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Abstract

The solvability in a closed form of the following three-dimensional system of difference equations of second
order with arbitrary powers
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where the initial values x_;, y_;, 2;, ¢ = 0,1 are non-zero real numbers and the parameters a, b, ¢, d, h, are
real numbers, will be the subject of the present work. We will also provide the behavior of the solutions of
some particular cases of our system.

Keywords: Systems of difference equations, form of the solutions, limiting behavior of the solutions,
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1. Introduction

The study of solvable systems of difference equations and systems continues to attract with great interest
researchers [I]-[I§]. In particular some models of systems of difference equations with powers of variables
are the goal of some recently published papers. Here are some examples.

In [12], the authors studied the following higher order system of difference equations

p p
Tni1 = Ln—k+1Yn Ynil = Yn—k+1%n
n - b n -
ayﬁ_lC + by, a:vz_k + Bxy,
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this system is a generalization of the following systems investigated in [17]

Tn—1Yn _ Yn—1Tn
yYnt1 = —

Tpa] = ————
. Yn—2 E byn Tp—2 £ Ty

As a generalization of the work of [12], Akrour et al. in [2], studied the following three dimensional system

P p p
Tl = Ln—k+1Yn Y1 = Yn—k+1%n Zal = “n—k+1Tn
mr oy + Byn’ n+ azl 4+ Bz nr Aa® , + Bxp
Hamioud et al. in [14], solved in closed form the following third order system

p q
YnYn—1T,_q TnTn—1Y,_1

s Yn+1 =
xn(anyg_Q + bnynyn—l) " yn(cnxﬁ_g + dnxnwn—l)

Tnt+1 = avnEN()apaqu

and as a generalization of this system, a more general system defined by one to one functions was also
presented.

Alzahrani et al. in [3], presented the form of the solutions of the following second order system of difference

equations
YnYn—1 InTn—1

T (1 + ypyn_1)’ Ynt1 = Yn(E1 + 2020 —1)
this system was generalized to the more general system with variable coefficients
YnlYn—1 o TnTn—1
Tn(an + OnYnYn—1) it = Yn(on + Brntn-1)

Tpyl = , n € Ny (1.1)

Tn4+1 = , N E NO (12)
by Stevic et al. in [16].

Motivated by all the above mentioned works, we will solve in a closed form the following three-dimensional
system of difference equations of second order with arbitrary powers

q r p
ynyn_l ann—l .’L'nmn_l

) = ) Z -
xh(a+ bynygfl) Ynt1 yn(c+ dzn2)_4) ntl 2r(h+ kxpal )

n—1

Tptl = , n €Ny (13)

where the initial values x_;, y_;, z;, ¢ = 0,1 are non-zero real numbers, the parameters a, b, ¢, d, h, are real
numbers and p, ¢ ,r € Ng. The behavior of the solutions of the two particular cases of System when
p=qg=r=0and p=g¢q =r =1 will be also showed. It is not hard to see that our system is a three
dimensional generalization Systems (|1.1)) and System when the coefficients are constant.

Definition 1.1. By a well defined solution of System , we mean a solution such that
whydzn (a4 bynyd ) (e + dzn2, ) )(h+ kanal ) #0,n=0,1,--- .
Arguing as in [10] it is very easy to see that
hynzn #0,n =12 . S r_yz #0,i=0,1

and this explain why we have to choose the initial values non-zero, otherwise solutions of System will
be not defined. For the rest of a paper by a solution of System we mean a well-defined solution.

To solve our system, we first transform it to solvable linear system and then we deduce the solutions of
System from those of the linear one.
Now, we recall the following well-known result.

Lemma 1.2. The solutions of the following third order linear difference equation
Yn+3 :ayn+/67 ne N0,0[, ﬁ eR

are given fori=0,1,2 by

) 1—a" ,
Ysnti = Yi + Bn, if a =1, and, ysnii = "y + (7 )B, fa#1
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2. Explicit formulas for the solutions of System (|1.3))

Assume that (p, Yn, 2n)n>—1 is a solution of System (1.3)). Multiplying the first equation in (1.3) by zh,
the second one by i, and the third equation by 2", and let

1 1
Uy =

D n — q >
{L‘nl‘n_l ynyn—l %

Wnp =

The changes of variables (2.1)) are always defined as we have

TnYnZn 7é 07 n

nen—1

=-1,0,---

Using ([2.1)), System ({1.3)) is transformed in following linear one:

,TZEN(),

Up+1 = aVp + b, Vpi1 =cwp +d wpy1 = huy, + k,  Vn € Np.

So, for all n € Ng,

Up+3 = achuy, + ack + ad + b,
Unt3 = achv, + chb + ck + d,
Wn+3 = achw, + ahd + hb + k.

(2.1)

From this, we get, for all n € Ny, the following linear first order nonhomogeneous difference equations,

U3(n41)+i = achusni; + ack +ad + b,

V3(n41)4i = achvgni; + chb

+ck+d,

for 1=0,1,2.

W3(n41)4i = achwsyyi + ahd + hd + k,

Then, from Lemma (1.2)) we get for all n € Ny and for i =0, 1,2,

U3n+i =
—(ach)™
(ach)™u; + (1 1(_(1;6}3

u; + (ack + ad + b)n,
)(ack + ad + b),

u; + (ack + ad + b)n,
ack+ad+b+(ach)™(u;(1—ach)—ack—ad—b)

1—ach

n 1—(ach)™
(ach)™v; + ( 1£ac,3

v; + (chb + ck + d)n,
U3n+i =

)(chb + ck

)

+d),

chb+ck+d+(ach)™ (v;(1—ach)—chb—ck—d)

B { v; + (ack + ad + b)n,
1—ac

1—(ach)™

| wi+ (ahd + hb+ k)
W3n4i (ach)"wi _|_( )

n,

)

ach =1,
otherwise,

ach =1,
otherwise,

ach =1,
otherwise,

ach =1,
otherwise,

ach =1,

)(ahd 4+ hb + k), otherwise,

ahd+hb+k-+(ach)™ (w; (1—ach)—ahd—hb—k)

B { w;i + (ahd + hb + k)n,

1—ach

Now, by rearranging equations in ([2.1]), we get for all n € Ny,

_ uh o p?
r Tn4+1 = unzlxnfl’

_ v 4

yn+1 - vnll yn—l)

__wy 12
k Zn+l1 = W41 Zn—l?

)

ach =1,
otherwise,

(2.3)

(2.4)
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from which it follows that

pnn—1, pEO=I =D+

__ 2P Ugj+1
Ton = Ty H %77]71)
=0 ubji, Jj=0
b n—1 p<2<n—j—1)+1>

p
Ton— 1—3511_[
7=0

W =
2g+1 Jj=0

( o1 ,q((=i=D+D o
mli — 4 2j+1
I1 21 — Y% H (v2j+2
j=0 v23+2 j=0
ot 1,gCn=i=+D n
2 q
Yon—1=y%, H ](12(717_]_1) z
( =0 V3541
{ r(2(n—j—1)+1)
r2(n—j—1)
Wajy2 ,
n—1,pCi= D)

=0 W2jt1 j=0
Then for all n € Ny and i € {0,1}, we have

n—
DP2n

1 ul. . )
Top—i =X 2Ly p2 I

—1
U254+2—7
j=0 2j+2—1

n—1

2n
Yon—i = yq,l- H(

j=0

q
Y2j+1—i\g2(n—i-1)
V25424

n—1

2
i :ZiinH(

J=0

2n—
W2 42—

Now, we will distinguish the following situations:
i) If n =3m, m € Ny, then, from (2.7), (2.8) and (2.9, we have

m—1 _

1:[ ( 3(2])+1) 2(5("” j)—1) H (

6m

— P 3(2 +1)
T2(3m) = o !

U3(25)+2 U3(2J+1)+1
U5 (2)

—p “s2i)+1 W3(2j+1)

2(3(m)1)
e [[<

3(27+1)
”3(2J+1)+1

2(3(m—5)-1) "1
) H(
Jj=0

M)qﬂam_'j)_l)mﬁl(

)2(3(m 7)—2)
V3(2j5)+2 j:0

m—1

[ (
j=0

T

v3(2j)+2 )q2(3(m—j)—2
U3(25)+1

U3(2j+1)

m)ﬂ(?’(m*j)fl)mﬁl(

=0 W3(25)+2 =0

m—1 ) m—1
_ T 3(25) \r2B8(m—3)—1)
-1 A jl;IO (w3(2j)+1) jl;lo(

i1) If n = 3m + 1, m € Ny, then, from (2.7)), (2.8) and (2.9)), we get

6m+2 T

L2(3m+1) = 0 1:[ (

.
Wa(2j+1)

)2(3(m 7)—2)
W3(25+1)+1
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)
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f yq6m+2 ﬁ (”§<2j>+1) 6(m—3) 1—_[1( Yi(211) )q2(3<m—f>—1)ml—_[1(”§(2j+1)+2)q2<3(m‘j)‘2)
2(3m+1) = 50 0 Ua(2i)+2 10 Ui+ S0 it2) ’
];L q gnil q m—]; q (2‘17)
_ yq6m+2 H( U3(2]-) )qG(m—J) H (v3(2j)+2 )q2(3(m—j)—1) H (v3(2j+1)+1 )q2(3(7’l—j)—2)
\ +1 1 o UBe+1 jzo st V3(2j41)+2 ’
m m—1 r m—1 .,
f . 6m+2 W3 05y 41 \6(m—17) W3(2541) \r2B(m—35)—1) Wa(2j+1)+2 \r28(m—35)-2)
P — _3(2441) —3(2j+1)+2
2(3m+1) 1;[ (w3(2g)+2) jl;[(](ws(2j+1)+1) jl;lo( W3 (25+2) ) ’ (2 18)
{ 5 — F6m—+2 ﬁ( W2)) ) r6(m—3) ﬁl(w§(2g’>+2 )T2<3<m,j),1)m1:[1(wg(%“)ﬂ)r2(3<m,j),2) '
( 2(3m)+1 -1 =0 W3 (27)+1 =0 W3(25+1) =0 W3(25+1)+2 .
i) If n = 3m + 2, m € Ny, then, from (2.7)), (2.8)) and (2.9)), we obtain
f omta T ug o, 2(3(m—3)+1) 1% Yo " p2Bm—)=1)
p 3(25)+1 \p2(B(m—j 3(25+1) (m—j 3(23+1 +2 m—j
=X
2(3m+2) 0 1:[0(u3(2j)+2) l:lo(u3<2g+1)+1) 1:[0( U3(25+2) )P ’
"m " m1 (2.19)
" _ ﬂ0196"”'4 T ¢ Y3(25) )p2(3(mfj)+1> (“3<2j>+2 )p6<m 7) H (“3<2J+1)+1) p2(Bm—7)—1)
L 2(3m)+3 1 L us(2i)+1 o UsCitD) oo Ui+ )
f omta T vd o 2(3(m—j)+1) 1%  V5q; = L2 Bm—i)—1)
_ .4 3(24)+1\q j 3(2j+1) 7) 3(2J+1)+2 J
{ y2(3m+2 Yo jl:lo(vs(zj)Jrz) jUO(U3(23+1)+1) ]1:[0( U3(25+2) ) ’ ( )
- - . 2.20
6m+4 M vl . 2(3(m—j)+1) T g8tm— m—1 yI 2(3(m*')*1)
— q 3(27) \q J 3(2])+2 7) 3(254+1)+1 J
L Y2(3m)+3 = Y1 l;lo(vs(zj)+1) jl;[(](vs(zg+1)) 1;[ (v5(2j+1)+2) ’
{ o r67n+4 m wg(Qj)+1 7,2(3(’m7j)+1) m w§(2j+1) 7-6<7”*J) - 3(2]+1)+2 2(3("’L*J‘)*1)
2(3m+2) = 0 jl:lo(ws(2j>+2) jljo(ws(2j+1>+1) ]1:[ ( W3(25+2) ) ’ ( )
- - __ 2.21
{ . _romt ﬁ( Wi(2)) )T2<3<m—j>+1) ﬁ(wg(zj)w)ﬁ(m 7 Hl( t TESEEIEERG r2(3(m—j)—1)
2(3m)+3 20 =0 W3 (25)+1 =0 W3(25+1) =0 W3(25+1)+2 .
Again we will consider two cases. Using ([2.3)), (2.4]) and (2.5, we have
g g ) )
First Case ach # 1.
1) If n =3m, m € Ny, then, from (2.13] and -, we have
[ (3m) = xmem_l( (ack+ad+b+(ach)?I (ui (1—ach)—ack—ad—b))P )p2(3(m—j)—1)
T23m) = Lo | 0 (ack+ad+b+(ach)?7 (ug(1—ach)—ack—ad—b))(1—ach)P—1
1 J=
1 m—l( (ack+ad+b+(ach)?I T (ug(1—ach)—ack—ad—b))P )p2(3(m—j)—2)
\ 0 (ack+ad+b+(ach)?2i+1(uy (1—ach)—ack—ad—b))(1—ach)P~!
j=
1 m—l( (ack+ad+b+(ach)?I 1 (uz(1—ach)—ack—ad—b))P )pﬁ(m—j—l)
11\ (ack+ad+b+(ach)?9+2(uo(1—ach)—ack—ad—b))(1—ach)P~1 )
i | (2.22)
_ pbm ( (ack+ad+b+(ach)?I (ug(1—ach)—ack—ad—b))P )p2(3(m—j)—1)
T23m)-1 = L1 o (ack+ad+b+(ach)?7 (u1 (1—ach)—ack—ad—b))(1—ach)P—1
' j=
[ m—l( (ack+ad+b+(ach)?I (uz(1—ach)—ack—ad—b))P )p2(3(m—j)—2)
(ack+ad+b+(ach)?1+1(ug(l—ach)—ack—ad—b))(1—ach)P—1

1

( (ack+ad+b+(ach)?7 1 (u1 (1—ach)—ack—ad—b))P )pG(m—j—l)
(ack+ad+b+(ach)?1+1(ug(1—ach)—ack—ad—b))(1—ach)P—1 :

T
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Jj=
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—_
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(chb+ck+d+(ach)?9+2(vo(1—ach)—chb—ck—d))(1—ach)q—1 ) ’

m—1

—

( (chb+ck+d+(ach)? (vo(1—ach)—chb—ck—d))? )q2(3(m*j)*1)
(chb+ck+d+(ach)?I (vi (1—ach)—chb—ck—d))(1—ach)?—1

-
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o
L

2(3(m—j)—2)

( (chb+ck+d+(ach)? (va(1—ach)—chb—ck—d))? )q
(chb+ck+d+(ach)2it1(vo(1—ach)—chb—ck—d))(1—ach)i—1
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6(m—j—1)

( (chb+ck+d+(ach)? 11 (vy (1—ach)—chb—ck—d))?
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. q
0 chb+ck+d+(ach)2i+1(va(1—ach)—chb—ck—d))(1—ach)i—1 )
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-
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Il
o

3

<
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>
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I
—

(

3
|

3
L

3.
1L

<
Il
o

(ahd+hb+k+(ach)?I (w1 (1—ach)—ahd—hb—k))" )T2<3(m7j>,1)
(ahd+hb+k+(ach)2i (we(1—ach)—ahd—hb—k))(1—ach)™—1

(ahd+hb+k+(ach)?+ 1 (wo(1—ach)—ahd—hb—k))" )T2<3<m,j>,2>
(ahd+hb+k+(ach)2i+1(wy (1—ach)—ahd—hb—k))(1—ach)"—1

(ahd+hb+k+(ach)?+ ! (wa(1—ach)—ahd—hb—k))" )T6<m,j, 1)
(ahd+hb+k+(ach)2i+2(wo(1—ach)—ahd—hb—k))(1—ach)"—1

I

( (ahd+hb+k+(ach)?I (wo(1—ach)—ahd—hb—k))" )T2<3(m7j),1)
(ahd+hb+k+(ach)2i (w1 (1—ach)—ahd—hb—k))(1—ach)"—1

( (ahd+hb+k+(ach)?I (w2 (1—ach)—ahd—hb—k))" )r2(3(m,j),2)
(ahd+hb+k+(ach)2i+1 (wo(1—ach)—ahd—hb—k))(1—ach)"—1

( (ahd4hb+k+(ach)?I+1 (w1 (1—ach)—ahd—hb—Fk))" )re(mfjfl)
{ .

0 ahd-+hb+k+(ach)?9+t1 (wa(1—ach)—ahd—hb—k))(1—ach)"—1

i1) If n = 3m + 1, m € Ny, then, from (2.16)), (2.17) and (2.18)), we have
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<
Il
o

6m—+2

3
L

3.
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(ack+ad+b+(ach)?i (ug(1—ach)—ack—ad—b))(1—ach)P—1
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( (ack+ad+b+(ach)? 1 (uz(1—ach)—ack—ad—b))P )p2(3(m*j)*2)
(ack+ad+b+(ach)2i+2(uo(1—ach)—ack—ad—b))(1—ach)P—1 ’

(ack+ad+b+(ach)? (ug(1—ach)—ack—ad—b))P )pﬁ(mfj)
(ack+ad+b+(ach)?i (u1(1—ach)—ack—ad—b))(1—ach)P—1

o

( (ack+ad+b+(ach)? (uz(1—ach)—ack—ad—b))P )p2(3(m*j)*1)
(ack+ad+b+(ach)2i+1 (ug(1—ach)—ack—ad—b))(1—ach)P—1

I
o

( (ack+ad+b+(ach)? 1 (us (1—ach)—ack—ad—b))P )p2(3(m*j)*2)
(ack+ad+b+(ach)2i+1 (ug(1—ach)—ack—ad—b))(1—ach)P—1 )

I
o

(2.23)

(2.24)

(2.25)
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{ _gdmt2 ﬁ( (chb4-ck-+d+(ach)? (v1(1—ach)—chb—ck—d))? )q5(m—j)
Y2(3m+1) = Yo 0 (chb+ck+d+(ach)? (va(1—ach)—chb—ck—d))(1—ach)q~1
] Jj=
1 mﬁl( (chb+ck+d+(ach)? 11 (vo(1—ach)—chb—ck—d))? )q2(3(m*j)*1)
, 0 (chb+ck+d+(ach)?9t1(vi (1—ach)—chb—ck—d))(1—ach)4—1
]:
' m‘l( (chl bt (ach) oy (1 —ach) —chb—ck )" _)2(3(m=9)-2)
0 (chb+ck+d+(ach)?7t2(vo(1—ach)—chb—ck—d))(1—ach)4—1 ’
)= 2.26
{ qbm+2 ﬁ( (chb4-ck-+d+(ach)? (vo(1—ach)—chb—ck—d))? )q5(m—j) ( )
Y2(3m)+1 _y 1 0 (chb+ck+d+(ach)? (v1(1—ach)—chb—ck—d))(1—ach)q~1
] Jj=
. m‘l( (chb-+ch+d+(ach)2 (va (1—ach)—chb—ck—d))a a2
, iz (chb+ck+d+(ach)?9t1(vo(1—ach)—chb—ck—d))(1—ach)4—1
' m_l( (chb ok (ach) T (o1 (1ach) —chb—ck—d)!__yq2(3(m=9)-2)
L 0 (chb+ck+d+(ach)?9t1(va(1—ach)—chb—ck—d))(1—ach)4—1 :
]:
r __pbm+2 ﬁ ( (ahd+hb+k+(ach)?I (w1 (1—ach)—ahd—hb—k))" )rﬁ(m*j))
Z2(3m+1) = %0 L4\ (ahd+hb+R-+(ach)? (wz(1-ach)—ahd—hb—F)) (1—ach)™ T
1 J=
. m_l( (ahd bt (ach)** (wo(1ach) —ahd—hbk))"__y,23m=5)=1
, 0 (ahd+hb+k+(ach)21+1(wi (1—ach)—ahd—hb—k))(1—ach)"—1
]:
' m_l( (ahd b (ach)** (wy(1ach) —ahd—hbk))__y,22m=5)=2
0 (ahd+hb+k+(ach)21+2(wo(1—ach)—ahd—hb—k))(1—ach)"—1 ’
e 2.27
{ Pom—+2 ﬁ ( (ahd+hb+k+(ach)?I (wo(1—ach)—ahd—hb—k))" )rﬁ(m*j) ( )
223m)+1 = F-1 o (@hd+hb+k(ach)? (wi (1-ach)—ahd—hb—F))(1-ach)™~!
1 J=
. m_l( (ahd+-hb+k+(ach) (wz(1—ach) —ahd—hb—k))" =91
. 0 (ahd+hb+k+(ach)2i+1(wo(1—ach)—ahd—hb—k))(1—ach)"—1
]:
! m—l( (ahd+hb+k+(ach)?7+1 (wy (1—ach)—ahd—hb—k))" )72(3(m*j)*2)
L =0 (ahd+hb+k+(ach)2i+1 (wa(1—ach)—ahb—hb—k))(1—ach)"—1 )
i1) If n = 3m + 2, m € Ny, then, from (2.19)), (2.20) and (2.21]), we get
) ) ) Y g
{ _ pbmt4 ﬁ( (ack+ad+b+(ach)? (uy (1—ach)—ack—ad—b))P )p2(3(mfj)+1)
T2(3m+2) = T (ack+ad+b+(ach)?i (uz(1—ach)—ack—ad—b))(1—ach)P—1
1 Jj=0
' ﬁ( (ack+ad+b+(ach)? 1 (ug(1—ach)—ack—ad—b))P )pﬁ(m*j)
0 (ack+ad+b+(ach)25+1 (u1 (1—ach)—ack—ad—b))(1—ach)P—1
1 J=
' mﬁl( (ack+ad+b+(ach)? 1 (us(1—ach)—ack—ad—b))P )p2(3(m*j)*1)
i (ack+ad+b+(ach)25+2(ug(1—ach)—ack—ad—b))(1—ach)P—1 ’
et . (2.28)
_ pbmt4 H ( (ack+ad+b+(ach)? (ug(1—ach)—ack—ad—b))P )p2(3(mfj)+1)
T2(3m)+3 = T 0 (ack+ad+b+(ach)?7 (uy (1—ach)—ack—ad—b))(1—ach)P—1
1 Jj=
' mil( (ack+ad+b+(ach)? (uz(1—ach)—ack—ad—b))P )pﬁ(m*j)
. 0 (ack+ad+b+(ach)25+1 (ug(1—ach)—ack—ad—b))(1—ach)P—1
J:
! mil( (ack+ad+b+(ach)? 1 (uy (1—ach)—ack—ad—b))? )p2(3(m*j)*1)
(ack+ad+b+(ach)25+1 (ug(1—ach)—ack—ad—b))(1—ach)P—1 :

,_
<.
||
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{ _ gfm+t4 ﬁ ( (chb+ck+d+(qch)2j(v1(l—ach)—chb—ck—d))q )q2(3(m—j)+1)
Y2(3m+2) = Yo ; (chb+ck+d+(ach)? (va(1—ach)—chb—ck—d))(1—ach)q~1
J
1

ey

( (chb+ck+d+(ach)?9+ 1 (vo(1—ach) —chb—ck—d))? )qﬁ(m—j)

L1 X (chb+ck+d+(ach)?3+1 (v1 (1—ach)—chb—ckb—d))(1—ach)~!

. =

f mﬁl( (chb+ck-+d+(ach)? 11 (va(1—ach)—chb—ck—d))P )q2(3(m—j)—1)
(chb+ck+d+(ach)27t2(vo(1—ach)—chb—ck—d))(1—ach)4—1

)

—— 2 | (2.29)
g™ (chb+ck+d+(ach)?? (vo(1—ach)—chb—ck—d))? ¢2Bm=35)+1)
Y2(3m)+3 = Y1 ; ((chb+ck+d+(ach)2j (v1(1—ach)—chb—ck—d))(1—ach)i—1 )

=z

( ( (chb4-ck-+d+(ach)? (va(1—ach)—chb—ck—d))? )qﬁ(m—j)

0 chb+ck+d+(ach)2i+1 (vo(1—ach)—chb—ck—d))(1—ach)i—1

! J

\ j=0
m

POm—+4
r Z9(3m+2) = 40 " Ho
]:

2(3(m—j)—1)

—3

( (chb+-ck+d+(ach)?9+ 1 (vy (1—ach)—chb—ck—d))4 )q
(chb+ck+d+(ach)?9t1 (va(1—ach)—chb—ck—d))(1—ach)4—1

(ahd+hb+k+(ach)?I (w1 (1—ach)—ahd—hb—k))" )r2(3(m—j)+1)
(ahd+hb+k+(ach)?i (wa(1—ach)—ahd—hb—k))(1—ach)"—1

—~

( (ahd+hb+k+(ach)2t1 (wo(1—ach)—ahd—hb—k))" )6(m—j)
(ahd+hb+k+(ach)?2i+1(wi (1—ach)—ahd—hb—k))(1—ach)"—1

33

. 1( (ahd b (ach) 7wy (1ach) —ahd—hbk))"__),23m=)D

(ahd+hb+k+(ach)21+2(wo(1—ach)—ahd—hb—k))(1—ach)"—1

)

(2.30)

{ o pom-+4 H ( (ahd++hb+k+(ach)?I (wo(1—ach)—ahd—hb—k))" )7«2(3(m—j)+1)
22(3m)+3 = -1 (ahd+hb+k+(ach)?7 (wi (1—ach)—ahd—hb—k))(1—ach) ™1
1 J=
' ( (ahd+hb+k+(ach)?I (wa(1—ach)—ahd—hb—k))" )6(7"—1)
(ahd+hb+k+(ach)?i+1(wo(1—ach)—ahd—hb—k))(1—ach)"—1

s

1 J=0
: "I (o (ot ach) 1 (1ach) —ahd—b_R)_2(30m =)=
( .

ahd+hb+k+(ach)?9+1 (w2 (1—ach)—ahd—hb—k))(1—ach)"—1

Second case ach = 1. We have
i) If n = 3m, m € Ny, then, from (2.13]), (2.14) and (2.15)), we have

m—1 m—1

po™ ((u1+(ack+ad+b)(2j))p )p2(3(m*j)*1) H ((uo+(ack+ad+b)(2j+1))1’ )p2(3(m*j)*2)

=0 uz+(ack+ad+b)(2j) =0 u1+(ack+ad+b)(2j+1)

. = =

. - ((ug+(ack+ad+b)(2j'+1))p)pﬁ(m*j*l)

up+(ack+ad+b)(2j+2)

m—1 — (231)

((uo+(ack+ad+b)(2j))p) p2B(m—3)—1) H ( (u2+ ack+ad+b)(2j))p) p2(3(m—7)—2)
u1+(ack+ad+b)(2j) up+(ack+ad+b)(25+1)

)

Jj=
' 1( (11 (ack +ad +0) 35 +1)? 00=i=1)
uz+(ack+ad+b)(2j+1)

q6mm1—‘[1( (v14(chb+ck+d)(25)) )q2<3<m—j>—1>”ﬁ1( (vo+(chb+ck+d)(2j+1))4 )q2<3<m—j>—2>
va+(chb+ck+d)(27) v1+(chb+ck+d)(25+1)

' ml—_ll( (va+(chb+ck+d)(25+1))9 )qﬁ(m—j—l)
=0 vo+(chb+ck+d)(25+2)
— 2.32
{ T (vt (chbrck+d) (20))9 \230m =D T (wy - (chbtck+d)(25))7 23 (m—)-2) (2:32)
Y2(3m)-1 = T 'Ho( v1+(chb+ch+d)(25) ) Ho(v0+(chb+ck+d)(2j+1))
]:
1 7 ( (v1t(chbtck+d)(25+1))9 | g6(m—i=1)
(oo (ehbT ek T d) (2771) ) :

)
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-1 .
_6m w1+ (ahd+hb4k)(25))" \r2Bm=1) -1 "I (wo+(ahd+hb+k)(2541))" p2(3(m—7)—2)
[ oo = 2 1T (it [T (sl y

iz wa+(ahd+hb+k)(2j) iz w1+ (ahd+hb+k)(25+1)
1 - =
. ML o (ahd-bhb4k)(2j41))7 \p6(m—i—1)

I (T @harm 22 ) ;
{ T _ (2.33)

__pbm (wo+(ahd+hb+k)(2)))" \2(3(m—3) (wa+(ahd+hb+k)(2)))P \p2(8(m—3)~2)

. zam)—1 = 201 1 ( 11?1+(ahd+hb+k)(2j) )" H (oot ahd+hb+k)(2j+1))

J= Jj=0
' ML o1+ (ahd-hb4k) (2§ 41))7 + p6(m—i—1)

1:[ ( wa+(ahd+hb+k)(25+1) ) :

j
1) If n =3m + 1, m € Ny, then, from (2.16)), (2.17) and (2.18)), we obtain

m—1

6m+2 T (4 +(ack—+ad-+b)(25))P |\ pSm—1) (uo+(ack+ad+b)(2j+1))P \p2(3(m—7)—1)
( L2(3m+1) = T Ho( u12+(a6k+ad+b)(2j) )P 'Ho( 1?1+(ack+ad+b)(2j+1) )P
1 J= J=
. ﬁl( (ot (ack +adtD) 25 H1)? 23— -2)
L up+(ack+ad+b)(2j+2) ’
2.34
. _ ﬁ ((u0+(ack+ad+b)(2j))p )p6<m—j)ml—_[1((U2+(ack+ad+b)(2j))v )p2(3<m—j)—1) (2:34)
2(3m)+1 -1 . 0 w1+ (ack+ad+b)(27) L uo+(ack+ad+b)(2j+1)
J= J=
' "ﬁl((u1+(ack+ad+b)(2j+1))P JpEn ==
: uz+(ack+ad+b)(2j+1) ’
k 7=0
2 T (01 4 (chbtckt-d)(2)) \g8(m—D "5/ (vo-+(chbt-ck+d) (2§ 1)) \g2(3(m—i)—1)
f Y23m+1) = Yo jl:[O( vlg+(chb+ck+d)(2j) ) II ( 15)1+(chb+ck+d)(2j+1) )
. m’l((uQ+(chb+ck+d)(zj+1)) Ja2am ==
=0 vo+(chb+ck+d)(25+2) ’
- 2.35
{ gom+2 T (wg - (chbtck+d) (29))7 g8 (m—3) "I (va-t (chbck+d)(25))9 \g2(B(m—)~1) (2:35)
. Yo@m)+1 = Yo JHO 01+ (chb+ck+d) (25) ) Uo(vo+(chb+ck+d)(2j+1))
' mﬁl((v1+(chb+ck+d)(2j+1))q)qz(s(m—j)—z)
L ; va+(chb+ck+d)(25+1) :
7=0
[ _ o 1@[ ((w1+(ahd+hb+k)(2j))r)rzs(m—j)ml—’[l((w0+(ahd+hb+k)(2j+1))r)rz(s(m—ﬂ—l)
Z2(3m-+1) 0 i wa+(ahd+hb+k)(27) w1+ (ahd+hb+k)(2j+1)
. =
. m_l((w2+(ahd+hb+k)(2j+1)) Jraom=9=2
=0 wo~+(ahd+hb+k)(25+2) ’
- 2.36
{ FOm+2 1"3[ ( (wo-+(ahd+hb+k)(25))" )rﬁ(mfj)ml—_ll((w2+(ahd+hb+k)(2j))T)r2(3(m*j)*1) (2:36)
. Za(3m)+1 = 211 w1+ (ahd+hb+k)(2)) L4 Vo F(ahdRb+R)(25+1)
' ml—ll((w1+(ahd+hb+k)(2j+1))r)r2(3(mfj)*2)
L o wet DR 274D) :
i1i) If n =3m + 2, m € Ny, then, from (2.19)), (2.20)) and (2.21)), we get
o pSmtt ot (ack-+ad+b)(2))P \p2(3(m—i)+1) 1%/ (uo+(ack+ad+b)(2j+1))P \pb(m—1)
( T2(3m+2) = T jl:lo( 1L12+(ack+ad+b)(2j) )P ]1:[( uo1+(ack+ad+b)(2j+1) )P
1 — =
. mﬁl((uQ+(ack+ad+b)(2j+1))P)p2<3<m—j>—1>
=0 uo+(ack+ad+b)(25+2) ’
{ omta T (o4 (ack+ad+b)(2§))P \p2(B3(m—)+1) 1% (ug+(ack+ad+b)(2§))P \pSm—i) (2.37)
T — H( o+ (ack+a J) )p H(uz ack+a J )p
2(3m)+3 -1 w1+ (ack+ad+b)(25) L4 Yo+ {ackF ad+6)(25+1)

<
Il
o

—

(

(Lt (acktadtb) (24 D)7 yp2(30m ==
ua+(ack+ad+b)(25+1) ’

—3

0

<.
Il



M. C. Benkara Mostefa et al., Journal of Prime Research in Mathematics, 19(2) (2023), 37-59 46

ot o +(chbtck+d)(25)) 7\ g2B(m=i)+1) 17 +(chb+ck+d)(2j41))9 | ¢8(m—1)
r y2(3m+2) — yg ((’Ul (c c )( j)) )q J H ((UU (c c )( ' )) )q j

—

=0 va+(chb+ck+d)(25) v1+(chb+ck+d)(25+1)
. =
. - 1((v2+(chb+ck+d)(2j+1)) )q2<3(mfj>71>
0 vo+(chb+ck+d)(25+2) ’
0 o N (2:38)
qbmt4 H ( (vo+(chb+ck+d)(25))? )q2(3(m—J)+1) 1—[ ((v2+(chb+ck+d)(2]))q)qﬁ(m—J)
Y2(3m)+3 = e, o (chbT k) (2)) [\ vt (chbtck+d) (2j+1)
1 ]: =
i mﬁl((v1+(chb+ckz+d)(2j+1))‘1)q2(3(m—j)—1)
, va+(chb+ck+d) (2j+1) :
\ Jj=0
[ _pemt ﬁ ((w1+(ahd+hb+k)(2j))7')T2(3(m 0)+1) II ((w0+(ahd+hb+k)(2j+1))")rﬁ(mfj)
Z2(3m+2) = <0 LA\ s H(ahd FRER) (25) L (R FRbFR) (2741
1 J= J=
. m_l((w2+(ahd+hb+k)(2j+1))r)T2(3(m7j)71)
L\ wot(ahd+hbHR) (27+2) ’
" L m . (2.39)
_ 6m+4 I (wo+(ahd+hb+k)(24))" )T2<s<m—y>+1> I ((w2+(ahd+hb+k)(2j))")T6(m—1)
. “2(3m)+3 = i e ahd R 2)) L4 Vo +(ahd - Rb+R) (2 +D)
. ml—_ll((w1+(ahd+hb+k)(2j+1))’")T2(3(m—j)—1)
\ i wa—+(ahd+hb+k)(2j+1) :

In summary, we have the following theorem.

Theorem 2.1. Consider System . Then, the following statements hold:

(a) If n = 3m, m € Ny, every solution of System is given by (2.29), (2.25), (2.-24), (2-31)), (2-52)

and .

(b) If n=3m+1, m € Ny, every solution of System is given by (2.25), (2.20), (2.27), (2.34), (2.-35)
and .
(¢) If n=3m~+2, m € Ny, every solution of System is given by (2.28), (2.29), (2.30), (2.37), (2.38)

and .

3. Asymptotics behavior of the solutions of System (EI) when p=qgq=r=0and p=q =
r=1

In this section, we focus our attention on two special cases of System . We examine the
boundendness, periodicity and asymptotic behavior of solutions o@/s‘cem (I.3) whenp=g=r=0and p =
q=r=1.

3.1. Casep=q=1r=0.
If p=gq=r=0, System (1.3) takes the form
Ynt1 = 74—, n€No. (3.1)
As in the previous section every solution (Z,Yn, 2n)nen, Of System is assumed to be well defined,

which means that
(@ + byn)(c+ dzy)(h + kxzp) # 0, n € Np.

As the initial values are such that xgygzo # 0, it is not hard to see that

TnYnzn 0, n € Np.
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By using the following changes of variables
1
= 1 — (3.2)

, Up =
Tn

then, for n € Ny and ¢ = 0,1, 2, every solution of System (3.1)) is given by

1 —
T3nt+i = ui+(ack+ad+b)n’ ach =1,
17(a3h>n , otherwise,
(ach)™u;+(—= ) (ack+ad+b)
S — ach =1
_ u;+(ack+ad+b)n’ - . 3.3
N 1=ach otherwise, (33)
ack+ad+b+(ach)™(ui(1—ach)—ack—ad—b)’ ’
1 —
. v;+(chb+ck+d)n>’ ach = 1’
Y3n+i = 17<aclh)n , otherwise,
(ach)™vi+ (=) (chb+ck+d)
S — ach =1
_ vi+(chb+ck+d)n’ ’ 3.4
N 1—ach otherwise (3:4)
chb+ck+d+(ach)™ (v (1—ach)—chb—ck—d)’ ’
1 —
wit(ahdFREFR)n? ach =1,
Z3n+ti = otherwise
(ach)mwi+ (179 (ahd-+hb+k)’ ’
. e — ach =1
_ w;+(ahd+hb+k)n’ - 35
N 1=ach otherwise (3:5)
ahd+hb+k+(ach)™(w; (1—ach)—ahd—hb—k)’ ’

Theorem 3.1. Let (Tn,Yn, 2n)n>0 be a solution of System . Then the following statements are true.

(a) Ifach =1, ack+ad+b =0, chb+ck+d =0, and ahd+ hb+k = 0, then forn € Ny and i =0, 1,2, we
get T3nii = Ti, Ysnti = Yi and Z3n4i = 2. That is the solution (T, Yn, 2n)n>0 is periodic of period 3.

(b) If ach =1, (ack 4+ ad + b)(chb + ck + d)(ahd + hb + k) # 0, then (xn, Yn, 2n) — (0,0,0), as n — oo.

(¢) If (ack + ad + b)(chb + ck + d)(ahd + hb+ k) # 0 and | ach |< 1, then &y — 5%, yn — el

1—ach
andzn%m, as n — o00.

(d) If ach # 1, up = u; = ug = acfjigcdh“’, then the sequence (Tn)n>0 15 constant.

(e) If ach # 1, vg = v1 = v = %, then the sequence (yn)n>0 is constant.

(f) Ifach # 1, wyp = w; = wg = %{%’Ijk, then the sequence (zn)n>0 s constant.

(9) If u; # 9Fadth ' = 0,1,2 and | ach |> 1 then x,, — 0, as n — occ.

(h) If v; #Chlb*';lc“;d, i=20,1,2 and | ach |> 1 then y, — 0, as n — co.

(7) Ifw,;éahf”fcb,jk i=0,1,2 and | ach |> 1 then z, — 0, as n — oo.

Proof.

From (3.3, (3.4) and (3.5]), the proof is easily seen. O
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3.2. Casep=q=r=1
If p=q=r =1 then System (|1.3]) will be

YnYn—1

Int+l = fn(a"‘bynynfl)’
— ZnZn—1
y’nJrl - yn(c+dznzn—1)’ n 6 NO. (3-6)
TnTn—1

A+l = zn(h+kznzn—1)’

Remark 3.2. Before we deal with this system we want to mention the following.

- System was treated by A. Cete under the supervision of Y. Yazlik in [4] and separately by M. C.
Bekara Mostefa and N. Touafek.

- It is worth noting that in dealing with System , we are mainly inspired by the paper of Stevic et al.
[16], this is why we use and follows practically the same notations and technics.

From the general case, we have the following formulas of the well-defined solutions of System (3.6]),
depending on ach # 1 or ach = 1. Let (Zn, Yn, 2n)n>—1 be a well-defined solution of System (3.6]), we have
1) Case ach # 1.

i) If n =3m, m € Ny. Then, from (2.22)), (2.23)) and (2.24)), we have

r o mﬁl ack+ad-+b+(ach)? (u1(1—ach)—ack—ad—b)
L2(3m) = 20 0 ack+ad+b+(ach)?? (uz2(1—ach)—ack—ad—b)
]:

1 ml—_Il ack-+ad+b+(ach)?3 1 (ug(1—ach)—ack—ad—b)
\ o ack+ad+b+(ach)?+1(uy (1—ach)—ack—ad—b)
! ml—_Il ack-+ad+b+(ach)?3 1 (uz(1—ach)—ack—ad—b)
o ack+ad+b+(ach)?9t2(ug(1—ach)—ack—ad—b)’
Cme1 . (3.7)
. 1—[ ack+ad+b+(ach)?I (ug(1—ach)—ack—ad—b))
L2(3m)-1 = T—1 | 0 ack+ad+b+(ach)? (uy (1—ach)—ack—ad—b)
1 ]=
' ml—_Il ack-+ad+b+(ach)?I (uz(1—ach)—ack—ad—b)
' 11 ack+ad+b+(ach)27+1(up(l—ach)—ack—ad—b)
J=0
! ml—_Il ack+ad+b+(ach)? 1 (uy (1—ach)—ack—ad—b)
L 0 ack+ad+b+(ach)?i+1(ua(1—ach)—ack—ad—b) "
]:
( _ mﬁl chb+ck+d+(ach) (v1 (1—ach)—chb—ck—d)
Y2(3m) = Yo | chbeck+d-+(ach)? (vz(1—ach)—chb—ck—d)
] J=
. "ﬁl chb+ck+d-+(ach)?+ (v (1—ach)—chb—ck—d)
\ i chb+ck+d+(ach)2i+1(vi (1—ach)—chb—ck—d)
]:
' "ﬁl (chb-ch-+d-+(ach)2+ (vy(1—ach)—chb—ck—d)
0 chb+ck+d+(ach)21+2(vg(1—ach)—chb—ck—d) ’
]_m 1 . (38)
chb+ck-+d+(ach)? (vo(1—ach)—chb—ck—d)
J

Y2(3m)—1 = Y-1 1:[0 chbtck+d+(ach)2 (v1 (1—ach)—chb—ck—d)

1
m—1 2

1 H chb+ck+d+(ach)?? (v (1—ach)—chb—ck—d)

. o chb+ck+d+(ach)2i+1 (vo(1—ach)—chb—ck—d)
J:

! ML hbch-pd-(ach)2+ (v (1—ach)—chb—ck—d)

L o chb+ck+d+(ach)2i+1(va(1—ach)—chb—ck—d)
J:



{ o H chb+ck+d+(ach)? (vo(1—ach)—chb—ck—d)
Y2(3m)+1 = Y-1| | chb-ch+d+(ach)? (v1 (1—ach) —chb—ck—d)
]:

. mﬁl chb+ck-+d-+(ach)? (va(1—ach)—chb—ck—d)
. o chb+ck+d+(ach)?2i+1 (vo(1—ach)—chb—ck—d)
' ”"ﬁl chb-ck-+d+(ach)2+ (v1 (1—ach) —chb—ck—d)

L 0 chb+ck+d+(ach)23+1 (va(1—ach)—chb—ck—d)
]:
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ahd+hb+k+ ach)?I (wy (1—ach)—ahd—hb—k
H
2(3m) = <0 ahd+hb+k+(ach)?) (w2 (1—ach)—ahd—hb—k)
1
1 1—[ ahd+hb+k+(ach)2j+l(wo(l—ach)—ahd—hb—k)
\ o ahd+hb+k+(ach)?9t1 (wq (1—ach)—ahd—hb—k)
]:
' ml—_llahd+hb+k+(ach)2j“(wg(l—ach)—ahd—hb—k)
ahd+hb+k+(ach)?9+2(wo(1—ach)—ahd—hb—k)’
| (3.9)
. — H ahd+hb+k+( h)27 (wo(1—ach)—ahd—hb—k)
. 2(3m)—-1 = ~—1 ahd+hb+k+(ach) (w1 (1—ach)—ahd—hb—Fk)
' mﬁl ahd-hb4k-+(ach)? (wa(1—ach)—ahd—hb—k)
. o ahd+hb+k+(ach)?9+1 (wo(1—ach)—ahd—hb—k)
j:
' mﬁl ahdt-hb4k-+(ach)?+1 (wi (1—ach)—ahd—hb—k)
| o ahd+hb+k+(ach)?9t1(wa(1—ach)—ahd—hb—k) "
]:
i7) If n = 3m + 1, m € Ny, then, from (2.25), (2.26) and (2.27)), we have
r T — 2o H ack+ad+b+(ach)?I (u1(1—ach)—ack—ad—b)
2(3m+1) — ack+ad+b+ (ach)?7 (uz(1—ach)—ack—ad—b)
'
1 ml:[ ack+ad+b+(ach)?I 1 (ug(1—ach)—ack—ad—b)
\ o ack+ad+b+(ach)?i+1(uy (1—ach)—ack—ad—b)
! ml:ll ack+ad+b+(ach)?I 1 (uz(1—ach)—ack—ad—b)
_0 ack+ad+b+(ach)?+2(ug(1—ach)—ack—ad—b)’
] (3.10)
x — H ack+ad+-b+(ach)?I (uo(1—ach)—ack—ad—b)
2(3m)+1 — 1 ack+ad+b+ (ach)?i (u1(1—ach)—ack—ad—b)
'
1 ml—_Il ack+ad+b+(ach)? (uz(1—ach)—ack—ad—b)
. o ack+ad+b+(ach)2i+1 (ug(1—ach)—ack—ad—b)
' ml—_Il ack+ad+b+(ach)?I 1 (uy (1—ach)—ack—ad—b)
L o ack+ad+b+(ach)?i+1 (ug(1—ach)—ack—ad—b) "
( H chb+ck-+d-+(ach)? (v1 (1—ach)—chb—ck—d)
Y2(3m+1) = Yo | chb-ch-+d-+(ach)? (v (1—ach) —chb—ck—d)
'
1 1—[ chb+ck+d+(ach)2j+1(vo(l—ach)—chb—ck—d)
, o chb+ck+d+(ach)2i+1(v1 (1—ach)—chb—ck—d)
]:
' ﬁlchb+ck+d+(ach)2ﬂ+1( 2 (1—ach)—chb—ck—d)
L1 chbd-ck+d+(ach)?2i+2 (vo (1—ach)—chb—ck—d)’
(3.11)
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\

B ahd+hb+E+(ach)? (w1 (1—ach)—ahd—hb—k)

?2(3m+1) = %0 HO ahd+hb+k+ (ach)2 (wa (1—ach)—ahd—hb—k)

”ﬁl ahd+hb+k+(ach)?+ (wo(1—ach)—ahd—hb—k)
ahd+hb+k+(ach)?9t1 (w1 (1—ach)—ahd—hb—k)

Il
o

J
m

|
.

ahd+hb+k+(ach)?+! (wa(1—ach)—ahd—hb—k)
ahd+hb+k+(ach)?7t2(wo(1—ach)—ahd—hb—k)’

J

sl

ahd+hb+k+(ach)?I (wo(1—ach)—ahd—hb—k)

22(3m)+1 = #-1 HO ahd+hb+ kit (ach)2 (wy (1—ach)—ahd—hb—Fk)
]:

m

1—_[1 ahd+hb+k+(ach)? (we(1—ach)—ahd—hb—k)

o ahd+hb+k+(ach)?9t1 (wo(1—ach)—ahd—hb—k)
1—_[1( (ahd4hb+k+(ach)?I 1 (w1 (1—ach)—ahd—hb—k)
ahd+hb+k+(ach)?9+1 (w2 (1—ach)—ahb—hb—k) *

ii1) If n = 3m + 2, m € Ny, then, from and (| -, we get

(

——

U ack+ad+b+(ach)?I (ug (1—ach)—ack—ad—b)

{ 22(3m+2) = L0 HO ack+ad-+b+(ach)?i (uz(1—ach)—ack—ad—b)
J:

ﬁ ack-+ad+b+(ach)?I 1 (ug(1—ach)—ack—ad—b)
o ack+ad+b+(ach)?9t1(uy (1—ach)—ack—ad—b)

mﬁl ack-+ad+b+(ach)?I 1 (uz(1—ach)—ack—ad—b)
o ack+ad+b+(ach)?9t2(ug(1—ach)—ack—ad—b)’

uc ack-+ad+b+(ach)?I (ug(1—ach)—ack—ad—b)

L2(3m)+3 = -1 ,HO ack~+ad+b+(ach)?3 (uy (1—ach)—ack—ad—b)
]:

ﬁ ack+ad+b+(ach)?I (ug(1—ach)—ack—ad—b)
o ack+ad+b+(ach)?+1 (ug(1—ach)—ack—ad—b)

ml—_ll ack-+ad+b+(ach)?3 1 (uy (1—ach)—ack—ad—b)
o ack+ad+b+(ach)?9t1 (uz(1—ach)—ack—ad—b)

H chb+ck+d4(ach)? (v1 (1—ach)—chb—ck—d)
Y2(3m+2) = Yo 11 | chb-+ck+d+(ach)? (v (1=ach) —chb—ck—d)

ﬁ (chb+ck+d+(ach)29+! (vo(1—ach)—chb—ck—d)

chb+ck+d+(ach)23+1(v1(1 ach)—chb—ckb—d)

1—[ chb—l—ck—l—d—i— (ach)?3+1 (ve(1—ach)—chb—ck—d)
chb+ck+d+(ach)21+2(vo(1—ach)—chb—ck—d)’

. ﬁ chb+ck-+d+(ach)? (vo(1—ach)—chb—ck—d)
Y-1 L1 Chb-+ckd(ach)? (v1 (1—ach)—chb—ck—d)

Y2(3m)+3

ﬁ chb+ck+d+(ach)? (v (1—ach)—chb—ck—d)
o (chb+ck+d+(ach)?9+1(vo(1—ach)—chb—ck—d)

"ﬁl chb+ck+d+(ach)2+ ! (vy (1—ach)—chb—ck—d)
o chb+ck+d+(ach)?i+1 (va(1—ach)—chb—ck—d)

(3.12)

(3.13)

(3.14)
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o1

(

{

(

. ﬁahd+hb+k+(ach)2j(w1(l—ach)—ahd—hb—k)
?2(3m+2) = 20 | ahd+-Rb-+ -+ (ach) 2 (ws (1—ach) —ahd—hb—F)
J:

ﬁ ahd-+hb+k+(ach) 2+ (wo(1—ach) —ahd—hb—k)
ahd+hb+k+(ach)?+1 (w1 (1—ach)—ahd—hb—k)

”ﬁl ahd-+hb+k+(ach)?9 1 (wa(1—ach)—ahd—hb—k)
o ahd+hb+k+(ach)?i+2(wo(1—ach)—ahd—hb—k)’

. _ . ﬁ ahd-+hb+k+(ach)? (wo(1—ach)—ahd—hb—k)
2(3m)+3 = ~-1|  @hd+hbtk+(ach)? (wi(1—ach)—ahd—hb—k)
]:

ﬁ ahd-+hb+k+(ach)? (wa(1—ach)—ahd—hb—k)
o ahd+hb+k+(ach)?9+1 (wo(1—ach)—ahd—hb—k)

ml—_ll ahd+hb+k+(ach)?+! (wy (1—ach)—ahd—hb—k)
o ahd+hb+k+(ach)?t1(wa(1—ach)—ahd—hb—k) "

2) Case ach = 1. We have
i) If n =3m, m € Ny, then, from (2.31)), (2.32)) and (2.33)), we obtain

(

|

\

{ Y2(3m) = Yo H v+ (chb+ck+d) (27

{

(

[

L

u1+ (ack+ad+b)( 2]) u0+ (ack+ad+b)(2j+1)
T2(3m) = 20 H uz~+(ack+ad+b)(2j) H u1+(ack+ad+b)(2j+1)

ml:[ u2+(ack+ad+b)(2]+1)
70 u0+(ack+ad+b)(2j+2) ’

T — H u0+ (ack+ad+b)(2j )ml:Il u2+(ack+ad+b)(25)
2(3m)—-1 = 1 u1+(ack+ad+b)(25) o up+(ack+ad+b)(2j+1)

ml:[ u1+(ack+ad+b)(2j+1)
o uz+(ack+ad+b)(2j+1)

m—1
v1+ (chb+ck+d)(2j) H vo+(chb+ck+d)(2j+1)
) =0 v1+(chb+ck+d)(25+1)

ml:[ va+(chb+ck-+d)(25+1)
70 vo+(chb+ck+d)(2j+2) ’

-1
vo+(chbrck+d)(25) "1 vat(chb+ck+d)(2))
Y2(3m)—1 = Y-1 H v(1)+ (chbtck+d)(2)) 1:[0 voj-(chb+ck+d)(2j+1)

ml:[ v1+(chb+ck+d)(25+1)
vo+(chb+ck+d)(25+1)

-1 .
— H w1+ ahd+hb+k)(2]) H wo+(ahd+hb+k)(25+1)
2(3m) — <0 wa+(ahd+hb+k)(27) iy F(ahd+hb+Fk)(25+1)

ml:[ wa+(ahd+hb+k)(2j+1)
w0+(ahd+hb+k)(2j+2) )

—1

. H Lo+ (ahd+hb+k) (2 )’”H wa+(ahd+hb+k)(25)

~2(3m)—1 = -1 wiH(ahd+hbR)(27) LY wo+(ahd+hbHR)(2j+1)
]:

"ﬁ wy+(ahd+hb+k)(25+1)
s wa—+(ahd+hb+k)(2541)

i7) If n = 3m + 1, m € Ny, then, from (2.34), (2.35) and (2.36)), we have

(3.15)

(3.16)

(3.17)

(3.18)
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—1
u1+(ack+ad+b)(2 )m up+(ack+ad+b)(2j+1)
x H Il
Z2(3m+1) = 20 uz+ (ack+ad+b)(27) 0u1+(ack+ad+b)(2j+l)
] J=
. ml:[ ug+(ack+ad+b)(2j+1)
0 up+(ack+ad+b)(2j+2)’
I~ (3.19)
T H uo+(ack+ad+b) (2]) H ua+(ack+ad+b)(25)
ZL2(3m)+1 = 1 u1+ (ack+ad+b)(25) uo+(ack+ad+b)(2j+1)
Jj=
1 mﬁ u1+(ack+ad+b)(2]+1)
L =0 ua+(ack+ad+b)(2j+1) "
—1 .
[ H v1+(chbtck+d)(2j )mH vo+(chb+ck-+d)(2+1)
Y2(3m+1) = Yo L vt (chb ekt d)(2]) L it (chbteRtd)(25+])
' mﬁ va+(chbtck+d)(2j+1)
L] vo+(chb+ck+d)(25+2)
= . (3.20)
H vo+(chb+ck+d)(25) H vo+(chb+ck+d)(27)
. Y2(3m)+1 = Y-1 ot (chbtck+d) (2) o Vo+(chbtck+d)(25+1)
' mﬁ v1+(chb+ck+d)(2j+1)
( =0 va+(chb+ck+d)(25+1)
—1
( , _ . H w1+ (ahd+hb+k)(2j )mH wo+(ahd+hb+k)(2j+1)
2(3m+1) — <0 w2t (ahd+hb+k)(27) - 0w1+(ahd+hb+k)(2j+1)
1 J=
' mﬁ wa+(ahd-+hb+k)(2j+1))
—O wo+(ahd+hb+k)(25+2) °
. m—1 (3.21)
> — H wo+ (ahd+hb+k)(25) H wa+(ahd+hb+k)(25)
, 20mt = 2oL L (@hdtRBER)(2)) LY wort(ahdFhDTR) (27+T)
' mﬁ w1+(ahd+hb+k:)(2]+1)
L o W ahdERBR 2T
ii1) If n = 3m + 2, m € Ny, then, from (2.37)), (2.38) and (2.39)), we get
u1~+(ack+ad+b)(2j) uo+(ack+ad+b)(2j+1)
r L2(3m+2) = 20 H u2+ (ack+ad+b)( 2]) H u1+ (ack+ad+b)(2j+1)
1 Jj=
' ml:[ uz+(ack+ad+b)(2]+1)
o ug+(ack+ad+b)(2j+2)°
T m (3.22)
H uo+( ack+ad+b) j H u2+(ack+ad+b)(25)
L2(3m)+3 = T-1 0u1+ (ack+ad+b)( Ou0+(ack+ad+b)(2j+1)
1 Jj=
m—1
1 H u1+(ack+ad+b)(2j+ )
k =0 uz+(ack+ad+b)(2j+1)
T 01 +(chb+ck+d) (27) 1 vo-+(chb+ck+d)(2j+1
= H H
Y2(3m+2) = Yo 11 V2t (ehbtehrd)(27) Lo chb+ck+d)(2j+1)
' ml:[ v2+(chb+ck+d)(2] 1)
L1 vo+(chbt+ck+d)(25+2)’
7 o , (3.23)
H vo+(chb+-ck+d) (25 )H va+(chb+ck+d)(2j5)
Y2(3m)+3 = Y-1 o1t (chbtcktd)(27) 1L vot(ehbtck+d) (2-+1)
' J=
' mﬁ v1+(chb+ck+d)(2j+1)

\ o va+(chb+ck+d)(25+1)
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[ . H w1+ (ahd+hb+k)(25) H wo+(ahd+-hb+k)(25+1)
Z2(3m+2) = %0 w2 F(ahdFRbFE)(2]) _0w1+(ahd+hb+k)(2j+1)

. =
. "ﬁ wa+(ahd+hb+k)(2j+1)
_0 wot(ahd+hb+E)(2j+2)°

m

{ p 5 H wo+ ahd+hb+k)( ) H w2+(ahd+hb+k)(2j)
2(3m)+3 = <=1 w1 H(ahd+RbTR)(27) | wo-+{ahdFhb+R)(27+1)
1 1=

' ’”’ﬁ wi+(ahd+hb+k)(2j+1)
L i wo+(ahd+hb+k)(2j+1) "

(3.24)

In the following theorems, we are interested in the long-term behavior of well-defined solutions of System

(3.6)-

Theorem 3.3. Let (Tyn, Yn, 2n)n>—1 be a well-defined solution of System (@ Assume that |ach| # 1, then

the following statements are true.

a) If ack +ad+b+# 0, chb+ ck +d # 0, ahd + hb+ k # 0 and | ach |< 1, then (xn,Yn, 2n) converges to a

periodic solution.

b) If up =uy = ug = %, then the sequences (Tem+j)m>0, for j € {—1,0,1,2,3,4}, are constant.
c) If vo=v1 =v9 = %, then the sequences (Yem+j)m>0, for j € {—1,0,1,2,3,4}, are constant.
d) If wop = w1 = wg = %, then the sequences (26m+j)m>0, for j € {—1,0,1,2,3,4}, are constant.

e) If ack +ad+b=0 and | ach |< 1, then | z, |— 00, as n — oo.
f) If chb+ck+d=0 and | ach |< 1, then | y, |— o0, as n — oco.

g) If ahd+hb+k =0 and | ach |< 1, then | z, |— o0, as n — oo.
h) If ack +ad+b=0 and | ach |> 1, then z, — 0, as n — oo.
j) If chb+ck +d =0 and | ach |> 1, then y, — 0, as n — oc.

)

k) If ahd+ hb+k =0 and | ach |> 1, then z, — 0, as n — oo.

l) If|ach|>1,u0:u1:%ﬁjb#ug, then x, — 0, as n — oo.

m) If | ach |> 1, uozugzw#ul, then x, — 0, as n — oco.

n) If|ach|>1,u1:u2:%#uo, then x, — 0, as n — oo.

0) If | ach |> 1, vg = vy = DEEId oL 4y then y, — 0, as n — 0.

1—ach
p) If | ach |> 1, 110:1)2:%7&1)1, then y, — 0, as n — oo.
q) If | ach |> 1, vlzvzzw#vo, then y, — 0, as n — oco.

T) If\ach|>1,w0:w1:%ﬂﬁrk7&w2, then z, — 0, as n — oo.

s) If | ach |> 1, wo:wgzw#wl, then z, — 0, as n — oo.

t) If | ach |> 1, wlzwgzw#wo, then z, — 0, as n — oo.

w) If | ach |> 1 and u; # “EHadt - for every i € {0,1,2}, then z, — 0, as n — oo.

v) If | ach |> 1 and v; # “Cf*'ggfjb, for every i € {0, 1,2}, then y, — 0, as n — c©.
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y) If | ach |> 1 and w; # 9EF9EL - for cvery i € {0,1,2}, then z, — 0, as n — 0.

1—ach
Proof. Let
©) _ ack +ad+b+ (ach)?™ L (ug(1 — ach) — ack — ad — b)
Pm” = ek + ad + b+ (ach)?™+1(uy (1 — ach) — ack — ad — b)’
(1) _ ack+ad+b+ (ach)*™(uy(1 — ach) — ack — ad — b) (3.25)
Pm™ = ek + ad + b+ (ach)?™(us(1 — ach) — ack — ad — b)’ '
(2) _ ack +ad+0b+ (ach)*™ 1 (us(1 — ach) — ack — ad — b)
Pm’ = ack + ad + b+ (ach)?+2(uy(1 — ach) — ack — ad — b)’
) _ chb+ck+d+ (ach)®™*(vg(1 — ach) — chb — ck — d)
D" = Chb 1 ck + d + (ach)2™ (v (1 — ach) — chb — ck — d)’
1y _ chb+ck+d+ (ach)?™(v1(1 — ach) — chb — ck — d) (3.26)
D" = Chb+ ck + d + (ach)2™(va(1 — ach) — chb — ck — d)’ '
(@) _ chb+ck +d + (ach)* 1 (va(1 — ach) — chb — ck — d)
D= Chb + ck + d + (ach)2™2(vo(1 — ach) — chb — ck — d)’
and
(0 _ ahd + hb + k + (ach)®*" T (wo(1 — ach) — ahd — hb — k)
™ ahd + hb+ k + (ach)2™t1(wi(1 — ach) — ahd — hb — k)’
RO ahd + hb + k + (ach)?™ (w1 (1 — ach) — ahd — hb — k) (3.27)
™ " ahd + hb+ k + (ach)?™(wy(1 — ach) — ahd — hb — k)’ '
) ahd + hb + k + (ach)* T (wy(1 — ach) — ahd — hb — k)
™ ahd + hb+ k + (ach)?™+2(wo(1 — ach) — ahd — hb — k)’
Using the result (1 +2) ' =1—2+ O (2?), asz — 0, we have
1+ (ach)?™ 1 (ug(1 — ach) — ack — ad — b)(ack + ad + b)~!
0) _
Pm’ =777 (ach)?*1(uy(1 — ach) — ack — ad — b)(ack + ad + b)~1
=1+ (ug — u1)(1 — ach)(ack + ad + b) " (ach)*™ ! + O ((ach)*™) , 3.28
( )

1 _ 1+ (ach)®™(uy(1 — ach) — ack — ad — b)(ack + ad + b)~*
Pm’ =17 (ach)?m(uz(1 — ach) — ack — ad — b)(ack + ad + b)~!

=1+ (u1 —u2)(1 — ach)(ack + ad + b)"*(ach)*™ + O ((ach)®™), (3.29)

2 _ 1+ (ach)® 1 (us(1 — ach) — ack — ad — b)(ack + ad + b)~!
™ 1+ (ach)2m+2(ug(1 — ach) — ack — ad — b)(ack + ad + b)~1

=1+ (ug — achug — ack — ad — b)(1 — ach)(ack + ad + b) " (ach)*™ 1 + O ((ach)Qm) , (3.30)

o _ 1+ (ach)?™*+(vg(1 — ach) — chb — ck — d)(chb + ck +d)~!
D" = 1 (ach) 2 (v (1 — ach) — chb — ck — d)(chb + ck + d)—1

= 1+ (vo — v1)(1 — ach)(chb + ck + d)~*(ach)*™*! + O ((ach)*™) , (3.31)

1 _ 1+ (ach)®™(vi(1 — ach) — chb — ck — d)(chb + ck + d)~*
D = 13 (ach)2™ (va(1 — ach) — chb — ck — d)(chb + ck + d)—1

=1+ (v1 —v2)(1 — ach)(chb + ck + d) "' (ach)*™ + O ((ach)*™) , (3.32)
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@2 _ 1+ (ach)®*™*(vy(1 — ach) — chb — ck — d)(chb + ck +d)~*
D = 11 (ach)2m+2(vo(1 — ach) — chb — ck — d)(chb + ck + d)—1

=1+ (vy — achvg — chb — ck — d)(1 — ach)(chb + ck + d) " (ach)*™ ™! + O ((ach)Qm) , (3.33)

0) _ 1+ (ach)?™ L (wo(1 — ach) — ahd — hb — k)(ahd + hb + k)~ !
" 1+ (ach)? 1 (wy (1 — ach) — ahd — hb — k)(ahd + hb + k)~1

=1+ (wo — w1)(1 — ach)(ahd + hb + k) "' (ach)*™*! + O ((ach)*™), (3.34)

1) 1+ (ach)®™(w1(1 — ach) — ahd — hb — k)(ahd + hb + k)~!
™ 14 (ach)?™(wo(1 — ach) — ahd — hb — k)(ahd + hb + k)~!
)

=1+ (w1 — w2)(1 — ach)(ahd + hb + k)~ (ach)®™ + O ((ach)®™), (3.35)

2 _ 1+ (ach)®™*+ Y (wy(1 — ach) — ahd — hb — k)(ahd + hb + k)~!
"m = T4 (ach)2+2(wo(1 — ach) — ahd — hb — k) (ahd + hb + k)~

= 1+ (w2 — achwy — ahd — hb — k)(1 — ach)(ahd + hb + k) ' (ach)*" ! + O ((ach)*™) , (3.36)

for sufficiently large m.

(a) From (3.28)-(3.36)), (3.7)-(3.15) and using condition | ach |< 1 and a well-know criterion for conver-
gence of products, the result easily follows.

(b) By employing the condition ug = u; = ug = % in (3.7), (3.10) and (3.13), the result can be
easily obtained.

(c) By employing the condition vy = v = vy = % in (3.8), (3.11)) and (3.14)), the result can be
easily seen.

(d) By employing the condition wy = w; = we = % in (3.9), (3.12) and (3.15)), the result easily
follows.

(e)-(k) In here we will only prove (e) and (h) since the proofs of the others can be done in a similar way. By
using the condition ack + ad + b =0 in (3.25]), we have

1
pOpp = L (337

from which along with (3.7)), (3.10), (3.13|) and using the assumptions |ach| < 1 in the case (e) and
lach| > 1 in the case (h), the results immediately follow.

(1) By using the condition ug = u; = ck+ad+b

|—ach 7 u2 in (3.25), we obtain

@) _ SRR E-GGRR TP gl = abhly = abRF—ad T 5f) (3.38)
(1), (2)
|

Letting m — oo in (3738) and using the assumption |ach| > 1, we obtain |pm Din’ Prn
00, from which al. Wl@ 7), 3@and (3.13), the result can be easily seen.

(m) By using the condition ug = uy = 9ck+adtd
|—aeh 7 U1 in , we get

pgg)pgrll)pg) — ackFad b (ach)m YN tT —"ach) —ack —ad —b) (3.39)

Letting m — oo in (3.39) and using the assumption |ach| > 1, we have p(o) gn)p@) — 0, from which
along with (3.7, (3.10) and (3.13)), the result immediately follows.

%




M. C. Benkara Mostefa et al., Journal of Prime Research in Mathematics, 19(2) (2023), 37-59 56

(n) By using the condition u; = ug = % # up in (3.25)), we get

ack + ad + b+ (ach)®*™(ui (1 — ach) — ack —ad — b
POpDp@) — ( z)m 5 i ) ) (3.40)
ack + ad + b+ (ach)?™+1(u1 (1 — ach) — ack — ad — b)

Letting m — oo in (3.40)) and using the assumption |ach| > 1, we obtain p,(n,?)pgll)p,(n,%) — 0, from which

along with (3.7, (3.10) and (3.13)), the result can be easily seen.

(0)-(t) Since the proofs of (0)-(q) and (r)-(t) are similar to (1)-(n), we will omit them in here.

(u)-(y) From (3.25)-(3.27), we have

lim p( ) (1) p? = lim ¢V¢W¢? = 1im 7Op1p2) = 1 (3.41)
m—00 P = I @G Im m—oo v T ach
from which along with (3.7))-(3.15)) and using the assumption |ach| > 1, the results immediately follow.
O
Theorem 3.4. Assume that (Tp, Yn, 2n)n>—1 15 a well-defined solution of System . Assume that ach =
1, then the following statements are true.
a) If ack + ad 4+ b = 0, then the sequence (x,), ~_, i$ siz-periodic.
) n>—1
b) If chb + ck + d = 0, then the sequence (yyn),~_1 S Siz-periodic.
n>—1
¢) If ahb + hb+k = 0, then the sequence (zn),~_; is siz-periodic.
d) If ack + ad + b # 0, then x,, — 0, as m — oo.
e) If chb+ ck +d # 0, then y,, — 0, as m — oo.
f) If ahb + hb + k # 0, then z, — 0, as m — oo.
Proof.
Let
R(O) _ up+(ack+ad+b)(2m+1) (1) _ wi+(ack4ad+b)(2m) R(z) _ ua+(ack+ad+b)(2m+1)
M wui+(ack+ad+b)(2m—+1)° m ™ wua+(ack+ad+b)(2m)’ m 7 wo+(ack+ad+b)(2m+2)’
(0) _ wvo+(chb+ck+d)(2m+1) (1) _ vit(chb+ck+d)(2m) (2) _ wvat(chbtck+d)(2m+1)
Sm’ = v(l)+(chb+ck+d)(2m+1)’ S’ = v;+(chb+ck+d)(2m)’ Sm’ = v§+(chb+ck+d)(2m+2)’ (342)
T(O) _ wo+(ahd+hb+k)(2m+1) T(l) _ wi+(ahd+hb+k)(2m) T(2) _ wa+(ahd+hb+k)(2m+1)
m 7 wi+(ahd+hb+k)(2m+1)’ m ™ wo+(ahd+hb+k)(2m)’ m 7 wo+(ahd+hb+k)(2m+2)’
for m € Np.

(a)-(d): From (3.16)-(3.24)), these statements easily follow.

(e)-(f): Employing the Taylor expansion for (1 + :z)fl, we have for sufficiently large m

RO uo ack+ad—|—b)(2m—|—1)> <u1+(ack+ad+b)(2m)> (uz+(ack‘+ad+b)(2m+1)>

ui + (ack + ad + b)(2m + 1) ug + (ack + ad 4+ b)(2m) ) \uo + (ack + ad + b)(2m + 2)

ug — Ul 1 Ul — U 1
<1+ (ack 4+ ad + b)2m +O(2)> <1+ (ack + ad + b)2m +O(m?)>
=1-

uy — ug — ack —ad — b 1
O(—
(ack + ad + b)2m - (m2))

5+ O 12), (3.43)

1+

X
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)51 5(2)

vo+ (chb+ck+d)(2m + 1)\ (v + (chb+ ck+d)(2m)\ [va+ (chb+ ck + d)(2m + 1)
v1 + (chb+ck +d)(2m +1) ) \ w2 + (chb+ ck + d)(2m) ) \vo + (chb + ck + d)(2m + 2)

Vo — U1 1 V1 — V2 1
1 — 1 —
< + chb+ck+d)2m+0(m2)> ( * (chb+ck+d)2m+0(m2)>
1-—

(e )
S+ 0() (3.44)
_ <w ahd+hb+k)(2m+1)> ( 1+ (ahd + hb + k)(2m )) <wg+(ahd+hb+k)(2m+1)>
wy + (ahd +hb+ E)2m +1) ) \wa + ahd—i—hb—i—k)( )] \wo + (ahd + hb + k)(2m + 2)
= <1+ prrEwT 1+Ulk)2m > ( ahd+hb :LUQk) +O(WIL2)>
(e o)
1 % FO( ) (3.45)

From (3.43))-(3.45)) and (3.16[)-(3.23]), we can write the following equality

II <1 _ ol >> _ Ziam(1=3+0G) _ 3 Eim(3+o6h), (3.46)

from which along with limy, oo > 274 % = oo and » 2%, |(9(Ji2| < 00, these statements can be easily
seen.

O

Theorem 3.5. Let (xy, Yn, 2n)n>—1 be a well-defined solution of System (@ Assume that ach = —1, then
the following statements are true.

a) If |L1] < 1, then |zem2j] = 0o and zem42j—1 — 0, for j € {0,1,2}, as m — oc.
b) If |[Li| > 1, then Tem+y2; — 0 and |Tem42j—1] — 00, for j € {0,1,2}, as m — oo.
c) If L1 =1, then the sequence (xn)nzq is siz-periodic.

d) If L1 = —1, then the sequence (zy),~_; is twelve-periodic.

e) If |[La| < 1, then |yem+2;| = 00 and Yem+2j—1 — 0, for j € {0,1,2}, as m — oo.
f) If |La| > 1, then yYem+2; — 0 and |ysm+2i—1| — oo, for j € {0,1,2}, as m — oo.
g9) If Lo =1, then the sequence (yn),>_ is siz-periodic.

h) If Ly = —1, then the sequence (yn),>_; is twelve-periodic.

i) If |L3| < 1, then |z6m425] = 00 and zem+2j—1 — 0, for j € {0,1,2}, as m — oo.
J) If |L3| > 1, then zem+2; — 0 and |2zem42j—1] — 00, for j € {0,1,2}, as m — oo.

k) If Ly = 1, then the sequence (zp),>_; is siz-periodic.
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1) If Ly = —1, then the sequence (zp),~_; is twelve-periodic.
where

uoug (ack + ad + b — uy)

uy (ack + ad + b — ug) (ack + ad + b — uy)’
vov2 (chb + ck +d — v1)

v1 (chb + ck +d — vo) (chb + ck +d — vg)’
wows (ahb + hb + k — wy)

wy (ahb + hb + k — wp) (ahb + hb + k — ws)

Proof. By taking ach = —1 in (3.7)-(3.15]), we obtain

L1 =

L2 =

L3 =

1 U
Tem—1 = T—1 LT", Tom = To L, Tem+1 = T—15,0 L7,
(3.47)
— ot 1 — 0y, _wouz  _Tm — potalacktadtboug) 1
Lom+2 = L0y, L Lom+3 = T—17; (ack+ad+b—uo)L1 » Lém+4 = L0 uz(ack+ad+b—u1) LT
1 v
Yem—1 = Y—1L5y", Yom = Yoz Yem+1 = Y—1,0 Lo,
(3.48)
S W2 _m — gy Ualchbtcktd—vo) 1
Yom+2 = Yoy, Tres  Yom+3 = Y-1 or(ehbrehrd=og) L3 Y6m+a = Y04, (chbtckrd—oy) 7>
1
Zom—1 = 2-1L%", Zom = 20 77 Zom41 = 2-152 L5,
3.49
e = 5 w1 P — 5 wWows m P — 5 ’wl(ahb-i-hb-i-k:—wo) 1 ( )
6m+2 = “0, L7 ~6m+3 = “—1 (ahbthbtk—wo) 73 »  ~“bm+4 = <04, (ahbthb+k—wri) LT’
for m € Ny. From (3.47))-(3.49)), all of the statements can be easliy seen. O

Lemma 3.6.

If ach # 1, ack + ad +b # 0, chb+ ck +d # 0, ahd + hb + k # 0. Then system (@ has two-periodic

solutions.

Proof.
The equilibrium solution to system ([2.2)) is

e = u* = ack+ad+b
n = — dcrTadrb

hbreknd
v = v* = L g e N, (3.50)
= =
From (2.1)), (3.50) and p = ¢ = r = 1, it follows that
1—ach
Tpi1 = = 2,1, n €Ny, 3.51
s (ack + ad + b)x, Ity T 0 (3:51)
1 —ach
= = 9Y,_1, n € N, 3.52
and ) b
—ac
= = —1, eN s 3.53
T ahd + hb + k)z, T TR (3:53)
which is desired. O
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