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Abstract

A graph is a tool used to build the interconnection network that a system requires. Such networks inter-
operability is ensured by specific labeling. There are several labelings in the literature, however the Group
Distance Magic Labeling is better for graphs. A graph G is described as H-distance magic graph if for an
abelian group H, there exist one-one mapping ¢ between group elements and vertex set of graph G such
that > ey {(x) = p for all u € V, where p is the magic constant belongs to abelian group H and N (u)
is u's free neighborhood. In this article, we prove direct product of anti-prism graphs with nth order cycles
are Ziost, Lo X Ly, iz X Loy and Zig X 7. 24 distance magic graphs.
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1. Introduction and Preliminaries

Graph labeling is the process of assigning labels to vertices or edges, or both, based on entries from a
certain set of elements. The distance magic labeling (also known as Sigma labeling) is defined as a bijection
A V(G) —{1,2,3,...,n} such that for every z € V

w)= Y AMy) =k,

yENg(x)

where Ng(x), neighbouring area of Vertex is the collection of vertices close to x, w(z) is each vertex’s weight
in G and the magic constant is k [1, [§]. Dalibor Froncek created the group distance magic labeling (GDML)
in 2013 [7], based on the principle of distance magic labeling.
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For an abelian group H, there exist one-to-one mapping ¢ between group elements and vertex set of group

G such that
w(z)= Y Ay =pn
yENg(x)

for all z € V, the magic constant p belongs to abelian group H and N(z) is 2’s free neigborhood.

In general, the labels for graph G’s vertices are assigned using an abelian group components. It is the proved
fact that every graph having DM-labeling is also having GDM-labeling with respect to modulo group Z,,
where n is the order of the graph, but the problem of finding group distance magic labeling still retains its
interest for other abelian groups other than Z,. An other interesting aspect of the problem is the opposite
of this truth is untrue in general.

There are different types of graph labeling that includes vertex magic total labeling, Graceful and Harmo-
nious labelings, edge magic total labeling, DML, GDML and OGDML. DML, GDML and OGDML are very
famous labelings in the field of graph theory. A lot of work has been done on them since nineties. Mostly
we will focus on DML, GDML and OGDML for different family of graphs.

The story of DML was started when Vilfred introduced the concept of sigma labeling in his doctoral thesis
in 1994. He used the term sigma labeling since the sum of each vertex’s weights is constant. For the sigma
labeling, Mirka Miller et al. used the name 1-vertex MVL in 2003. She introduced 1-vertex MVL due to
distance involved among the vertices of graph. For the same labeling, Sugeng et al. used the name DML
instead of sigma labeling and 1-vertex MVL. DML was used due to relation between magic square and magic
labelings. After that, DML is the universal term used for such labelings.

There are many basic results of distance magic graphs which are the path P; iff t = 1 or ¢ = 3, the cycle
Cin iff m = 4, the complete graph K, iff n = 1, the tree T iff either T is P; or T is P3 and the wheel W, iff
n = 4. M. Kashif Shafiq et al [9]. proved DML for the union of different graphs. They worked on m-copies
of complete graphs for different conditions on order and copies of graphs. There exist DML in wK ([, if
w is even or uvw is odd, v > 1,w > 1 and v > 1. There does not exist DML in uK ([, if wv is odd,
v = 3(mod4) and u is even.

Dalibor Froncek [7] proved GDML for Cartesian product, direct product of cycles for different conditions on
order of graph, that is C;, x Cp, (n < m) admits GDML iff nm is even or n, m both even. In 2015, Marcin
Anbholcer et al. made some outstanding work on the graph direct product in GDML [2]. They proved GDML
for C,, x Cy, for Zy, x Zy, if m,n = 0(mod4). They also proved, the direct product of a r-regular graph G of
order n with Cy is GDML. They proved GDML for C; x C,, for group Z; x A if p,q = 0(mod4). The direct
product of C, with Cy is not GDML for any abelian group I' and p,q # 0(mod4) . The direct product of
a ri-regular graph Gy with graph Go which is a ro— regular is I'y x I's-DM. They also proved GDML for
G x H.

Sylwia Cichacz [5] extended this labeling for lexicographic product of regular graphs with cycles, compo-
sition of regular graphs with complete bipartite graphs. She gave the formula y = ”TH for regular graph
G. According to her, the lexicographic product of G having nth order with Cy is GDML for I having 4n
order like that I" = Zy x Zy x A [3, 4]. The lexicographic product of K, , for even m and odd n with Cjy
is GDML for T" having 4(m + n) order. She proved GDML in G x C4 where G is Eulerian graph of the
order 4n abelian group I' and the odd order n. Just lately in [6], the authors established the required and
adequate circumstances exist for cartesian product of Com and Con being Zo™*"-DM labeling. Additionally,
they demonstrated cartesian product of C), with C,, is not I'-DM labeling, abelian group I' of even order
mn with exponent r such that If 2rminf(m), f(n) < lem(m,n). Wasim Ashraf et al [I0]. worked on GDML
for the direct product of anti-prism family of graphs. They used different non-isomorphic modulo groups
for this family of graphs. According to them, there exist GDML in graph A,, x A, m,n > 3 for using Z4mn,
Lo X Lomn and Zz X Z4y, modulo groups.

The anti-prism family of graphs is used in this study to obtain the group distance magic labeling with regard
modulo group and its product. For the anti-prism, We give you the Zo,, and Zy x Z,-DM labeling. For the
anti-prism graphs’ direct product, we also provide the Zs, and Zs X Z,-DM labeling. A graph G x H is the
direct product of graphs G and H with V(G) x V(H) as follow
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E(Gx H)={(x,9)(2,y) | z,yeV(Q),2,y € V(H),zy <€ EG),z'y € E(H)},
(x,y) and (2/,y’) are adjoining in G x H iff x is adjoining to y in G and 2’ is adjoining to 3’ in H [4].
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Figure 1: Direct Product of Az with C3

2. Main results
In theorems given below, we offer GDML for the direct product of Anti-prism graphs with Cycles.

Theorem 2.1. For As and Cy, where A, be anti-prism graph and C; be cycle such that s < t. The graph
As x Cp admits a Zosi-DM labeling ¥V s,t > 3 with magic constant 2((s — 2)t — 2) for s > 3, where Zas be
the module group of order 2st.

Proof. The vertex and edge sets that represent A and C; are as follows:

E(As) = A{zizit1,YiVit1, Ti¥i, TiYit1|0 <@ < s — 2} U{x0Ts—1, YoUYs—1, YoTs—1, Ts—1Ys—1},
V(Cy) {x},0<i<t—1},
E(C) = {xjaj,0<i<t—2}U{apai_ )}

We get the vertex set below using the direct product concept, which represents As x Ct,
V(As x Cy) = {(w,2%), (yi, 2;)|0<i <s =1, 0<j <t —1}
Define ¢ : V(As x C}) — Zag in the following way,
E(xi,x;) = 2ti + 2j, for 0<i<s—-1,0<j5<t—1,
Uys, ) = (25t —1) —2(ti + j), for 0<i<s—1,0<j<t-—1.
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In our graph A, x Cy, we have two types of vertices as per the vertex representation given above i.e. (z;, w;)
and (y;, a:;) Let us apply the labeling ¢ to compute the weight of both types of vertices. Now each vertex
of the type (x;, :L‘;) is adjacent with following eight vertices:

(Tit1, I;‘—H)? ('ri—i-(s—l)v 33;’4-1)7 (Yi, 'r;'—i-l)v (Yit1, x;’—i-l)v (i+1, 27;4_2), (mz’—‘r(s—l)? ',1:9'-1—2)7 (Y, 373'4-2)7 (Yit1, ',1:9'-1—2)7
and each vertex of the type (y;, xg) is adjacent with following eight vertices:
(LUZ‘, .12;-+1), (xi—l-(s—l)a ‘T;‘+1), (yi-‘rla x;’—l—l)a (yi+(s—1)7 x;’—i-l)a (xi, SC;+2), (‘TH-(S—I)? m;’+2)7 (yi+17 SC;+2), (yi+(s—1)7 x;‘+2)'
We can calculate the weights of vertices (x;,2}) and (y;, ;) in such a way,
w(zi, i) = L @iv1, 1) + 0T -1y, Thp1) + Wi, Tjyy) + 0(Yir1, Thpq) + Tig1, 25 40)
+ UTig(s—1)5 Thya) + L(Yi T o) + L(Yir1, Tyo)
20+ ) +2(+ 1)+ 2t +(s—1))+2(j+ 1)+ 2st —1) —2(ti+ 5+ 1)+ (25t — 1)
— 2+ 1)+ G+ 1) 2+ 1) +2(+2)+ 2t + (s — 1)) +2(j +2) + (25t — 1)
— 2t i)+ (25t —1) —2(t(i+ 1)+ +2) = 125t — 4t — 4.

w(yi, xj) = i, 2 0) +U@ig -1y, Tjpr) + OYir1, Tjpn) + Yis (s1), Th1) + (w3, 240)
+ Ui (s-1)> Tjyn) F Wi 1,7 10) + L(Yig(s-1)> Tjy2)
— () 42+ 1) 2+ (s— 1)+ 20+ 1)+ (25t — 1) = 2(ti +t+j + 1) + (25t — 1)
2t(i+(s—1))+7+1) +2t(i + 1) +2(j +2) + 2t(i + (s — 1)) + 2(j + 2) + (25t — 1)
— 2t t+j4+2)+ (2st— 1) —2(t(i+ (s — 1)) +j +2) = 8st — 4t — 4.

But w(z;, x;), w(yi, x;) € Zast, so these weights are under mod 2st, i.e.

TS
&/

Figure 2: Direct Product of Az with C3
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w(z;, ) = 12st — 4t —4  mod 2st = 2st — 4t —4  mod 2st
w(y;, x;) = 8st — 4t —4 mod 2st = 25t — 4t —4  mod 2st
The magic constant of Zog-distance magic graph A x C; under £ is,
w=2((s—2)t—2) for s>3.
O

Since Zogt = Zo X Zg if ged(2, st) = 1 which are used for GDML of graph A x C} in Now we discuss
module group Zs X Zg if ged(2, st) # 1 for GDML of graph Ag x C} in the following theorem.

Theorem 2.2. For As; and Cy, the graph As x Cy admits a Zs X Zg-distance magic labeling with magic
constant (0, (s — 2)t —4) for s > 3, t > 3, where Za X Zg be the module group of order 2st.

Proof. The vertex and edge sets that represent Ag, C; and the vertex set A; x C; using the direct product
concept given in theorem
Define ¢ : V(As x Ct) — Zg X Zg as follows,

E(wi,x;) = (0,ti +j), for 0<i<s—-1,0<j5<t-—1,

yi,y) = (Lit(s—1i) —1—7j), for 0<i<s—1,0<j<t—1.

We can calculate the weight of vertices (x;, iL'; ;) in such a way,

w(zi,2h) = A @ig1, 1) F 0 Tig(s—1) 1) + Wi i) + Yir1, Thpg) + U(@ign, 2 4o)
Ui (s-1)s Thp2) + L(Yi T0) + L(Yit1, T)io)
0,tG+1)+7j+1)+0,t(i+(s=1)+j+1)+ (1, t(s—i)—1—(j+1))
(Lit(s—(t+1)=1—-(G+1)+O,t+1)+j+2)+(0,t(i+(s—1))+j+2)
(Lt(s—1)—1—=(+2)+(Lit(s—(i+1)—1—=(j+2) = (4,65t —2t — 4).

) and (y;, x

+

+ -

w(yi, 2y) = (i, @) + (i sm1)s Thp1) H Wi, Tjn) + (Yig (-1, Tjr) + (i, 25 10)
+ U@ (s-1), Tjy2) FLYir1, T o) F L(Yig (s—1)> Tjy2)
= (0,t())+j+1)+0,t(i+(s—1)+i+1)+(L,t(s—i—1)—1—(j+1))
+ (1,t(8— (i-i— (S— 1))) —-1- (j+1)) + (O,t(i) +j+2) + (0,t(i+ (S— 1)) +j+2)
+ (Lt(s—i—1)—1-(G+2)+ M t(s—(i+(s—1)))—1—(j+2)) = (4,4st — 2t — 4).

But w(z;, ZE;), w(y;, CL‘;) € Zo X Zg so it will be considered under mod st.

w(z;, x;) = (4,65t — 2t —4) mod st = (0,st — 2t —4) mod st
w(y;, z5) = (4,4st — 2t —4) mod st = (0,st — 2t —4) mod st
The magic constant of Zs x Zg -distance magic graph Ag x Cy under £ is,
p=(0,(s—2)t —4), for s>3, t>4.

Theorem 2.3. For A3 and Cy, such that t = 3k, k > 1. The graph A3z x C; admits a Z3 X Zo-distance
magic labeling with magic constant (0,2(t — 2)), where Zs X Za is module group of order 6t.
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Proof. The vertex and edge sets that represent Az C; and the vertex set A3 x C} using the direct product

concept given in theorem 2.1}
Define ¢ : V(As x Cy) — Z3 X Zg; as follows,

Ui, xh) = (i,2§), for 0<i<2,0<j<t-—1,
Uy x) = (2—1,2t—1—2j), for 0<i<2,0<j<t-—1.
We can calculate the weight of vertex (z;,2) in such a way,
w(zi,x}) = Uwip1, @) + U Tiva, Tpg) +0(Yir 25 1) + LYit1, )
+ @i, 2 g) + U Tiso, Ty 0) + L(Yi, T g) + LYig1, T)ps)
= (@+L,2+1)+0GE+2,20+1)+(2—-4,2t—1-2(j+1))
+ C-(@+1),20-1-2G+ 1)+ (i+1,2(+2) + (i +2,2( +2))
b= 2t—1-20+2) 42— (i+1),2t—1—2(j +2)) = (12,8t — 4).
w(yi,xy) = (i, ) + @ira, ¥500) + Y1, D) + Y2, D) + (2, 25 40)
+ U @igo, 7o) + L(Yir1, Ty) + L(Yig2, T)yo)
= 020 +1)+(@+2,20+1)+@2—-i-1,2t -1 -2(j + 1))
+ 2-(G@+2),2t—1-2G+1)+,2(+2)+(+2,2(j +2))
b o2-i—1,20—1-20+2)+ (2~ (i+2),2t—1—2(j +2)) = (6,8 — 4).
But w(z;, ajg), w(y;, x;) € Zs X Zy; so it will be considered under mod 2t.

w(zi, ) = (12,8t —4) mod 2t = (0,2t —4) mod 2t

w(yi,x;) = (6,8t —4) mod 2t = (0,2t —4) mod 2t
The magic constant of Zs x Zgs-distance magic graph Az x Cy under £ is,

p=(0,2(t - 2)).

, O
Theorem 2.4. For As and Ci, such that s = 3(k+ 1), t = 3k,

k,k/ > 1. The graph Ag x Cy admits a
Zs x Lz y-distance magic labeling with magic constant (0,2((s — 2)% — 2)), where Zg x Lz, is the modulo
3 3

group of order 2st.

Proof. The vertex and edge sets that represent Ag, C; and the vertex set A; x C} using the direct product
concept given in theorem 2.1}
Define £ : V(Ag x Cy) — Z3 X Z2, in the following way,

3

(0,2(4)i +2j), for 0<i<s—1, j=0,1,...k —1,
Uz af) =S (L2(8)i+2j —2K), for 0<i<s—1, j=k,k+1,..,2k -1,
(2,2(3)i+2j —4K'), for 0<i<s—1, j=2k,2k +1,..,3k —1

i) — 1 —2j), for 0<i<s—1, j=0,1,...k —1,
D+ (2K —1)—2§), for 0<i<s—1, j=k kK +1,.,2k —1,
i)+ (4K —1)—24), for 0<i<s—1, j=2k,2 +1,.. 3k —1.

—
=
[\
—~
[\
~

\

Oyi, o) = < (2,2(2t —
(1,2(2t —

Wl Wl wole+
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We can calculate the weight of vertex (z;,}) in such a way,
w(zi,2}) = U@ip1, @) + U Tig 51y, 1) + Wi Thpr) + LYit1, Thp1) F Ui, 25 10)
+ (@i (s-1)s Tja) T (Yis Tjya) + L(Yir1, Tin)

= (L2 +1) 20+ 1)~ 2(1) + (1,2()+ (5~ 1))

20 41) = 200) (2,226 — 20) + (2(01) = 1) = 20+ 1) + (2,202 — £(i +1))
2= 1) =20+ 1)+ (1,2(5)( 1) + 2+ 2) = 2(1)) + (1L,25)(i + (s — 1)
+20+2) = 200) + (2,226 — 20) + (2(1) — 1) = 2 +2)) + (2,202 — £(i+1))

+o20)—1) - 20 +2)) = (12, gst - %t 16t — 4).

w(yi> :E;) = E('xla x;’—i-l) + e(xi—f—(s—l)v $;~+1) + K(yi-i-l? iL‘;-+1) + E(yi—l—(s—l)? l’;+1) + E(-xla .21394_2)
+ U@ (s—1), Thyo) +L(Yir1, T o) + L(Yig (s—1)> Tjin)

= (L205)() + 20+ 1) 200) + (L2AZ)( + (s — 1) +2( + 1)

~ (1)) + (2,202 — %(i 1)) 4+ (201) = 1) — 2 + 1)) + (2,2(2t — %(i +(s—1))

£ @) = 1) =20+ 1)+ (1,2()6) 20 +2) ~ 21) + (L2AZ) (G + (5~ 1))
+20+2) —2(1) + (2,2(2¢ — g(z’ 1)) 4+ (2(1) = 1) — 20 +2)) + (2,2(2t — %(i

+ o (s=D)N+(21)=-1)—2(+2) = (12, gst - gt + 16t — 4).

But w(z, 7}), w(y;, x}) € Zs x ngt so it will be considered under mod Zst.

4 4 2 2 4 2
w(zi, o) = (12, §St - §t + 16t —4) mod gst = (0, §St - §t —4) mod §St
4 4 2 2 4 2
w(y;, z5) = (12, §St — gt + 16t —4) mod §St = (0, §St — §t —4) mod §3t
The magic constant of Zs x Z 2 «~distance magic graph Ay x C; under £ is,

p=(0,2((s — 2)5 ~2)).

Theorem 2.5. For A, and Cy, such that either s =3k +1 or s =3k +2,t =9k, k k' >1. The graph
Ay x Cy admits a Zs x Lz ,-distance magic labeling with magic constants (0,2((s —2)% —2)) for s =3k +1
3
and (0,2((s —2(k+ 1))t = 2)) for s = 3k + 2, where Z3 X Lz, is the module group of order 2st.
3

Proof. The vertex and edge sets that represent A, C; and the vertex set A; x C} using the direct product
concept given in theorem

Now we have two cases as follows,

Case(i)

Ifs=3k+1andt=09k, kk >1.

Define £ : V(As x Cy) — Z3 X Z%St as follows,

/

(0,2(%)i + 27), for 0<i<s—1, 45=0,1,...,3k —1,
Uzi,2f) =S (L,2(E)i+2j—6K), for 0<i<s—1, j=3k,3k +1,..,6k —1,
(2,2(8)i+2j —12k'), for 0<i<s—1, j=6k,6k +1,.. 9% —1.
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(0,2(3¢ — 4i) — 1 2)),
t

(2,2(5t L
t

(1, 2(§t 3

for 0<i<s—1,

We can calculate the weight of vertex (z;,2) in such a way,

w(z;, x7)

But w(z;, 2%), w

case(ii)

_l’_

i)+ (6 —1) —2j), for 0<i<s—1,
i)+ (12 —1) = 2j), for 0<i<s—1,

L,

j=0,1,..,3k —
j=3K,3k +1,..,
j =6k ,6k +1,..,

U(@igr, T q) + U Tig(o—1)> Tjy1) + Wi, 1) + L(Wir1, ¥ 41)
U(@it1, @ps) + Ui (s1), Tjps) + (Wi Tipg) + E(Yir1, Tyg)

0.2+ 1) +2(+ 1)) +

02— L —1-2G+ 1)+ 02050 -

3 3

=26+ 1)) + 225+ 1) + 2 + 8) — 12) + (2,2(%)@ +(s—1))

2(7+8) —12) + (1, 2( + (1,

5

3

3

L) +(12-1) =2 +8)) =

3

3

(t+1))

Sy ra2-1) =23 +8))

4
(6,4st — §t —4).

(0,2(5)(i + (s = 1)) +2(j + 1)

s
2(=t
(3

6k —1,
9k — 1.

iy @y y) + 0@ 51y, Tin) + Wi, Thyy) Wit (s-1) Tjpr) + (i, 701 g)
g(xw(sq)a $}+8) + L(Yi+1, 55;’+8) + K(yi+(571)ux;'+8)

(0.2(5)() +2(j + 1)) +

(0’2(3 3

L= 205+ 1)+ (2,2(5)(0) +2( +8) — 12)

2(7+8) —12) + (1,2(

3

3

(0,2(3)(1' +

3

3

Lt (s— 1))+ (12— 1) —2(j +8))) = (6.

) —2(j+8))
4 4
gst - §t —4).

3

(s — 1)) +2(j +1))

e 2(%)(1' +

S L) +a2-1

(yi,2}) € Zy x Z 24 SO it will be considered under mod Zst.

4 2
w(zi, x;) = (6,4st — gt —4) mod §St = (0,

2
w(yi,m;) = (6,-st — -t — 4) mod gst = (0,

Ifs=3k+2andt =9k, kk >1.
Then the same labeling ¢ : V(As x C}) — Zs X ngt used as in above case.

The magic constants of Z3z x Z2 -distance magic graph A; x C; under / is,
3

for

for

s =3k+1,
s =3k + 2.

2 4
Zst—-t—4
3%t =3t =4
9 4

Sst—-t—4
35t~ 3t =4

S i) —1—2+ 1)+ 0,25 = L+ s — 1))

(s = 1))

S
1,2(-t
(12
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3. Conclusion

Graph theory and Groups are linked via Group Distance Magic Labeling (GDML). As a result, we must
define the relationship between group Zsg and direct product of anti-prism graphs with cycles through
GDML. Our results provide the GDML of anti-prism graph of direct product with cycles and show that it
is Zost to Zig X Zist, L3 X Loy and Zg X Z%St— distance magic.
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