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Abstract

Face irregularity strength under p—labeling ¢ with class (aq, 51,71) of plane graphs is a labeling from the
set of graph elements into the set of integers, that is, £ : {V UE U F} — {1,2,3,..,p}, such that the face
weights are distinct at any stage in the graph labeling, that is, We(a, 8,41)(f) # Wear,81,1)(9), for any two
faces f and g of the graph G. The face irregular strength of a plane graph G is the least possible integer p
such that G admits face irregular p—labeling. In this research, authors have examined the exact tight lower
bounds for the face irregular strength of generalized plane graphs under p—labeling of class (a1, f1,71) for
vertex (1,0,0), edge (0, 1,0), face (0,0, 1), vertex-face (1,0, 1), edge-face (0,1, 1) and entire (1,1,1). Results
are verified by examples.
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1. Introduction and Preliminaries

In this article, all graphs are finite, simple, planar and undirected. They can be represented by G =
(V,E, F), where V is the set of vertices, E is the set of edges and F' is the set of faces. Graph labeling has
its origin long back ago but in 1967, Alexander Rosa did valuable work on graph labeling [I]. Since then,
many researchers put their interest in vertex labeling and edge labeling [4, 6, 10} [5]. Vertex labeling of a
graph means to assign some positive integer to all the vertices of a graph under some conditions. Similarly,
edge and face labeling of a graph have the same strategy. In this article, the labeling under discussion is
p—labeling. The parameter ¢ is a mapping from the set of graph elements {V U E' U F'} into the set of
integers {1,2,3, .., p}, where p is the largest label in a graph labeling on which the face weights are distinct
[15]. Recent research on p—labeling of graphs can be seen in [3, 5] [7, [I8]. The letters vy, 51,71 € {0, 1} have
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association with graph vertices, edges and faces respectively according to [2I]. The weight of a face f under
the p-labeling & of class (a1, B1,71), is

Weo oo () = a1 SO€) + By 3 €(e) +m E) (L1)

v~ f e~f
In this research, authors have investigated face irregularity strength of grid graphs. A grid graph is
represented by G% = P, 10P,;; such that 2 < ¢t < s, where s and ¢ are the number of row-faces and

column-faces of the graph respectively. To understand the basics of irregularity strength in grid graphs, one
can study [14], B, 19, 22]. Face irregularity strength and grid graphs will be abbreviated by FIS and GG
respectively. This research paper is based on the calculation of face irregularity strength under p—labeling &
by using vertex p—labeling (1,0,0), edge p—labeling (0, 1,0), face p—labeling (0,0, 1), vertex-face p—labeling
(1,0,1), edge-face p—labeling (0,1,1) and entire p—labeling (1,1,1) for grid graphs. In 2020, Baca et al.
investigated exact value for the FIS of ladder graphs [I3]. Noshad and Aleem proved the following Theorem
to investigate the exact value for total FIS of grid graphs [21] and investigated the case (1, 1,0).

Theorem 1.1. Suppose that G = (V,E,F) is a plane graph with d; where d; is the number of i—sided

faces with i > 3. Let (a1,P1,71) € {0,1}, [a = min{i}, for d; # 0], [b = max{i}, for d; # 0], dp = 1 and

[c = max{i,i < b}, for d; # 0]. Then FIS with class (a1, B1,71) of G is

’7(a1+51)a+71+|F(G)|_2—‘ (12)
(1 +p1)c+m

Proof. Proof of the theorem can be seen in [21]. O

f3(an ) (G) =

2. Main results

Exact value for the lower bound holds if the horizontal differences in face weights are 1 and the vertical
differences in face weights are ¢. From Theorem the lower bounds for the FIS of classes (1,0,0), (0,1,0),
(0,0,1), (1,0,1), (0,1,1) and (1,1,1) can be calculated easily.

Fori=1,2,3,...,s+1and j=1,2,3,--- ,t+ 1, the generalized formulas for vertices and edges around
Py 10P; 1 are as follows:

Vertices:

V(G = {v]}

Horizontal Edges:
E(GY) = {v]v]"'}

Vertical Edg‘es‘:
E(GY) = {v]v],,}

Theorem 2.1. Let t,s € N such that 2 <t < s, then fsq00)(GL) = [mod3],

Proof. The generalized labeling is as follows: We define the face irregular p-labeling & of class (1,0, 0) of G
in the following way

if i = Odd numbers till s ; s = 1(2) or ¢ = Odd numbers till s + 1 ; s = 0(2).
j = 0dd numbers till ¢ ; ¢ = 1(2) or j = Odd numbers till ¢t + 1 ; ¢t = 0(2).
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§(vy) =
' if i = Odd numbers till s ; s = 1(2) or ¢ = Odd numbers till s + 1 ; s = 0(2).
j = Even numbers till t + 1 ; t = 1(2) or j = Even numbers till ¢ ; ¢t = 0(2).

[452] + 13) 14+ 191 1551,

£(v)) =
if i = Even numbers till s + 1 ; s = 1(2) or ¢ = Even numbers till s ; s = 0(2).

j = Odd numbers till ¢ ; ¢ = 1(2) or j = Odd numbers till ¢t + 1 ; ¢t = 0(2).

2]+ 141 14)+ L) 152

§(v)) =
‘ if ¢ = Even numbers till s + 1 ; s = 1(2) or i = Even numbers till s ; s = 0(2).
j = Even numbers till t + 1 ; t = 1(2) or j = Even numbers till ¢ ; ¢t = 0(2).

The weight formula under p—labeling £ of class (1,0,0) is defined as
Wero0)(F]) = €0]) + €07 + €0dyy) + €L,

The differences between the weights of the horizontal faces will be calculated as follows:

For i = 0Odd numbers till s; s =1(2) or i = 0dd numbers till s +1; s =0(2)

and
j = Odd numbers till ¢ ; ¢t = 1(2) or j=0dd numbers till t+1; ¢t = 0(2)

OR
j = Even numbers till t + 1 ; ¢t = 1(2) or j = Even numbers till ¢ ; ¢ = 0(2).
(s )+ eI + €0 + EWiD)

— (el]) + 6@ + €0l + €0TD)
m F“FWM]Z?’W%J
i+1 G111 Tj+2

e e R
j+3 i i1
aEabEtEclEy

Wf(l,o,())(fijJr ) = Wei,0,0)(
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For

i = Even numbers till s + 1; s = 1(2) or ¢ = Even numbers till s ; s = 0(2)
and

j = 0Odd numbers till ¢ ; ¢t = 1(2) or j=0dd numbers till t4+1; t = 0(2)
OR

j = Even numbers till ¢t + 1 ; ¢ = 1(2) or j = Even numbers till ¢ ; ¢ = 0(2).

Wewo0) () = Weqwoo () = (€07 + 0] ) + €@ + €01D)

(6] + ™) + &0l + £l
=3 [ [ e ) [
2o - -

J

GRS REREE

So the horizontal differences in face weights are pairwise distinct.

Now let us calculate the vertical faces differences:

For

For

i = Odd numbers till s ; s = 1(2) or i = 0Odd numbers till s +1; s = 0(2)
and

j = 0dd numbers till ¢ ; ¢t = 1(2) or j=0dd numbers till t +1; t = 0(2)
OR

j = Even numbers till ¢t + 1 ; t = 1(2) or j = Even numbers till ¢ ; ¢t = 0(2).

W§(1,0,0)(fz+1) We1,0,0)(f; (5 viq) + &( fﬁ)+f(ﬁ+z)+f(”gg))
— (6@ + €0 + 60l + €0ID)

— | |2 | e

=1.

i = Even numbers till s +1; s = 1(2) or ¢ = Even numbers till s ; s = 0(2)
and

j = 0dd numbers till ¢ ; ¢t = 1(2) or j=0dd numbers till t4+1; t = 0(2)
OR

j = Even numbers till ¢t + 1 ; ¢ = 1(2) or j = Even numbers till ¢ ; ¢ = 0(2).
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WE(LO,O)(fz-i—l) We,0,0)(f, (5 viq) + &( fill)+§(vf+2)+§(vfi21))

— (e(]) + €@ + €0l + €0ID)

SRR

=1.

This shows the differences among the vertically adjacent faces is t. Hence, all the weights are pairwise
distinct. O

Theorem 2.2. Lett,s € N such that 2 <t <s, then fs(g1,0)(Ps410P41) = [%*3} .

Proof. Theorem can be proved on the similar way as Theorem O
Theorem 2.3. Lett,s € N such that 2 <t <s, then, fs(90,1)(Ps410P41) = mn + 1.

Proof. Theorem can be proved on the similar way as Theorem O
Theorem 2.4. Let t,s € N such that 2 <t < s, then for a grid graph Ps110P;41, we have

mn + 4
3 .

Proof. We define vertex-face labeling ¢ of class (1,0,1) of G% as follows:

£3(1,01)(Pss10Ps1) = [

L+ [L] |2 + T4 |52, ifi=1,2,...,2]%] and j = Odd numbers till ¢t + 1, t=0(2)

or j = Odd numbers till ¢, ¢=1(2)

N[+

EW) =S 1+ [E][=2] + (5] [52], ifi=1,2,...,2]%] and j = Even numbers tillt, ¢=0(2)
or j = Even numbers till ¢ + 1, ¢t = 1(2)
P, if i = 2L2t—pj +1,...,s and j = Natural numbers till ¢ + 1.
7, ifi=1,2,..., 2L2t—pj — 1 and 57 = Natural numbers till ¢

(f) = (i—QL%J—i—l) <2+tL%J—2p)+y‘, if i =2(22],2(2] + 1 and j = Natural numbers till ¢
ti—1)—4(p—1)+7, if i = 2L%J +2,...,s and j = Natural numbers till ¢.

The weight under labeling & of class (1,0, 1) can be defined as

Weo)(F)) = €0]) + (i) + @I + €l + 6(F7).

Now let us calculate the horizontally faces differences:
Fori=1,2,..., 2L27pj — 1 and j = Natural numbers till ¢.

Weaon ™) = Weon (f) = (s<v4'+1>+s<vz:f>+§< )+ el + ()
— (€] + €@l) + 6@ + €I + ()
(J+1)—J
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For i =2|%,2|22| + 1 and j = Natural numbers till .

Wewon () = Weon (F) = (€077 + €0li) + 6@ ™) + €017 +€()

s<%+§wan+sw¢5+fuﬁfw+aﬁ0
=(+1) -

A/\

—_

Fori=2|%|+2,...,s and j = Natural numbers till .
Wewon () = Weon (F) = (€077 +€0li) + 6@l + €057 +€(7)
— (60)) + £(ly) + €0 + €0 + ()
=(j+1) .
=1

Now we measure the differences between the weights for every two vertically adjacent faces:

Fori=1,2,.. 2LTpJ — 2 and j = Natural numbers till ¢.

Wewon (1) = Weaon () = (<Ho 6D + Evl) + €T + <#®

— (80D + €I + £l ) + €I + ()
>+ (H 5D [ (5]+ ) [)
el D] (B ED )
R R R
(- [5))

=1t.

[\3

=~

~+~

For i = 2{27@ — 1 and j = Natural numbers till ¢.
, L , .
We,01) (1) = Wea o1 ( vl ) +&( i—tl )+ &) + f(vfiz) +&( z+1))

(v]) + €@ + €l + €W +€(7))
@+{ﬁfyHV;w>+@+ﬂ?yﬂmw—o.

=2p— <2+tv2§JJ +tv2‘fpj2_1J>+2+tF:J —2p.
[ [
|

/—\
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For i = 2| % | and j = Natural numbers till ¢.

Weo) () = Weaon () = (€00 + €07 + €0],0) + 6071 + 6(£.0)

— (6 + €@ + £(0ly) + €0HD +€())

- (P )

yp

Fori=2 L J + 1 and j7 = Natural numbers till ¢.

Wg(l,o,l)(ffﬁ) - Wg(l,O,l)(fg) = (5(“?}1) + f(vgjﬁl) + f(%ﬂz) + 5(1)?:21) +&( z+1))
— (€] + eI + €l + €I + 6.

o [2] -] s-a(en ]

=t.

Fori=2 LT’)J +2,...,,s and 7 = Natural numbers till £.

Weeron (i) = Wewon (F) = (€0810) + €001 + 60l,o) + €015) + €(1))
— (8D + 67 + €0l )+ +€()
—mi—d(p— 1)+ j— (- 1) —4(p—1)+3).
=t.
Hence all the weights are distinct and the proof is complete. O

Theorem 2.5. Let t,s € N such that 2 <t < s, then for a grid graph G%, we have

4 +mn
Is0,1,0)(Pst10P11) = [ —‘ .

5
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Proof. Theorem can be proved on the similar way as Theorem [2.4] O
Theorem 2.6. Let s and t be positive integers and G = Psy10P,y1 is a collection of grid graphs for

different values of s and t where 2 <t < s and LtHJ =t—-2 L%J Then the exact value of entire FIS of
G under p—labeling of type (1,1,1) is

mn + 8
Efsa,1,1)(GY) = { 9 w :
Proof. To prove the exact value for the entire FIS under p—labeling £ of type (1,1,1) of grid graphs which
satisfy the condition L%J =t—2 L%J where 2 <t < s, the weights differences of horizontally and verti-

cally adjacent faces should be 1 and ¢ respectively.

Generalized results for vertex of grid graphs under p—labeling & of type (1,1,1) can be elaborated as
follows:

1+ |58 |52 ;z’:1,2,3,...,2htflﬂ P =12, .t 41
3
p =2 || AL st = 12t L

Generalized results for face of grid graphs under p—labeling & of type (1,1,1) can be elaborated as
follows:

o]
;izzhtflJ-‘+ 2 + 2 ; 7 = Natural numbers till ¢
3

]+ 4p_t_t[;%TJ P e

A thﬂﬂ
;Z':thflﬂ-k L3 +3,---,s; j = Natural numbers till ¢.

Generalized results for horizontal edge of grid graphs under p—labeling £ of type (1,1, 1) can be elaborated
as follows:

1+ L%J L%J 0=1,2,3,...,2 h“glj-‘ ; j = Natural numbers till ¢

P 1 =2 LéJ +1,...,s; 7 = Natural numbers till ¢.
3
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Generalized results for vertical edge of grid graphs under p—labeling & of type (1,1, 1) can be elaborated

as follows:

£ (”Z”Hl) =

3 (Uzjvgﬂ) =

—‘ 1; 7 = Natural numbers till £ + 1
+3

1ty s 1]
+[; t Lt§1J+3[t§J—t—3p+3) ;<'—2hgﬂﬂ

1=2| [z ’%H’?J*“

j = Odd numbers till £ ; t = 1(2) OR j = Odd numbers till t +1; ¢t = 0(2)
] (fW t*J—f—3ﬂ+3> (-2 ot )]

7:

_t—3p+3)J %(Z‘JUJDW

j = 0dd numbers till ¢ ; t =1(2) OR j = Odd numbers till ¢t +1; ¢t =0(2)

Tl )]0 BTt

- 1
—
-
wffle
|
|

j = Even numbers tillt +1; t =1(2) OR j = Even numbers till ¢ ; t = 0(2)

| |
iZthﬁlJ-‘ + i 1T +2,---,5; 7 = Natural numbers till .

t
2

Let us first calculate the horizontal differences in weights among different intervals of ¢ and j.
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Fori:1,2,3,...,2{

P —‘—2;3':1,2,...,15.

5

Wei,1) <f ) Wea.1.1) (f ) _ 5( a+1> 5( j+2> +£( J+1) +§< y+2> n: (UJ+IUJ+2
() () e () ()~ (0) € () ()

)
_g(vgv;“)—g(ﬂﬂ+1)—£<ﬂ+1vﬂjf) e (o) +e (77 - £(J)
ST O P e e
R

a5

=1

Fori:Q[LtflJ-‘—l'j:12... t.
3

W§(111)< ) Wg111)(

_£<J.J+1) g(JJH) 5(.'“1}3:1) g(J+1J+1)+§(f]+1) (f)
e[S ee 5 e S S
e [ 5 [
15

=1

) (27 e () s (o) (o) e (0"
() () (05) 6 ()¢ (7)) ()
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For izzhtflﬂ Ci=1,2,... .t
3

We,1,1) (fjﬂ) = Wea (f-j) = (UJ+1> +¢ <v{+2) +¢ (Ufj-rll> +¢ (Uﬁf) ‘|’§( I iH)
& (o ) g () + e (o) e () =g (W) — € () € (W)
o) ) -<(nts) <) +(27)-<(1)

1+

e [ e

2 3

,—
\)

Jalfg| L5 v [[3 (=2t )
o [ ] [

_ E (thtglﬂ +3V+31J —t—3p—|—3>J {; (i—ﬁtéﬂ +1ﬂ
F (thtglﬂ +3V§1J _t—3p+3>—‘ {; (i_ﬁ{ti}lﬂﬂ —j

Weaan (#7) = Weann (#) =€ (oF7) + ¢ (") + € (f2) + ¢ (ol7) + (o7407)
o) w6 () 6 () () 6 ()~ ()~ ()
— & (vfol) =g (vily) — € (vl ) e (WP ) e (A7) — € (#) -
111)<f]+) 5(111)(f)—/)+p+p+p+1

+:;(t_LH:lJ:—i—S_t—gl_—t—i%p%-B) _1<2_2:V§1J:+1ﬂ
: 3<t | ‘“3’”3) ( g ﬂ
titl=p—p—p=p-1 ) i
_:;(t_v:lJ_—i-?)_t—gl_—t—Bp%-f%) ;( _L”;J_Jrlﬂ
N ;(t L”:lJ +3 t—gl_—t—3p—|—3> ;( [HZlJ ﬂ —j.
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w‘+

+|

il

Vo (1) Wi (1) =€ () 55 (0) 1) (40 (470
e () + (]if]if%(f““) €ut) e (1) -

() e ) ] £ 45) 6 (17) -
W111)<f1) ngll_)(f”) p+p+p+p+l+{2J {;G—Z{
+B”;<i_2h’fglj 2ﬂ+t{ w 1J t—3p+3+j+1
e i)

_m {;(Z'_zhti’” 2)} {+w 1J—|—t—|—3,0 3— .

3 2

2{ T LLPFFO "~ :Wthw Li=1,2,... L

dp—t—t| 2 w
L1+ ' hglj Y2 j=1,2,.. .1
+1J t ’J_ ) AR B

W (£7) =W (1) =€ (7)€ (72) e (o) € (o) € (472079
) +¢ (vfif o)+ e () e () e (0) — ¢ (vh) — ¢ (w22

£ (vlvl) =€ (vl ) = (o) e (77— (1),

) = Wea (f ) —p+p+p+p+p+y+1

)
+(9+t(2ht+”lﬂ+ v ;1 ‘ ) )
ppj(9+t(2_v+plﬂ+l4p - t L5 ‘ )8/)1)-

=1.
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o () =€ (o77) e () e () (22 - (£720)

() € (0E) € (o) - () e (i) ¢ (1)
€ (vlvln) ¢ (vhaelfl) = (o) + e (#71) — € (#)-

Whmﬂ<ﬁﬂ)—Whnn<f)—p+p+p+p+p+]+1+9

4ptt[ T —‘
i 2{ P W+ S —8p—1

5

—

[

=
. YoumnN
)

+

|

=

—

Now let us move to the calculation of vertical weights differences.
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For i=1,2,3,...,2 htflﬂ 9. i=1,2,... .t
3
Weaa (o) = Weann () = € (vha) + € (o) + € () + (vl2) +€ (o]
€ (vhvlia) + € (vhavlls ) + € (W) + € (F) —€ (o) —€ (o) — ¢ (viﬂ)
& (vidth) =g (vivly) = (vl ) —e (W) - (7).
14 V+1J Lt+1J 14 V+1J Lt+1J 1414 V‘+1J V+1J 1
2 2 3 2 3

EIRNEEERES

v+ t+1 1—1||t+1
sl s
|t it it
B 3 2 2
p+ 1 -1
Since < s J—V2 )zl, for every value of i, so we have
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51
3
We,1,1) ( ) We,1,1) < ) §<Z+1>+f(fi1l)+§<@+2>+f(”g121)+§<@}1vf:11>
+€ () ( Lavlly) e (liiells) € () -6 () —€ (") € (vn)
( f:) ) ( Ui z+1) 5( 3+1“£1) 3 (Uf+lvf:11> f(ﬁ)

Wean (fi+1> Wea) (f ) =p+p+p+1+1

/\—{—
“k)

£l 1] [t 1
:3p+2+t{tfl +3L+J—t—3p+3—5—3v HJ;J

- [l o] [ 1)
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For i =2 htfl W =12, 1.
Whmm<ﬁ):€< >+£(JH)+§< )+£(*”)+€@ﬂﬂﬂf)
£<vzj+2vlj:21) Ty (Ujill J+1> n: <fg+1) _ ( ) ( j+1) 5( )
vafﬂ) _§<'Ujvj+1> f( J+1vjill> 3 (vf_l j+ ) ( j)
We,i,1) (f;?}l = Wean (f) P+P+P+2+{ < { w )}

|

+1-2
. {(t M%J +3[23 t3p+3>w}

3
t+1 +1
:3p+t{ a w+3{3J—t—3p+3+t{ a Lrs{ . J t—3p+3
5 |5 ]

i—1||t+1 P t+1
~3-3 N [ ~3 t43p— 3.

5[5 MJHP

t+1 1—1 t+1

:t[wﬂ|w+3‘ 2 ‘_t_3 “
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For1—2th-‘+1 j=1,2,.

3

W{(lll)( ) 111( ) §(z+1)+§<gﬁ)‘*‘f(“?ﬁ)‘*‘f(”gg)‘*‘f(&1”3:11)
& (vlgvls) + € (vla0lls) + € (R0l ) + € (Fl) — € (o]) =€ (™) = € (vl)

—e (o) — e (ld™) — e (vivly) — € (voltl) — e (W) - € (7).

SRR S TR 6 TN

el Il )] o) e

t+1
=3p+2+(1)t+0+2t —2t—6p+6—-3p—2

— () <t“§ﬁ+3{ J?: J 3p—|—3> ()(t{wzlﬂJr?,{TJ—t—?)p%).

—3p4+2+t—3p—2.
—t.
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J—‘_i_ 2 +2;75=12,...,t

— Wea (f ) = 5( Z+1> +¢& (”fill) +& <”zj+2> +¢ (”fizl) +5< z-—i-lvi:ll>
+¢ <”f+1“g+2 z+2vz+2> ( fjrrll 5121) +¢ ( H—l) § (Uzj) ¢ (”jJrl) ¢ (Ui+1)

)
) +¢
s(viif)i Y —g (vlul) — € (vaolnl) e () — € (7).

“’ M / N

Wea,y (fijﬂ —We1) (f ) =pt+pt+tpt+tp+p+tj

). e[t

+1| =8p—1|—p—p—p—p

—-8p—1

r ) . 4p—t—tht’)1J

=Sp+j+ |9+t |2| 7| + — +1+1-1|-8p—1
155 5]
o7 e

—5p—j— |9+t |2| | + - +1-1|—-8p—1
5] ]

=(9+t(i+1-1)—8p—1)—(9+t(i—1)—8p—1).
=(9+t(i)—8p—1)—(9+t(i—1)—8p—1).
=9+mi—8p—1—9—mi+t+8p+1.

=t.
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111(fj) 5( )+£(J“)+£( vl ul,) +

We) (f +1 ( 31111};121) +¢ < ! o0 :21)
(7)€ () () e ()~ )~ () e ().
Wea ) (f1]+1) = Wea1 (f ) ptp+tp+tptp+j+9

p
+t]2 +
{WJ

i 4p_t—t’7t-€1
s p L5 .
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O

It can be clearly seen that the conditions regarding differences in weights are fulfilled and so we have

mn + 8

Efsq11(Gh) = 9
Example 2.7. Investigate the exact value of entire FIS of G13 by using p—lableing of type (1,1, 1).

Proof. We will label a grid graph G13 under the supervision of generalized results about vertices, horizontal
edges, vertical edges and faces.

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1| 1 1 2 1.3 |1 4 15 1 6 17 1 8 19 110 |} m 1012 |1 13 |1 14 |1 15 |q
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 2 1.3 [1 4 1 5 1 6 17 1 8 1 9 1 10 |1 1 112 |1 13 |1 14 (115 |1
6 6 § 6 6 6 6 6 6 6 § 6 6 6 § 6 6 6 6 [§ 6 6| ¢} 6| 6

1 1 1 2 1.3 1 4 15 1 6 17 1 8 1 9 110 |1 1 1 12 |1 43 1 14 (1 15 |1
6

6 6 6 6 6 6 6 6 6 6§, 6 6 6 § 6 6 6 6 6 6, 6 6 6 6 6 § 6 6, 6 6
111 1 1 2 1 3 1 4 1 5 1 6 17 1 & 1 9 1T 190 |1 1 1T 12 1 3 11 1 s |1
171 1, 11 1 1 1 1 1 " o1, 11 1,11 11, 11 1 "1 11, 11 M1 11 1, 1 11, 11 1 "M 11,11 N1

1 1 2 1 3 1 4 15 1 % 17 1 & 1 9 T 40 |1 n 1T 2 1 s |1 e 1 s |1
" T 11 T 1 T 1 T 1 11 T 1 171 T 1 11 T 1 11T 1M T 1 11 T 1 11T 1M

1 1 1 2 1.3 [1 4 15 1 6 17 1 8 1 9 110 |1 1 1 12 |1 13 |1 14 15 |1
16 16 1 16 1 16 16 16 1 16 1 16 1 16 1 16 1 16 1 16 1 16 1 16 1 16 1 16 1 16 1

1 1 2 1.3 [1 4 15 1 6 17 1 8 1 9 110 |1 1 1 12 1 13 1 14 115 |1
16 16 1 16 1 16 16 16 1 16 1 16 16 16 1 16 1 16 1 16 1 16 16 16 1 16 1 16 1 16 1§

1 1 2 1.3 [1 4 1 5 1 6 17 1 8 1 9 110 |1 1 112 1 13 1 14 115 |1
21 21 2 21 2 21 21 21 29 21 21 21 21 21 2 21 21 21 29 21 21 21 21 21 2 21 21, 21 21 21 21

1 ™ 12 13 T s 175 1% 17 178 179 1710 T 172 T s T Te Tt s T
21 21 2 21 2 21 21 21 29 21 21 21 21 21 2 21 21 21 21 21 21 21 21 21 2 21 21 21 21 21 21

1 ™ 12 13 s 175 1% 17 178 179 1710 T 172 711 s T e Tt s T
26 26 26, 26 2 26 26 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 26, 26 2§

1 5 1.7 173 1y 175 1% 1% 178 1% 1% " 152 791 T T T T s T
26 26 2 26 2 26 26 26 2 26 2 26 2 26 2 26 2 26 2 26 2 26 2 26 2 26 2 26 2 26 2

1 1 2 1 3 1 4 15 1 6 17 1 & 1 9 1T 100 |1 n 1T 12 |1 13 |1 14 |1 15 |1
31737 3 37 3 37T 31 31T 31 31T 31 31T 31 31T 3 37T 31 31T 31 31 31 31 31 31 3 37T 31 31T 31 31 31

1 71 12 1.3 |1 4 175 176 17 18 179 1710 1 1712 1 13 1 e (1 s |1
31731 3 31 3 37T 31 31T 31 31 31 31T 31 31 3 37T 31 31T 31 31 31 31 31 _ 31 3 31 31 31 31 31 31

8 1 9 2 8 3 9 4 8 5 976 8 7 9 8 8 9 9710 |8 1 912 |8 13 |9 14 |8 15 9
31

16 311 3 16321 3 1633:] 3 16341 3 16351 3 1631 3116371 3 16381 3 16391 3 163110 31163111 31163112 3 163113 3 163114 3 163115 3116
31

53 311 3 b4 321 3 3 33;] 3 24341 3 23351 3 24361 3123371 3 24 381 3 23391 3 243110 31 233111 31243112 3 233113 3 243114 3 233115 31 24
31317 31_ 3T 31_ 31T 31_3T 31_37T 31_ 31T 31_ 37T 31_3T 31_3T 31_31T 31_3T 31_ 31T 31_3T 3]_31T 31_3T 31
31 1 31 2 313 314 315 316 17 318 319 3110 31 11 31 12 31 13 3114 3115 31
31 31 3 31 3 31 3 31 3 31 3 31T 3131 3 31 3 31T 3 31 3 31T 3131 3 31 3 31 3 31T 31
31 16 3117 31 18 3119 3120 3121 31 22 31 23 3124 3125 3126 31 27 31 28 3129 3130 31
31 371 3 37 3 37T 31T 317 31T 31T 31 31T 31 31 3 37T 31T 317 31 31 31 31T 31 31 3 3T 31 31T 31 31 3

Figurel
Entire Face Irregularity Strength of G13 under 31—labeling of type (1,1, 1)

In G%g, the value of s is 18 and the value of ¢ is 15. From Figurel, we see that the minimum integer for
which the face weights are distinct is 31. So, p = 31 and hence, we have

5= 31 =7 151 = ] =5 152 = 1) =5 g | - T =7

To investigate the exact value of p = F fs(l,Ll)(G%g), we will calculate the horizontal and vertical differ-
ences in face weights.

Horizontal differences in face weights for different intervals of ¢ and j can be calculated by the following
method.
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For i=1,2,3,...,12, ; j=1,2,...,15

()~ () =1 [ 5] |52 1 1] 41

1 —1 t+1 ') t+1 1 —1 t+1
ﬂ S ) [ e [ [

1 ) t+1 1 1 —1 t+1 1 ') t+1 1
b1l R el | Rt R

For ¢ = 1, we have

Whmm<f ) W@M@(f)—1+0+1+0+1+0+1+O+1+]+1—1
—0-1-0-1-0-1-0—1—j.
=1.

For ¢ = 2, we have

Wen (F77) = Weaan (F) =140 4145414041454 1+j+1-1-0
—1-5-1-0-1-5-1—}
—1.

Similarly for ¢ =3,4,5,6,7,8,9,10,11 and 12, we have
€(1,1,1) (fj ) Wean) <f ) =1

For 1 =13; 7=1,2,...,15.
£(1,1,1) <fj ) We,1,1) (f)

S e e 5
e [ e [ [ - [ [
s 5]

=1+(6)5)+14+(6)(5)+1+(6)(5)+1+(6)5)+1+7+1—-1—(6)(5)—1—(6)(5).

—1-=(6)(5) —=1-(6)(5) =1 -3
=1.
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For i=14; j=1,2,...,15.
Wea1,n) (fﬁ“) = Weaa) ( f) =

i—1][t+1 t—1][t+1
=1+ 5 +p+1+ — | +tp+1

2 3

s ]
| (t{viﬂ”’ o ””“’ﬂ HEE

1—1 t+1
1-1- — | —p-1
R N
1 p t+1 1/ p w ﬂ
— t +3|—| -t—3p+3 —i-2 +1
2( L?J 3 > 2( [WJ
p t+1

By using the similar method, reader can verify the upcoming horizontal differences in face weights, the
answer will always be 1 for all values of ¢ and j.

Now we investigate the vertical differences in face weights by the following method.

For i =1,2,3,...,12; j=1,2,...,15.
Wean (F) = Weann (#)

5 el
S s R el B e e

+

—_

| I

~

+

—_
+
—_
+
—_
+

+

—_

~

T

=
_|_
—_
+
.

Fori =1, we have

We(1,1,1) (ffﬁ) —We1 (ff)

1+ WG +1+M)E) +1+1+M)BE) +14+j-1-0-1-0-1-0-1—1— 4
= 15.

=t
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For ¢ = 2, we have

Wen (1) = Weann ()

— 1+ ()G +1+1)B) +1+1+(1)B) +14j-1-0-1-0-1-0—1-1—j.
—15.

=t.

Fori =3, we have

Weaa (ffH) —Wea <f,])

—1+@)5) 1+ @)B) +1+1+@2)B) +1+5—1— (1)) —1—(1)5) -1 - (1)(5)
11—

= 15.

=1t.

Similarly for ¢ =4,5,6,7,8,9,10,11 and 12, we have

Wea,i,1) (fzJJrl) —Wea) (ff) = 15.

For t=13; 53=1,2,...,15.

. , 1
W{(l,l,l) (fz]—l—l) _Wf(Ll,l) (ff) =p+p+p+1+1+ |V2 <Z+1—2 |VV_€1J“ +1>“

<t[V?J1+3LﬁfJ—t—3p+3> . <t{V?JW+3L%fJ—t—3p+3)

2 2

il e Rt el 1 ol il el R
=314+31+31+1+1+(1)(15) +5—1—(6)(5) =1 —(6)(5) =1 — (6)(5) =1 —1—3j.
= 15.

Similarly, the upcoming differences can be calculated. The answer will always be t for all values of ¢ and j.
Hence, the horizontal and vertical differences of face weights are verified and so the exact value of £ fs(1 1 1) (GR) =
31.

3. Conclusion

In this paper, we have applied new graph parameters (a1, 51,71) on grid graphs. Problems in this arti-
cle are based on face labeling of plane graphs. We investigated the tight lower bound for the face irregular
strength of vertex (1,0,0), edge (0, 1,0), face (0,0, 1), vertex-face (1,0, 1), edge-face (0, 1, 1) and vertex-edge-
face (1,1,1) of G% with the help of p—lableing of class (a1, 31,71) under some labeling conditions. Since
a plane graph can be labelled in many ways but we focus on obtaining a minimum number from the set
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of integers, so in this kind of calculation, graphs may undergo some conditions of labeling. We generalized
formulas to prove results and applied results to solve examples. The results of labeling depend on the size
of the graph. Sometimes, it happens that graphs do not provide exact results. In order to get exact and
precise results, we recommend the reader to work on bigger graphs. Face irregularity strength of graphs
under p—labeling of type (a1, 51,71) is an emerging topic in recent times. Many authors like Martin Baca,
Aleem Mughal and Noshad jamil have done valuable work on face labeling of graphs [15] 21), 22].
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