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MONOTONIC SURFACES FOR COMPUTER GRAPHICS

MALIK ZAWWAR HUSSAIN, MARIA HUSSAIN

ABSTRACT. Computer graphics environment requires realistic visual mod-
els of data generated. These data can be either 2D or 3D and corresponding
visual models are called curves and surfaces. In this paper, a piecewise ra-
tional cubic function [8] has been extended to rational bicubic function.
Simple constraints are derived on the free parameters in the description of
rational bicubic function to preserve the shape of monotonic data.

Key words : Rational Function, Monotonic Data, Monotonic Visual Model,
Free Parameters.
AMS SUBJECT CLASSIFICATION: 68U05, 65D05, 65D07.

1. Introduction

Computer graphics is associated with creation of realistic scenes and ani-
mated images. Central objective of computer graphics is generation of images
of environment. These environments may be fictional or real. Images are made
by combining large number of curves and surfaces.

In most of computer graphics applications data are provided and corre-
sponding real scenes are created. Data are observed from scientific phe-
nomenons, mathematical description and real scenes. These data may have
some special shape property e.g. positivity, monotonicity and convexity and
of course it is required that visual model exhibits this shape property. The
problem become critical when visual model fails to exhibit this shape property.

One of the shape property of data is monotonicity. Monotonic data arises
in many phenomenons e.g. in determining the ultimate tensile strength of a
material. Result is obtained by making observation of stress and strain. The
generated data is always monotonic. Probability distribution data is another
example.

Major contributions to shape preservation of curves and surfaces are [1-11]
and references there in. In this paper, we extend the rational cubic function
defined in [8] to rational bicubic function. Simple constraints are derived on
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free parameters in the description of rational bicubic function to preserve the
shape of monotonic data.

2. Rational Cubic Function

In this section we introduce the piecewise rational cubic function [8] used in
this paper. Let (z;, fi), i = 0,1,2,...,n be given set of data points where

g < 11 < T9 < -+ < x,. Piecewise rational cubic function is defined over
each interval I; = [z;, 241}, =0,1,2,...,n — 1 as:
pi(0)
S(x) = , 1
(=) qi(9) W
with
pi(0) = fi(1 =00+ (ifi + hidi)(1 — 0)%0 + (B; fis1 — hidiy1)(1 — )62
+ fi10°,
a(0) = (1—07°4a;(1—-0)%0+6;(1—0)6%+6°
Xr — Xy

hi =xip1 —x, 0= I

The rational cubic function (1) has the following properties:

S(xi) = fi,  S(wit1) = fit,
S(l)(:(}z) = dz’, S(l) ($i+1) = dz'_;,_l.

S (z) denotes the derivative with respect to = and d; denotes derivative
values (given or estimated by some method) at knot ;. S(z) € CW|zg,z,]
has «; and ; as free parameters in the interval [z;, z;+1]. We note that in
each interval I;, when we take «; = 3 and (3; = 3, the piecewise rational cubic
function reduces to standard Cubic Hermite.

3. Monotonic Rational Cubic Function

In this section we explain the result of [8]. Let (xy, fi), i = 0,1,2,...,n be
monotonic data defined over the interval [x(, z,,]. The monotonic data satisfies
the following conditions:

fi < fir1,
A, = W>O, Vi=0,1,2,...,n—1.
7

d > 0, Vi=0,1,2,...,n.
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The rational cubic function defined in (1) preserves the shape of monotonic
data if
SW(z) >0, YV €l ).

For each interval [z;, z;11], S™)(z) can be expressed as:

S22 (1 —0)57igi A,

(1) —
e P K ®
with

Ay = d;,

A = 2B;A; +d; — 2d;iy1,

Ay = (B +2Bi +3)A; — (i + 2)dir1 — Bidi,

Az = (@il + 205 + 3)A; — aidip1 — (Bi + 2)d;,

Ay = 2040 +dipq — 2d;,

As = dit1.

SM(z)>0if A; >0, i=0,1,2,...,5.
A;>0,i=0,1,2,...,5if

S 4
a; A
dit1
Gi > A

This leads to the following theorem:

Theorem 3.1. The rational cubic function (1) generates pleasing mono-
tonic curve through monotonic data if in each subinterval I; = [x;, zi11],7 =

0,1,2,...,n — 1, shape parameters «; and §; satisfy the following conditions:
d.
o = li—f-KZi, l; > 0.
dit1
ﬁi = m;+ ZZ , m; > 0.

4. Rational Bicubic Function

The piecewise rational cubic function (1) is extended to rational bicubic func-
tion S(z,y) over the rectangular domain D = [xg, ] X [yo,yn]. Let m:a =
xo < a1 < -+ < Ty, = b be partition of [a,b] and T:c=yp <y1 < -+ < yp =
d be partition of [c, d]. Rational bicubic function is defined over each rectangu-
lar patch [z, ;1] X [y;, Yj+1], wherei =0,1,2,...,m—1; j=0,1,2,...,n—1
as:

S(x,y) = Sij(z,y) = Ai(0)F (i, j) AL (¢), (3)
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where
Fj  Fga  FS F,
oo | Frg Fegn Ffi;l,j Eﬂ;,ﬁl
ng Fz‘:fj+1 };zgy zi,]y—l-l ’
Fiay Fhagn Fhy Fign
Ai(0) = [ao(0) a1(0) az(0) az(0)],
Aj(0) = lao(¢) a1(e) a2(0) as(e)],
with
 (1-0P+as(1-0)%0
aO(e) - %‘(9) )
P Bi(1— 0)0?
a1(0) B %(9) ’
_ hi(1-0)%0
O,
_ —hi(1—-6)6?
w0 = w
. (1 =9P+4;(1-9)%
G(¢) = a;(9) 7
) 4 51— ¢)¢?
a(g) = qj(9) 7
. _ hi(1-9)%
@(9) = q(o) 7’
oy —hi(l—9)¢?
a3(¢) Qj(¢) :

Substituting the values of A, F and A in equation (3) the rational bicubic
function S(x,y) can be expressed as:

(1 — (9)3’}/1'0‘ + (1 — 9)29771”' + (1 — 0)9257”' + ngi,j

A—tpta(-0pisaa-oese D

S(ZL‘,y) =

with
Yig = (1= ¢)*Fj+ (1—0)*¢(a;Fj + hiFY)) + (1 — ¢)¢°(B;Fija
- iLjFiZ,Jj-i-l) + ¢°F 1l /ai(9),
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ng = (1= @) (Fij+hiFf) + (1= 6)*¢{;(ciFyj + hiFy) + hyj(ai FY,
+hiEP Y+ (1= 0)6°{Bj(iFi jr + i) — hj(ouFY,
+hFL )Y+ O (i + i )] /a5(6),
(1= ) (BiFis1y — hiFf j) + (1= 0)°0{a;(BiFir1; — hiFf )
+hi(BiFY, 5 iF )Y+ (1 - $)°{B;(BiFiz1j41 — hiFfy ji1)
(ﬁ% i+1,5+1 — hy Fzgfl ]+1)} + ¢3(ﬁiFi+1,j+1 hi F+1,g+1)]/‘]]( )

6ij = |

wij = [(1=¢)*Fipr;+ (1 —0)20(65Fun; + hiFh )+ (1 - ¢)¢
(BiFirgi — hiFlhy 1) + 6° Fipa il /a;(9),
a(0) = (1-0)°+a;(1—0)%0+ Bi(1—0)6° + 6°,
0(8) = (1=90)"+a;(1 =)’ + 51 - §)¢” + ¢°.
The normalized variables # and ¢ along x and y axes are defined as:

T — & ¢ Y—Yj

0= )
hz’ h]’

with
hi=zipr—xi by =yjp1 —y;

Unfortunately, these rational functions are not very useful for surface design
as any one of the free parameter «a;, 3;, &; and Bj applies to entire network of
curve. Thus there is no local control on the surface model. This ambiguity is
overcome by introducing variable weights and desired local control has been
achieved. For this purpose new free parameters «;;, 5;;, &;; and B” are
introduced such that:

ai(ys) = aig, Bily;) = Bigs &j(ws) = dug, By(x:) = Big,
i=0,1,2,...,m—1; j=0,1,2,...,n— 1.
The shape of the surface can be modified by assigning different values to these

parameters. This property of free parameters will impose different constraints
on 061‘7]‘, ﬂ@j, ai,j and ﬂi,j.

4.1. Choice of Derivatives. In most applications, the derivative parameters
di, Ff;, FY; and F}'Y are not given and hence must be determined either from
given data or by some other means. These methods are the approximation

based on various mathematical theories. An obvious choice is mentioned here:
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4.1.1. Arithmetic Mean Method for 2D Data.

ho
dy = Ao+ (Ag—A)——.
0 0+ (Ao 1)(h0 )
o hn—l
dyn = Apo1+ (A1 — An—Q)m-
n— n—
A+ A
4 = SiTSicl g9 o1
2
4.1.2. Arithmetic Mean Method for 3D Data.
ho
Fy. = Agi+(Agi—A1)——.
0.4 04 + (Ao, 173)(h0+h1)
hom—1
Fri = Ap1j+ (Am-1j — Am-2j) G 17:_ o a)
m— m—
R
i=1,2,3,...,m—1, j=01,2,...,n.
A~ A~ A~ ]/:LO
i,0 1,0 ( 7,0 z,l) (h() N h1)
= Aps + (Beps = Agyg) ol
wno t,n—1 + (Aivnfl - Ai7n72) (}Al + il, )
n—1 n—2
Ey = = JFQA”_1
i=0,1,2...,m; j=1,23,....,n—1.
gy L EGn m B Bl - By
J 2 }AL]',1 + ﬁj hi—1 + h; .

1=1,2,....m—1;, 57=12,...,n—1.

F

Fii1,
Where A; ; = 7“’;1

_F A F
— ) and Ai,j =
3

= F ) )
% These arithmetic mean meth-

J
ods are computationally economical and suitable for visualization of shaped
data.

5. Monotonic Rational Bicubic Function

Let (z4,95, Fij), 1 = 0,1,2,...,m ; j = 0,1,2,...,n be monotonic data de-
fined over the rectangular domain D = [zg, Z,] X [yo, yn] such that

Fij <Fit15, 8i; >0, Fj<Fj, Ai;>0, Figfj > 0, ng >0, Vi, j.
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The rational bicubic function S(z,y) defined in (3) preserves the shape of

monotonic data if

7:Sx(x7y) >O7 7:Sy(x7y) >07 V(x,y) €D.

S0 ,(1—6)>"0' 4,

Sy, y) : (5)
* (¢i(0))2%q;i(9)
where
3 . .
=0
with
Ao = Fj,
Aoz = Fliiqs
Aor = G+ hiFY,
Avp = BijFl —hiFL .
3 . .
A5 = (1—-¢)* ¢l A5, (7)
=0
with
Aso = Flhqjs
As3z = Flqjt1
Asy = Qi Fl;+hGFL
Asp = Bl — MEY
3 . .

Jj=0
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with

Arp = 2B;;0; —2As50 + Aop,

A1z = 20041 —2A53 + Ao 3,

Arn = Aop +264;6i005 +2 ]ﬁw( Py — F)

- Q(di,JFerlg + h F+1 g)
Az = Aoz +28,80 41 — o ﬂm( g+ — Fipen)
Q(BiijﬁrLjJrl h Fz+1 ]—0—1)
3 . .
Ag=> (1= ¢l Ay, 9)
=0

with

Ao = 2005+ Aso — 240,
A4 3 = 2041',in7]‘+1 + A5,3 - 2-’40,37

h;
Agp = 2al]ah]A2J+2h]al’](Fly+1] Flya) 2 I +th)—|—A5,1,
Agg = Aso+20;i6i:A 2%’ FY E}
12 = As2+20056i58 5101 = 250 (Bl — By
(2

2(Bi;Ffj 1 — hiFY, ).

3
Ay =) (1—¢)* ¢l Ay, (10)
=0

with

Ao = (ijBij+2Bi;+3)Aij — (i +2)As0— Bi; A0,

Ars = (04;Bij+206i;+3)Ai 41 — (aij +2)As3 — BijAo3,

h
A1 = 0. 5(0&1] + 2)(A1 1 — AO 1)+ 30élelj + 3h (Fly_~_1] Ff{])
— Bij(Gi s FY —I—h ny)
. h;
Ass = 0.5(qi; +2)(A12 — Ao2) + 300541 — 37 B H(F o — F)

N oy
_5i,j(5i,j ig,chrl hy Fu+1)



178 Malik Zawwar Hussain and Maria Hussain

3

Az = (1—¢)*I¢l Ag, (11)

J=0

with

Asg = (ojBij+206;+3)A;; —aijAso — (Bij + 2) Ao,
A3z = (ijBij+ 2065+ 3)Ai 1 — i jAs3 — (Bij +2)Aos,
Aznp = 0.5(8i; +2)(As1 — Asp) + Qi j(BAi; — i jF )
h
+ 3= , 2
Az = 0.5(8i; +2)(Aso — As2) + Bii (30 511 — @i i 1)
h;

- 3}7](Fzy+1,]+1

Y Y
FZ+1]_FZ]) awh E+1j’

Fz]-s-l) + O‘mh Fz-s-l pESE

Sylw,y) = ==0— ., (12)
Y qi(0)(q;(4))?
where
5 . .
By=> (1-¢)>7¢'Byj, (13)
§=0
with
BO,O = i{/ja
B0,5 = Fi?{jJrl?
Boy = 20,0~ Fz'yj+1 +
Boa = 2di;Ai5+ Fjpq = 2F;,
Bog = (GijBij+28i;+3)Aij— (ij+2)F,, — BijFY),
Bog = (GijBij+26u;+3)As; — 6 FY 4 — (Bij+2)FY,.
5 . .
B3=> (1-¢)>7¢/By;, (14)

Jj=0
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with
B3,0 = FiZ{H,j?
Bss = Fzy+1,j+17
By1 = 2B;jAi115 — 2F)q i + Fla
Bssy = Qdi,in-HJ + F+1 J+1 2Fi+1 R
Bso = (GijBij+2Bij+3) A1 — (Guj +2)FY, g1 = Bl
Bsz = (QjBij+2Gij+3)Aiy1j — qigFly i — (Big +2)Fy 5 g
5 . .
By =) (1-¢)>7¢By, (15)
=0
with
Bip = az,]F + h; F;aij,
Bis = Oéz,gFi,jH + hi Fffﬂv

) ) hi
Bii = Bio+28; {%a’ﬁm + #(Ffjﬂ - Fﬁj)}
j

= 20 1Y + hiFL),

) h;
Bi4 = Bis+ 2 {OMA ij+ hz (Fijy1 — Ffj)}
]
— 2ai FY + hiFY),

BLQ = 0.5(0&@J + 2)(3171 — Bl,O) ﬁ”(az JF + h; Fzy)

D‘D‘

+3{O‘UAJ + = (Fz]+1 Fx)}
j

Big = 0.5(8;;+2)(Bia— Bis) — (i FYyyy + hiFY )

h xr
J

5

By = Z(l —¢)> ¢/ By, (16)

Jj=0
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with

— Y TY
Boo = Biglii; —hli

/L+17j,
_ 3 .Y Ty
Bas = BijFii 41— il i
B - B 28 4 B Aiiq hi oo FZ
21 = DBoo+28;1 Bi; z+1,]_i7( 1 — B )
J

- 2<6i7jFiy+1,j+1 - hiFiEl,jJrl)u
. A h;
Boy = Bys+24 {ﬂmﬁm,y‘ = i(ﬂ%,jﬂ - Fzﬁl,j)}
j

- z(ﬁi:jﬂal,j - hiFigjz-Jl,j)v

Byy = 0.5(dij+2)(Bay — Bao) = Bi(BiiFly; — hiFiY )
] (Fiﬁ—l,j—f—l - Fﬁl—l,j)} 3
J
Bys = 0.5(8i; +2)(Baa— Bas) — i (BiiFyy jiq — by i)

~ h
+3 {ﬁmﬁm,j - }TZ( 1 — Fzﬁl,j)} :

:ﬂg

+3 {ﬁz’,jAz’H,j -

J

Sy(x,y) > 0if

5

D> (160> A; > 0 and (¢:(6))%q;(¢) > 0.
=0

(4i(0))%q;(¢) > 0 if

OAzi’j >0 and Bi,j > 0.

S0 (1 =057 A; > 0if A; >0, i=0,1,2,...,5.
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A;>0,i=0,1,2,...,5if

.3 i+1,5

&i; > Max IR

_thxy _th?fy }

xr
i1 i

i, i,j+1}
Aij  Nijr1 )
i Fix+1,j+1}
Aij " D |

aj; > Max

B > Max{thfjl‘/ﬂ thiaij—i-l}
1,7 s .

ﬁm‘ > Max

Sy (x,y) > 0 if
3 . .
S "1 - 6)*76' B and 4:(6)(4;(6))™

=0

qi(0)(4j(¢))* > 0 if

Q5 > 0 and ,87;7]' > 0.

S8 (1 —0)370'B; > 0if B; >0, i =0,1,2,3,
B; >0, i=0,1,2,3if

Y. Y
R 1
& i > Max{ =22 g
J )
Aij At
FY. FY
5 4,7+1 i+1,7+1
,BZ'J' > Max = , = .
AVE VAR
N A N A
y Vawd P ~hifign
i > ar Ry ,
.J 1,541

 TY  TY
5 > Max{hZFi—l-l,j thz’+1,j+1}
2%} :

FY, . F!

i+1,j i+1,5+1

Therefore, we can conclude the above discussion in the following theorem:

Theorem 5.1. The rational bicubic function defined in (3) preserves the
shape of monotonic data if in each rectangular patch I; ; = [z, i11] X [y, yj+1],
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free parameters «; j, 3; j, &; j and B” satisfy the following conditions:

N LTy Yy Y
_hJFi,j _hJFiJrl,j Fz',j Fi+1,j L >0
FCE bl Fx ~ b 1,] > .

b b
i+1,  Aij Aiva

dm’ = li’j+Ma$ 0,
i?j
N ] N ) Y Y
. hiFi i hiFil v Fijmn B
Pij = mij+Maz {0, -, — TR TR ; mij > 0.
ij+1 i+l Dig o Aipy

Fr.  Fz —h:F* _ph. Y
9. ?Jrl ¢ 2 3 7+1
aj = ni7j+Max{O, bl = S b n > 0.

i '7 L b) y ) y
Aij Dij F Eijn

T x iy ) iy )
Fiyy Fiago hilFily hiFily o
ﬁi,j = k@j%»MCLCC 0, A A .y oy , k?@' > 0.
(] i,j+1 i+1,5 i+1,54+1

6. Demonstration

The monotonic data set for first example is shown in Table 1.

TABLE 1

x|1|15] 4 (45| 5
y 5] 10|17 20 | 30

The Figure 1 is produced by the default setting of the parameters a; and 5;
satisfying the monotonicity conditions derived in section 3 with I; = m; = 0.6.
The monotonic data for second example is in Table 2.

TABLE 2

x| 0.1 0.2 0.3 2 3 3.5
y | 1.1052 | 1.2214 | 1.3499 | 7.3891 | 20.0855 | 33.1155

The Figure 2 is produced by the default setting of the parameters a; and 3;
satisfying the monotonicity conditions derived in section 3 with I; = m; = 0.4.

Data set in Table 3 is generated from the following function:
F=a% 42
Figure 3 is produced by default setting of free parameters o j, 3 j, &;; and
B;,; satisfying the monotonicity conditions derived in section 5 with [;; =
mi i = Njy; = ki,j = 0.5.
The data set in Table 4 is generated by Cobb-Douglas production function

defined as:
P(L,K) = 1.01L%™ K%,
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FIGURE 2
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TABLE 3

S -2 -1 1 213
-3 |-541-35|-28(-26(-19| 0
-2 1-351-16| -9 | -7 | 0 |19
-1 |-281 -9 | -2 7 |26
1 1-26]-71] 0 28
2 [-191 0 | 7|9 |16 |35
3 0 |19 )26 | 28| 35 |54

[an}

\)
Nej

: %
< \‘L\“i“}lolo‘w‘u.m 09
 ASRSREKIE LXK
RRIRAAIL

QEESEK X “
KRR
s atsieete

f;;

EROK
‘\“\‘
X .

o
SR
SIS uM j

2 \"ﬂ c""""‘QT‘Q‘ R
e X

FIGURE 3

This function represents the growth in American economy where L is the
amount of labour, K is the amount of capital invested and P is the total pro-
duction. It was observed that production increases as either L or K increases.

Visual model in Figure 4 is produced by default setting of free parameters

TABLE 4

L/K 1 100 200 300
1 1.0100 | 3.1939 3.7982 4.2034
100 | 31.9390 | 101.0000 | 120.1099 | 132.9235
200 | 53.7148 | 169.8611 | 202.0000 | 223.5497
300 | 72.8052 | 230.2302 | 273.7914 | 303.0000
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FIGURE 4

o j, Bij, 0 j and B3; ; satisfying the monotonicity conditions derived in section
5 with li,j =Myj = N4j = ki,j =1.

7. Conclusion

In this paper, the problem of monotonicity preservation of surfaces is discussed.
Simple constraints are developed on free parameters in the description of ra-
tional bicubic function to preserve the shape of monotonic data. Choice of the
derivative parameters is left at the wish of the user as well. The method is
local, computationally economical and visually pleasing.
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