod 6).
(d) From (2) and (6), it follows that z; = ¢1 — ¢5 + n-rs Thus, r; = r5.
r —T4

(e) From (1) and (5), it follows that zop = qo — qa +

Therefore, the solutios are s; = (0,0,0,0,0,0), s73 = (0,2,0,4,0,2), s74 (0,4,0,2,0,4), s75 =

(2,0,4,0,2,0), s76 = (2,2,4,4,2,2), s77 = (2,4,4,2,2,4), s75 = (4,0,2,0,4,0), s79 = (4,2,2,4,4,2)
and sgo = (4,4,2,2,4,4).

. Thus, rg = r4.

4. If
5 1463 4+ 30+ 26 + 64 460 + 36% + 2603 + 6°
o= zg+ 210 + 290° + z3 + 24 + 25 )
2 6 6
then 4
z z T
r20+£+ 4:qo+€0 (1)7
1 324 g25 1
\ Zl—l-?—i-?:(h"‘g (2),
224 32’5 T2
t— 4+ —=q@+—= (3),
z 26,2 6 T 6
1
2 r
1 7:q4+7 (5)’
Jg A

3 2 94 2 3. 95
The set {1,062, (LE0T) (4430420 100\ (404 30° +26° 4 6
2 6 6
only if zg,21,...,25 € Z.

(a) From (6), it follows that z5 = 6¢5 + 5. Thus, r5 =0, 1,2, 3,4 or 5.

> } is an integral basis if and
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(b) From (5), it follows that z4 = 6g4 + r4. Thus, 74 =0,1,2,3,4 or 5.
-2
c¢) From (4) and (6), it follows that z3 = 2q3 — 4q5 + u. Thus, r3 = 2r5(mod 3).
3
ro — 27"4 — 37“5

(d) From (3), (5) and (6), it follows that zo = g2 — 2q4 — 3¢5 + — 5 Thus, o = 2ry +
3rs(mod 6).
—3ry —4
(e) From (2), (5) and (6), it follows that 23 = ¢1 — 3qs — 4q5 + 7“1+r5' Thus, 71 = 3ry +
4rs(mod 6).

—r3—4 2
(f) From (1), (4) and (5), it follows that zo = qo — ¢3 — q1 + roTrsT At k3 Thus, 79 =

rg + 4rq — 2r5(mod 6). 6

Therefore, the solutions are s; = (0,0,0,0,0,0), s¢¢ = (0,0,3,0,0,3), se7 = (0,3,0,0,3,0), sgs =
(0,3,3,0,3,3), sgg = (3,0,0,3,0,0), s70 = (3,0,3,3,0,3), s;1 = (3,3,0,3,3,0), s72 = (3,3,3,3,3,3),
s73 =(0,2,0,4,0,2), s74 = (0,4,0,2,0,4), s75 = (2,0,4,0,2,0), s76 = (2,2,4,4,2,2), s77 = (2,4,4,2,2,4)
S78 — (4,0,2,0,4,0), S79 = (4,2,2,4,4 2), S80 — (4 4 2 2 4 4) S81 — (0,1,0,2,3,4) S82 — (0,1,3 2 3 1),
ss3 = (0,2,3,4,0,5), sga = (0,4,3,2,0,1), ss5 = (0,5,0,4,3,2), sg¢ = (0,5,3,4,3,5), ss7 = (1,0, 2,3,4,0),
sgs = (1,0,5,3,4,3), s89 = (1,1,2,5,1,4), sg0 = (1,1,5,5,1,1), so1 = (1,2,2,1,4,2), s92 = (1,2,5,1,4,5)
sg93 = (1,3,2,3,1,0), soa = (1,3,5,3,1,3), so5 = (1,4,2,5,4,4), so¢ = (1,4,5,5,4,1), sog7 = (1,5,2,1,1,2)
S98 — (1,5,5,1,1,5), S99 — (2,0,1,0, ,3) $100 — (2,1,1,2,5,1)7 S$101 — (2,1,4,2,5,4), 5102 —
(2, 2, 1,4,2,5), $103 — (2,3, 1,0,5,3), $104 — (2,3,4,0,5,0), $105 — (2,4, 1, 2, 2, 1), S$106 — (2,5, 1,4,5,5)
s107 = (2,5,4,4,5,2), s108 = (3,1,0,5,3,4), S109 (3,1,3,5,3,1), s110 = (3,2,0,1,0,2), s111 =
(3, 2,3, 1,0,5), S112 = (3,4,0,5,0,4), 5113 = (3,4,3,5, 1), S114 = (3,5,0, 1,3, 2) S115 = (3 ) 3, 1,3 )
s116 = (4,0,5,0,4,3), s117 = (4,1,2,2,1,4), s118 (4,1,5,2,1,1), s119 = (4,2,5,4,4,5), s120 =

5)

1)

)

)

Y

=

(4,3,2,0,1,0), s121 = (4,3,5 0,1,3) s192 = (4,4,5,2,4,1), s123 = (4,5,2,4,1,2), s194 = (4,5,5,4,1,5
8125 = (5,0,1,3,2,3) 5126 = (5 0 4 3 2 0) S127 = (5,1,1,5,5,1), S128 = (5 1 4 5 5 4) 5129

(5,2, 1, 1,2,5), S$130 = (5,2 ,1 2 ) $131 = (5,3, 1,3,5,3), $132 = (5,3,4,3,5,0), $133 = (5,4, 1,5,2,
8134 — (5,4,4,5,2,4), $135 — ( s ,1 1 5,5) and 5136 — (5,5,4, 1,5,2).

=~
—

5. If
1+6%+04 0+ 603+ 6°
a:20+210+z202+2363+z4( +3+ )+Z5( +3+ ),
with zg, 21,...,25 € Q, then
z T
f 20+ 2 =g+ (1),
. B A
at+ o =g+ (2),
C A A
nto =@+ 3),
[PTR T
t+ o =g+ (4),
1?4 3 T4 6
- — 44 + — (5)7
' 4 A
- =6+ (6)
L3 6
1+624 64 0+ 03+ 6°
The set {1,9,02,93, < + 3+ > , < + 3+ >} is an integral basis if and only if 2, ..., 25 € Z.
(a) From (6), it follows that z5 = 3¢5 + %5 Thus, r5 = 0,2 or 4.
(b) From (5), it follows that z4 = 3q4 + %4. Thus, 4 = 0,2 or 4.
(c¢) From (4) and (6), it follows that z3 = g3 — g5 + s g iy Thus, r3 = 5.
(d) From (3) and (5), it follows that zo = g2 — q4 + 12 g iy Thus, 79 = 74.
(e) From (2) and (6), it follows that z; = ¢1 — g5 + n-rs Thus, r = 7.

6
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(f) From (1) and (5), it follows that zp = qo — q4 + 1o g iy Thus, 79 = 4.
Therefore, the solutions are s; = (0,0,0,0,0,0), sss = (0,2,0,2,0,2), s59 = (O 4,0,4,0,4), sgp =
(2,0,2,0,2,0), s61 = (2,2,2,2,2,2), se2 = (2,4,2,4,2,4), sg3 = (4,0,4,0 ,0), s61 = (4,2,4,2,4,2)

and ses = (4,4,4,4,4,4).

6. If
1+63 6+ 6* 6% + 6°
a:z0+216+2262—|—23< _; >+Z4< _; >—|—Z5( ;_ )7

wiht 29,2z —1,...,25 € Q, then

6
1+63 0+ 04 02 + 65

The set {1,0, 02, ( —; > , ( —; > , ( —; >} is an integral basis if and only if zg, 21, ..., 25 € Z.
(a) From (6), it follows that z5 = 2¢5 + § Thus, 75 = 0 or 3.

(b) From (5), it follows that z4 = 2g4 + § Thus, r4 = 0 or 3.

(c) From (4), it follows that z3 = 2¢3 + § Thus, 3 = 0 or 3.

(d) From (3) and (6), it follows that zo = g2 — ¢5 + 2 g i . Thus, ro = r5.

(e) From (2) and (5), it follows that 21 = ¢1 — q4 + n g iy Thus, 1 = 4.

(f) From (1) and (4), it follows that zp = qop — ¢3 + =rs, Thus, 19 = 3.

6
Therefore, the solutions are s; = (0,0,0,0,0,0), s¢¢ = (0,0,3,0,0,3), se7 = (0,3,0,0,3,0), sgs =

(0,3,3,0,3,3), seo = (3,0,0,3,0,0), s70 = (3,0,3,3,0,3), s71 = (3,3,0,3,3,0) and s72 = (3,3, 3,3,3,3).

From items (1), (2), (3), (4), (5) and (6) we found 136 solutions in the form s; = (rg,r1,72,73,74,75), With

j=1,2,...,136. Substituing in Equations (2.4), (2.5), (2.6), (2.7) and (2.8)) we found the equivaleces of d
modulo 36 such that wi,ws,ws,ws,ws € Z. In the Table , we present some results Therefore,

1. Ford # H,+17,+£10,—15,—11,—7,—-3,5,13(mod 36), the solution is s; and an integral basis is given
by
{1,0,0%,0°,0*,6°} .
2. For d = 1(mod 36), the solutions are sa, S3, S4, S5, S6, S7, S8, S9, S10, S11, S12, S13, S14, S15, S16, S17,

518, S19, $20, 521, S22, S23, S24, S25, 526, S27, S28, S29, $30, S31, S32, S33, S34, S35, 536, S37, S38, S39, 540,

541, 542, S43, S44, 545, 546, S47, S48, S49, S50, S51, 552, 553, S54, S55, S56 and s57, and thus, an integral
basis is given by

{1 0 02 (1+03> (4+30+402+94> (3+49+392+93+95>}

2 6 6

3. For d = —10, —1(mod 36), the solutions are s73, s74, S75, S76, S77, S78, S79 and Sgp, and thus, an integral

basis is given by
1+ 20% + 64 0 + 203 + 0°
oo (F550) (55
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Table 1: K = Q(v/d), d livre de quadrados - casos para anélise de Ox.

Solutions (s;) d = (?)(mod 36)
S1 Vd

82, 83, S84, S5, S6, S7, 88, 89, S10, 11, 512, 5§13, S14;
515, S16, S17, S18, S19, S20, S21, 522, 523, $24, S25,
526, S27, 528, S29, S30, S31, S32, $33, S34, 535, S36, d
537, S38, 539, 540, S41, 542, 543, 544, 545, 546, S47,
548, 549, 550, S51, 552, 553, S54, S55, S56 and sp7.
873, S74, 875, S76, S77, S78, S79 and S80- = —10, —1, 17
581, 582, 583, 584, 585, 586, S87, S88, 589, 590, 591,
592, 593, S94, 595, 596, 597, S98, S99, 5100, S101,

51025 5103, $104, $105; S1065 $107> 5108, 5109,
5110, S111, S112, S113, S114, S115, S116, S117; d
5118, $119, S120, S121, S122, 5123, S124, 5125,
5126, S127, S128, S129, S130, S131, S132, 5133,

5134, 135 and Si3e.
558, S59, S60, S61, S62, S63, S64 and $65- d= —17, 1, 10

S665 S67, S685 S69, ST0, ST1 and S72. d= —15, —11, —7, —3, 1, 5, 13, 17

Il
—_

17

4. For d = 17(mod 36), the solutions are sgi, sg2, 583, S84, 585, 586, 587, 588, 589, 590, 591,592, 593, 594, 595,
596, 597, 598, S99, S100, S101; S102, S103; S104, 5105, 5106, S107; 5108, S1095 5110, S111, 5112, 5113, S114, 5115,

81165 S117, S118, 5119, 5120, 5121, 5122, 5123, 5124, S125, 5126, 5127, 5128, 5129, 5130, 5131, S132, 5133, 5134,
s135 and s136, and thus, an integral basis is given by

{1092 <1+93> <4+39+202+94> <49+302+203+95>}

2 6 6
5. For d = —17,10(mod 36), the solutions are ssg, S59, S60, S61, 562, S63, S64 and sgs5, and thus, an integral
basis is given by
1462464 6+6%+6°
1,002,063 (2220 (U .
3 3
6. For d = —15,—11,—7,-3,5,13(mod 36), the solutions are s¢s, Se7, S8, S69, S70, S71 and syo, and thus,

an integral basis is given by

1+6%\ [(6+6%\ [(62+0°
2
v (57)-(57) (501

Therefore, the ring of algebraic integers of K is given by

(Z+ 70+ 26% + 76° + Z0* + 26°, if d # H,+17, %10, —15,—11,~7, =3, 5, 13(mod 36)
VLA 70+ T T () 4 7 (L0 ) g (S0 it = 1(mod 36)
"7+ 70+ 70% + 70 + 7 W)Jrz 0420°+0°) 'if 4 = 10, —1(mod 36)

{ L4720+ 20° + 7 (150) 4 7 (2020000 ) oy g (10£30420°40%) i g = 17(mod 36)
"L+ L0+ 207 + 263 + (A0 4 7 (00400 i § = —17,10(mod 36)

1

ZA70+702+7 (02 L7 (002 L7 (€497 if g = —15,—11, -7, 3,5, 13(mod 36),
t 2 2 2

which proves the result. O

Example 2.3. Let K = Q(6), with 6 = /7. Since d =T and 7 = 7(mod 36), it follows that
Ok = Z+ 76 + Z6* + Z6° + Z6* + 76°.
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3. Norm, trace and discriminant

Let K = Q(6), where § = v/d with d € Z, d # 1 and square free. If o = ag+a10+a260?+a36°+as0*+as6° €
K, with ag, a1, as, a3, aq,as € Q, then
Trg(a) = 6ag,

N(a) = ad + (a8 + 6agatas — 9ada3a’ + 2a3a3 — 6a3alas + 12a3a1a0a3 — 3aga3+

+ 6agalay — 6agasas — 6agaias)d + (aS — 6ayajas 4+ 9ata3al + 6agasal — 2a3as—

— 12a0a1a2a3 + 3a0a3 + 6a1a2a4 — 6a0a2a4 — 12a1a2a3a4 + 18a0a1a3a4 + 3a1a4+

+ 9aZa3ai — 18adarazai + 2a3al — 6ata3as + 12aparaias + 6ajazas — 18a2a3azas—

— 12apa3agas + 12a3azasas + 9a2a3a? + 6a3aza?)d® + (—a$ + 6asaiay — 9a3a3as—

— 6a1a3a4 + 2a2a4 + 12a1a2a3a4 + 6a0a3a4 3a1a4 6a0a2a4 6a2a3a5 + 6a1a3a5+

+ 12a2a3a4a5 — 12a0a3a4a5 — 18a1a2a4a5 + 12a0a1aia5 — 3a2a5 — 9a1a3a5+

+ 18a0a2a3a5 + 18a1a2a4a5 9a0a4a5 2a1a5 — 12a0a1a2a5 — 6a0a3a5)d3

+ (a$ — 6azajas + 9a3a4a5 + 6a2a4a5 2a3a5 — 12a2a3a4a5 6a1a4a5 + 3a2a5+

+ 6alagagl + 6a0a4a§)d4 + (—ag)d5.
Example 3.1. Let K = Q(6), with = v/7 and a = 1+2(~v/7)° € K. The trace of o is given by Trg(a) = 6
and the norm of « is given by N (a) = —1075647.
Proposition 3.2. The discriminant of K is given by

r46656d5, ifd# H,+17,4£10,—-15,-11, -7, -3, 5, 13(mod 36)
DK) = { 9d°, z'fc? = 1,17(mod 36)
576d°, if d = —17,—10, —1,10(mod 36)
\ 7294, if d = —15,~11, -7, -3,5,13(mod 36).
Proof. From [2, Proposition 3], it follows that
0, ifk=1,2,3,4,5
Trg(0%) = { 6d°, if k = 6s, with s € N, (3.1)
0, if £ > 6 and k # 0(mod 6)

and Trg (1) = 6, Trg(0) = 0, Trg(6%) = 0, Trg(6%) = 0, Trg(6*) = 0, Trg(6°) = 0, Trx(d) = 6d, Trg(67) =

0, Trx(6%) =0, Trg(0°) = 0 and Trg(0'°) = 0. If d # H,+17,410, 15, —11, -7, -3, 5, 13(mod 36), then
{1,6,60%,6%,6%,0°} is an integral basis of K. Thus,

6 0 0 0 0 0
00 0 0 0 6d
00 0 0 6d 0
2 93 p4 p5) — I 1 _ 5
D(L,0,6% 6% 04,65 =det | o o gy g o | = 466364"
0 0 64 0 0 0

0 6d 0 0 0 O

If d = 1(mod 36), then an integral basis is given by {1, 6,62, 1'5'93, 4+39+§92+94, 3+4‘9+30;+93+95 } Thus,

6 0 0 3 4 3
000 0 0 d
1463 44+30+460%+6* 3+40+36%2+603+6° 000 O d 0
D(1,0. 6> =det ! I = 94°.
( 2 6 ’ 6 )e|3003+23d2 dd
40 d 2 B o244
\3 d 0 22 244 %f}
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If d = —10,—1(mod 36), then an integral basis is {1, 6,6% 63, 1+2%2+94, 9+2033+95 } Thus,

6 0 0 0 2 O
0O 0 0 0 0 2d
2 g3 1420°40" 0420540°) _ 401 0 0 0 0 24 0 . g
D (10,02, 6°, L2001 0220 )—detl 0 0 0 64 0 44 | =500
2 0 24 0 %2 «
020 0 0 % 44 /
If d = 17(mod 36), then an integral basis is given by {1, 6,62, 1+293, 4+39+6292+94, 49+392‘g203+95 } Thus,
6 0 O 3 4 0
0 0 O 0 0 d
1463 44304202+ 0% 40 + 30 + 20° + 65 000 O d 0
2 — | I —ggb
D <1,0,0 y 9 s 6 y 6 > det : 3 0 0 3_E3d 9 d : 9d .
4 0 d 2 &2 4
\o d 0 d 2d}

3
d
If d = —17,10(mod 36), then an integral basis is given by {1, 6,02, 63, 1+0§+94, 0++%3+95 } Thus,

(6 0O 0 0 2 0 \
00 0 0 0 2
1+60%24+6* 04+ +6%+06° 0 0 0 0 24 0
2 p3 _ I 1 _ 5
D<1,9,0,9, 3 , 3 ) detl 00 0 6 0 2, 576d
2 0 2d 0 2t

If d = —15,—-11,-7,-3,5,13(mod 36), then an integral basis is given by {1, 9,62, 1‘593, 9294, ‘92‘2"95 } Thus,

6 0 O 3 0 0
0O 0 O 0 0 3d
1+6% 0+60* 62 +6° 00 0 0 3d 0

2 _ | I — 5

D (1, 0, 6 s 2 s 2 y 2 ) det : 3 0 0 3-}—23d 0 O : 729d N
0 0 3d 0 0 3d
0 3d O 0 3d 0

which proves the result. O
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