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Abstract

In this study, a multi-wing chaotic system with classical derivative has been studied. The conditions under
which the existence and uniqueness of the solution of this chaotic system exist are examined. Afterwards,
this chaotic system has been modified using fractional differential operators, and in this case the behavior of
the multi-wing chaotic system has been investigated. Moreover, the newly introduced piecewise differential
operators is included in such a chaotic system and the piecewise chaotic system is solved by using Newton
polynomial approach. The numerical simulations of piecewise chaotic system are performed for fractional
order.
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1. Introduction and Preliminaries

The fractional derivative consept, which is a generalization of the classical derivative, has become the
focus of attention of researchers and has been seccesfully applied to many real world problems. In this
study, fractional differential operators such as Caputo, Caputo-Fabrizio and Atangana-Baleanu fractional
derivatives will be considered [1-3]. Undoubtedly, the chaos theory, which has attracted the attention of
researchers, has been reconsidered with fractional analysis and has opened new doors in research [4-11]. In
[4], the authors have investigated the modified Chua attractor. Labyrinth chaotic system has been modeled
with the fractional differential operators in [5]. In [6], Chua attractor with fractional and fractal-fractional
operators has been solved by using a new numerical scheme based on Newton polynomial. In [7], chaotic
systems have been modeled by using with fractal-fractional operators introduced by Atangana. In [8], chaotic
attractors with many scrolls have been examined for fractional case. In [9], some chaotic attractors has been
presented by using fractal-fractional differentiation and integration. In [10], Irving-Mullineux oscillator has
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been modified by the fractional derivative with Mittag-Leffler kernel. In [II], the authors have examined
the chaotic behavior in system of fractional ordinary differential equations.

Since chaotic systems are nonlinear, we need to solve such systems by using numerical methods. In this
study, we present the numerical scheme based on Newton polynomial [6] to solve chaotic system that will
be presented in the next section.

We now present some definitions about fractional differential operators that will be used in this study.

Definition 1.1. Let u : RT — R. The left Caputo fractional derivative[2] of fractional order p of the
function w (t) is defined by

€ Db () = r(1—p)/0 (t— 1) (I)dl, t>0 (1.1)

where p € (0,1).

Definition 1.2. Let u (t) be continuous and differentiable on C! [0, 1]. Then, the Caputo-Fabrizio fractional
derivative[3] with fractional order p of the function w (t) is given as follows

SEDPu (t) = N i P/o dqii;l) exp {—pl(i;l)} dl (1.2)

where 0 < p < 1.

Definition 1.3. Let u (t) € W3 (0,1), then for p € [0, 1] Atangana-Baleanu fractional derivative[l] in Caputo
sense of the function w (t) is given by
1 td p
ABC e _ p
Diu(t) = —— —u(l)E, | ——— (¢ —1)"]| dl. 1.3
$onpu) = 1 [ Su B [~ -] (1)
Definition 1.4. The Caputo fractional integral of the function w (¢) is given as follows:

C 1Py () = r(lp)/o w(l) (¢ — 1P dl. (1.4)

Definition 1.5. The Caputo-Fabrizio fractional integral[3] of the function u () is in the form of:

gFIfu(t):(l—p)u(t)—i—p/ w(l)dl. (1.5)
0

Definition 1.6. The Atangana-Baleanu fractional integral[I] of the function u () is defined by the following:

p [ -
MBI (t) = (l—p)u(t)—i-rp)/o w(l) (t =1 dl. (1.6)

2. Statement of Problem

In this section, we consider a multi-wing chaotic system presented in [I4] and we present conditions
under which existence and uniqueness are ensured for such a system. To achieve this, we consider multi-
wing chaotic system [14] with classical derivative

u () = k(v—u) (2.1)
V() = yv—uw
w (t) = —&+0(1—dysin(dv)) v

Here, the parameters are
H:2,7:1,§:1,(5:0.4,51:3,(52:4 (22)
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Figure 1: The graphical representation for multi-wing chaotic system.

with

Figure 2: 3D simulation for multi-wing chaotic system with classical derivative for p = 0.95.
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and initial data
u(0) =0, v(0) =0.1, w(0) =0. (2.3)

The numerical simulations for each function in the chaotic problem are decipted in Figure 1.

In Figure 2, we present the numerical simulations for chaotic problem with classical derivative.

Now, we prove the existence and uniqueness of the solutions for the considered chaotic problem. To do
this, we present a theorem about existence and uniqueness of the system of equations [15].

Theorem: Assume that there exists positive constants k;, k; such that

(i) Vi € {1,2,3}

2 2
’E (SEl’,t) *Fi (I‘;,t)’ S kl|¢’l)l*l‘;| s (24)
(ii) ¥V (z,t) € R® x [0, T]
| (2, 8)2 < K, (1 n |xi|2> . (2.5)
Proof. Before starting with the proof, we shall first define the following norm
[0l = sup v ()] (2.6)
0<t<T

We start with the function Fj (¢,u). Then, we will show that

|Fy (ug,t) — Fy (ug, 0> = kv (u1 — ug)]? (2.7)

= &0 (0)]* ur — uz|?
2

< k2 sup |u(8)]*|ug — ugl?
0<t<T

< w2l fur — waf?

< kyfug — uof?,

where k = k2 HUQHOO. Then, we write

|y (01 — va)|? (2.8)
< (72 +e1) v — vl

< kylup —wl?,

|Fy (1, ) — Fy (v, t)?

where ky = 72 + 1. Next, we write
| Fs (w,t) — Fy (wa, t)]” < ks Jwy — wal?, (2.9)

where k3 = 9. We verified the first condition for all function. To verify the second condition for all function,
we write the following

|Fy (u, )* = |ko — kul? (2.10)
< 26 (Jul” + [ul?)

< 2m2<sup \vl2+lul2>
0<t<T
< 22llul? [1 1 2
< 287 llo [ 1+ —5 |ul
[vll5
< I <1+\u|2>,
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under the condition ”U% < 1 such that k; = 2x2 HUQHOO. Later

lloo
B (0,0) = |y —uw]? (2.11)
2 (V2 ol + [uf? |w]?)

IN

IN

2(72!U!2+ sup |ul® sup !w\2>
0<t<T  0<t<T

< 2(P 1ol + [l 10l )

2 2 72 2
< 2ulli lwllse | 1+ ——— [vl
[Jull% lwlls
< EQ <1+’U‘2>,

2

under the condition —gr—t—gr—
2l oo w2l o

< 1 such that kg = 2 ||ul|, |lw|/%, . Finally, we have

By (w, ) = |¢—u? = + puw|’ (212)

< a4 [+ [0+ 0 ful? )
< 4<§2+ sup ‘u2‘2+ sup }v2|2+p2 sup ]u\Q\w]2>

0<t<T 0<t<T 0<t<T
< a (&4 2+ P2 + o e f?)

2 2

S 4(§2+ U2 2 + U2 2 > <1+ 1Y ||u”oo |’LU|2>

el 17l €2+ [[ul5 + [lvIl5

< ks (14 wP),

under the condition Pl < 1 such that k3 = 4 (52 + HuQHiO + HUQHiO) . Then, the solution of

‘ e[S+ w215
our chaotic system is exist and unique when

2 2 2
max{‘ ! i Gl P8 } <1 (2.13)

Voo 2 llo w2l ™ €2 + [[u?|1Z, + |02,

3. Multi-wing chaotic system with exponential decay kernel

In this section, we deal with the multi-wing chaotic system[I4] including exponential decay kernel known
as Caputo-Fabrizio fractional derivative

6 Dfu(t) = r(v—u) (3.1)
SEDPy(t) = v —uw
SEDPw(t) = —€&+6(1—dysin(0v)) 02

For brevity, we can write as follows:

§EDMu(t) = U (tu,v,w) (3.2)
(" Dfv(t) = V(tu,v,w)
SEDPw (t) = W (t,u,v,w).

When integrating the chaotic system, we can write the following equality
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¢
u(t) = uo+(1—p)U(t,u,v,w)+p/ U (s,u,v,w)ds, (3.3)
0
t
v(t) = v0+(1—p)V(t,u,v,w)+p/ V (s,u,v,w)ds,
0

t
w(t) = w0+(1—p)W(t,u,v,w)+p/ W (s,u,v,w)ds.
0

If we write the above equations at points ¢ = ¢, and ¢ = t,41 and take the difference of the equations
obtained, then the following equation can be achieved:

Wltast) = wlta)+ (1= p) [U (bayr, @55, GH) — U (b, 0%, 0] (3.4)
tn+1
+p/ U (s,u,v,w)ds,
tn
V(tht1) = v(ty) +(1—p) [V (tn+1,ﬂ”+1,?f“+1,@”+1) —V (tp,u”, U”,w”)}

tn+1
+p/ V (s,u,v,w)ds,
tn

W (tpt1) = w(tn)+ (1 —p) [W (tn+1,ﬂ"+1,5"+1,117”+1) — W (tp, "™, 0", w")]
lny1

+p W (s,u,v,w)ds.
tn

Replacing the functions U (¢, u,v,w),V (t,u,v,w) and W (t,u,v,w) by their two step Newton polynomial,
then the following numerical scheme is obtained as
Wt = w" + (1= p) [U (tpgr, a0 @) = U (t, w0, w™)] (3.5)
[ %U(tn,u",v”,w”) — %U (tn,l,un_l v
| —1—15—2U (tn_g,u”*Q,v“”,w" |
"L = "4 (1 —p) [V (tnﬂ,ﬁ"Hﬂ"H, @"H) -V (tn,u”,v”,w”)]
1
)

23 4 -
+ph BV (tn,u™ 0" w") — 3V (tn,l,u”

+ph

+%V (tn—27 un—2’ Un_27 w" ) ’
w" = w4 (1 - p) [W (tn+1,ﬁ”+1,@ﬂ+1,w”+l) — W (tp,u", 0", w")]

ph [ %W(tn,u”,vn,w”) — %W (tn_l,unfl,vnfl,wnfl) ]

where the predictor terms are evaluated as

n
an—f—l = ug+ (1 — ,0) U (tn’un7vn’wn) + th U (tlmukvvka wk) ) (36)
k=0
n
= v+ (L= )V (tnyu” 0" w") + ph >V (tlmuka Uk,wk) ;
k=0

n
" = w4 (1= p) W (tn, u™, 0", w™) + phz %% (tk,uk,vk, wk) .
k=0
4. Multi-wing chaotic system with power-law kernel
In this section, we obtain numerical scheme for the following multi-wing chaotic model[I14]
SDlu(t) = k(v—u) (4.1)
SDPv(t) = yu—uw
SDPMw(t) = —€46(1 —dysin(dav))v?
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where the derivative is the Caputo fractional derivative. Integrating above equation, we have the following
equations

u(t) = uo—l—rgp)/o U (s, u,v,w) (t —s)P" " ds, (4.2)
= v 1 t s,u,v,w) (t —s)° " ds
o(t) = o+r(p)/0v<, v,w) (t— )P ds,

= w L t S, U, V, W —s)Ptds
w@-—o+NmAWL,,Mt)pd.

If we replace the above functions by their Newton polynomials after taking t = t,,1+1, we get the following
( hp
up + Tr+1) Sho U (th—g, uF 2,072 wh=2) Hrlz,lc
hP s U (th1, uf=1, o1 k-1 -
un—f—l — F (p + 2) k=2 U (tk—Q, uk—2’ Uk_Q, wk—2) n,k ’ (4'3)
U (tk,uk,vk,wk)
1

+——> 7 —2U (tp—1,uF~ 1 oF= 1 k1) | I3
F(P+3) h=2 U ((tkz uk—2 k2 ka)) ok
( vo + L Zn \% (tk:—2 wuk—2 k-2 wk—Q) 11t
T (p+ 1) k=2 ) ’ ’ n,k

hP Vv (tk_l,uk_l vk=1 k-1 :|

,Un+1 — P (;0+ 2) Ek 2 [ -V (tkfg,ukf

277} 7w ) s (44)
B |4 tk,uk,vk,wk)
e S | 2 (et ok |,
I'(p+3) HV (tpog, ub2, 02 h=2)
( hP
wo + m D= W (tk*% uk=2, o2, wk72) Hrll,k
hP s w (tk,l,ukfl, ok wkil) -
wn+1 — F (p n 2) k=2 -W (tk—Qa uk—27 vk:—Q’ wk—Q) n,k , (4‘5)
w (tk,uk,vk,wk)
Soheo | —2W (tk_l,uk_l,vk_l,wk_l) H%k
\ 2r (p +3) Wty uF 2, 0h2 h=2)
where
0, = [(n—k+1)"—(n—-k"], (4.6)
m. - (n—k+1)”(n—k+3+2p)
mk o —(n—k)f(n—k+3+3p) |’

o 2(n—k)*+ (3p+10) (n— k)
(n=k+1) ( +2,02+gp+ 12 )

I, =
g gy (20— + (Gp+10) ()
+6p% + 18p + 12
5. Multi-wing chaotic system with Mittag-Leffler kernel

In this section, we establish numerical approximation for the considered model[l4] including Mittag-
Leffler kernel
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0" Dfu(t) = K(v—u) (5.1)
ABDPu(t) = ~Av—uw
ABDPu(t) = —€46(1— d1sin(dav)) 0>

When we integrate the above equation, we have the following

t
u(t) = wo+ 1 —=p)U(t,u,v,w)+ Ffp)/ U (s,u,v,w) (t —s)P " ds, (5.2)
0
t
v(t) = vo+ (1 —p)V(tu,v,w)+ p/ V (s,u,v,w) (t — s)p_lds,
L' (p) Jo

w(t) = w0+(1_p)W(t’u’v’w)+F€p)/oW(3=U7U;7~U>(t—$)p_1ds.

If we replace the above functions by their Newton polynomials after taking t = t,,4+1, we get the following

( hp
wo + (1= p)U (tpog, a1, 5ot gty 4 PU
0+ ( P) ( n+1, ) T(p+1)

T (p + 2)
ph? (tk,uk,vk,wk —2U (tk_l,uk_l,vk_l,wk_l) }
U

)] (p+3) Di=2 [ +U (tg—2,

( N B B hP - B .
vo+ (1 — )V (tng1, a™ton @t + ﬁ Sho V (tgeo, ub=2 0P 2 k=) 10 |
o = F (p T 2) S [V (the1, w7 0P by =V (g, uF T2 0P 2 wh2) ] H%,k
k ok .k k—1 k=1 , k—1
L ph? s (tk,u,v ,w)—QV(tk_l,u VT w ) 3
{ o (p + 3) k=2 +V (tk727 uk‘727 ,Uk:727 wk*Q n,k
wo + (1 — ,0) W (tn+1’an+1 5n+17@n+1) + o S LW (tk_27uk72’vk72,wk72)
I'(p+1)
Wt = S [ (tk_huk—ljvk—l’wk:—l) W (tk_g,uk_z,vk_z,wk_Q)] 2,

B T (p + 2)
Lo Pt ph? sn w (tk, uP ok, wk) —2W (tk_l, ub—1 gk wk_l)
\ 2T (p + 3) =H=2 +W (tg—g, uF2, 072 wh=2)

where the predictor terms are evaluated as

n
anJrl — U0+(1 —p)U(tn,Un,Un,’wn)_{'% E U(tk,uk,vk,wk> H}Lka
p K
k=0

n
5"“ = v+ (1 - p) 14 (tn,unv Un,wn) (p ) Vv (tkaukvvk’wk) H’}L k>
p k)
k=0

n

T wo—f—(l—p)W(tn,u",v",w")—i-% W(tk,uk,v w )H
p
k=0

Example 1. We consider the folowing chaotic problem with exponential decay kernel
6" Dlu(t) = w(v—u)
SEDPu(t) = ~yv—uw
SEDPw (t) = —€+6(1 — 6 sin(6av)) V>

S LU (tk_% uF=2 k=2, wk—Q)

"t = D b2 [ (tk—l,uk_l,vk_17wk_l) -U (tk—27uk_2avk_2awk_2)] Hik

1
an:

)

(5.3)

(5.5)
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Figure 3: Simulation for multi-wing chaotic system with Caputo-Fabrizio fractional derivative for p = 0.95.

Here, the parameters are
k=18 v=1, £=05 §=0.4, 61 =0.03, 69 =2 (5.6)

and initial data
u(0) =0, v(0) =0.1, w(0) =0. (5.7)

In Figure 3, the numerical simulations for chaotic problem with Caputo-Fabrizio fractional derivative are
depicted using same parameters and initial conditions.
Example 2. We consider the folowing chaotic problem with Mittag-Leffler kernel

ABEDPu (1) = k(v —u) (5.8)
ABCDPy (1) = yu—uw
ABEDPw (t) = —€+6(1— 6y sin(5v)) 02
The parameters are
k=18, y=1, £=05, =04, & =0.03, 6 =2 (5.9)
and initial data
u(0) =0, v(0) =0.1, w(0) = 0. (5.10)

In Figure 4, we perform the numerical simulations for chaotic problem with Atangana-Baleanu fractional
derivative.
6. Chaotic model with piecewise derivative

We consider the chaotic model[I4] with the scenario where the first part is with classical derivative and
the second part is with Caputo fractional derivative. The piecewise system[I6] under investigation is given
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with

win)

Figure 4: Simulation for multi-wing chaotic system with Atangana-Baleanu fractional derivative for p = 0.95.

0 CDju(t) = U (t,u,v,w)
ABOCDPy (1) =V (tu,v,w) , 0<t<tg, (6.1)
ABEDLw (t) = W (t,u, v, w)

u (t) = U (t,u,v,w)

V() =V (tu,v,w) Gt <t <T.

w' (t) =W (t,u,v,w)

Applying the associated integral, we obtain

0 u(O)—l—(l—p)U(t,u,v,w)—i—ﬁng(s,u,v,w)ds,OStSto
u(t) = ,
u(to) + fp Uls,u,0,w) (t—s)" ds,tg <t < T
p t
v(0)+ 1 —-—pV(tuv,w)+ =—— [,V (s,u,v,w)ds,0 <t <t
I L L R P AT o o

v(to) + [ V (s,u,v,w) (t— )P Hds,tg <t < T
w(0>+(1_p)W(t7u7v7w)+ﬁfgW(S,U,U,W)dS,OStStO
wto) + [ W (s,u,0,w) (t — s)* Vds,tg <t < T
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We consider above at t = ¢,41, and replace the function f (x,t) by its Newton polynomial [16]. Thus, we
obtain
( ( u (O) + (1 _ ,0) U (thrlv ﬂn-ﬁ-l’gn-‘rl’ ,wn-i—l)

ph? k=2 k-2 , k-2
+F(p+2) qu“:zU(tk_g,u 2 0k 2w )H#k

+ phﬂ m |: U (tk—laukiavkil:wkil)
gl r (p + 2) k=2 | _s (tk—27 uk—?) Uk—Q’ w —2)

( v (0) + (1 _ P) vV (tn+17 mntl ~n+17 wnJrl)
+/;7 o V (th—o, uF =2, 0k =2 0wk =2) H}%k

+ ph’p m 4 (tk—lauk_17vk_17wk_1)
ntl T (,0 + 2) k=2 _y (tk’—Qa uk‘—27 Uk_Z, w —2)
v B \%4 (tk,uk,vk,wk)

( w (0) + (1 _ p) W (tn+1’ ﬁn-i—l’ 571-&—1’ an—i—l)

hP
+ﬁ S W (tgy ub =2, oF 2 wh=2) TIL
phP s W (tkfla ub=1 k=1, wkfl)
wn+1 _ F(p+2) k=2 -W (tk‘ 9,1 k‘—27vk’—27wk—2)
w (tk,uk ok, wk ’
Z -2 - 17klvk1 k-l H3 aOStStO’
F(P+3) h=2 W ((tk o, k=2, ph2 kQ)) ok
23 k 4 k 1 ,,k—1 k—1
W tk,u LT wh) — W (te_q, w0 w
{w(to) + hZZ:m-i-S [ 12 ( —i—%W (tl 2,3uk (7 ke gywk,Q) ) , o <t < T

where the predictor components are obtained as:

n
" = wug4 (1 —p) U (ty, u", 0™, w") + pz U (tk, uf, oF, wk) Hiyk, (6.5)
k=0
n

L = w4+ (1= p) V (t, u", 0", w" —|—pZV(tk,u P w)Hm,€7
k=0
n

an+1 = Wp + (1 - p) w (tn,una Un’wn) + pz w (tk’ uk’vk’ wk) Hiz,k
k=0

We next consider the chaotic model with piecewise derivative [16]

u () =U (t,u,v,w)
V() =V (tu,v,w) , 0<t<tp, (6.6)
w' (t) =W (¢, u,v,w)

CEDLy(t) = U (t,u,v,w)

&“DP (t) =V (t,u,v,w) ,tog<t<T.

C(;FDP (t) =W (t,u,v,w)
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where the first part is with classical derivative and the second part is with Caputo-Fabrizio fractional
derivative. Applying the associated integral, we obtain

u () u(O)—f—ng(s,u,v,w)ds,O§t§t0
N u(tg)—i—(1—p)U(t,u,v,w)—i—pftzU(s,u,v,w)ds,to <t<T "’
o (t) = U(O)—I—fOtV(s,u,v,w)ds,OStSto
N U(t0)+(1—p)V(t,u,v,w)+pft';V(8,u,v,w)ds,t0 <t<T '’
w(0)+fgW(s,u,v,w)ds,0§t§t0
w(t0)+(1—p)W(t,u,v,w)—i—pﬁ)W(s,u,v,w)ds,to <t<T

We consider above at t = ¢,,41, and replace the function f (x,t) by its Newton polynomial [I6]. Thus, we
obtain

23 k o,k ..k 4 k=1 k=1 , k—1
20U (t, u”, v", w”¥) — 33U (tp—1,u v w
{u(O)—FhZ?:o[H ( ’ 4_75’(152221@—(2 Uk’2 wk,2 ’ ) , 0 <t <tp,
12 -2 ) )
un+1 — ’s U ((to) —{—k(lk— pZ)U (tZLJrlianJrl’ZnJ;l’fn;rl) ) 1) ’ (6.8)
22U (tg,u”, v%, w") — 33U (tp_1,u VYT W
+ h ni |: 12 ) 9 9 3 B : l ) ta < t S T
[y — +% (tk_%uk 2 k=2 gk 2) » L0
23 ko k ,k 4 k=1 ,k—1 , k—1
=V (tk u”, V", w ) — 3V (tk,l U v w )
v (0) + h m_ 12 ) ) ) 3_ _7 L ) ,O<t<t,,
O +hT | OIS e <i<i
" = v (to) + (1= p) V (tngr, w1 antt 7
23 k k k 4 k-1 , k—1 k—1
£ (tk u”, vt w ) -3V (tk—l U v w )
h 'I’Li 12 M ) ) 3 ) ) ) t < t < T
TP s [ +%V (tk_Q,ukf2’Uk727wk—2) 10 ST S
‘ 23 ko k ok 4 k=1 , k=1 , k—1
LW (tg, u”, 0", w") — W (tp_1, v, 0" w
{w(o) +h3 ko [ W +5W(t?€ ) 3uk—2( oF—2 k2 ) , 0<t <Hty,
12 —2 ) )
wth = u(to) + (1 — p) W (tgr, w1, o+ 1) :
23 k k k 4 k—1 , k—1 k—1
LW (tk u”, v w ) — W (tk—l u v w )
n 12 ) ) ) 3 ) ) ) <t<T
+ph Y s [ +BW (g, uF 2 02 h2) ylo <t
where the predictor components are obtained as:
n
" = wug4 (1= p) U (ty, u", 0™, w") + phz U (tk,uk,vk, wk) , (6.9)
k=0
n
L = w4+ (1= p) V (ty, u”, 0", w") + phZV (tk,uk,vk,wk) ,
k=0

n
" = w4 (1= p) W (tn, u™, 0", w™) + phz W (tk,uk,vk, wk) .
k=0
The numerical simulation for chaotic problem with piecewise derivative are performed using same parameters
and initial data that we took for fractional case in Figure 5 and 6.

7. Conclusion

In this study, a multi-wing chaotic system with different differential operators are considered. It has
been investigated under which conditions the existence and the uniqueness of the solution of the chaotic
system with the classical derivative are guaranteed. Afterwards, this newly introduced chaotic system is
modeled with fractional differential operators. A numerical method based on Newton polynomial for the
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Figure 5: The graphical representation piecewise chaotic model with first scenario p = 0.95.
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Figure 6: The graphical representation piecewise chaotic model with second scenario for p = 0.99.
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numerical solution of this chaotic model with Caputo, Caputo-Fabrizio and Atangana-Baleanu fractional
derivative has been presented. The numerical scheme based on Newton polynomial has been created to be
used in solving chaotic model with piecewise derivative. Numerical simulations are depicted for different
values of fractional orders.
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