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Abstract

The Hosoya index counts the number of independent edge sets in a graph, that is the number of subsets of
the edge set such that no two edges in the subset share a vertex. Moreover, the Hosoya index gives important
details on a graph’s structural properties, including its connectivity. It has applications in a variety of fields,
including computational biology, networking, and chemistry. In our article, we study Hosoya indiex of
amalgamation of cycles and edge-amalgamation of cycles. Moreover, in this article we study the restricted
Hosoya polynomial of amalgamation of cycles and we also give the general form of topological index.
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1. Introduction

The Hosoya index was introduced in 1971 by Hosoya [7]. The purpose of this index is to give a char-
acterization of carbon compounds in organic chemistry. The Hosoya index has been used to measure the
variety of the structures and discover structurally related molecules on different chemical graphs [5], 10} [12].
The molecular structures are initially represented as graphs, where the atoms are the vertices and the bonds
are the edges, in order to employ the Hosoya index for this purpose. The Hosoya index is then calculated
for each graph, producing a number that indicates the structure’s topological complexity.

The paper by Ghorbani et al. [20] focuses on the application of partial Hosoya polynomials in chemistry,
specifically in the prediction of molecular properties [22] 24]. The authors demonstrate the effectiveness of
partial Hosoya polynomials in the prediction of the boiling points of a diverse set of organic compounds.
They also compare the performance of partial Hosoya polynomials with other graph-based descriptors and
show that partial Hosoya polynomials outperform them in terms of prediction accuracy.
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Although initially defined for chemical compounds, the concept of the Hosoya index has been studied in
a wide variety of graphs [I, 2, 15, 21I]. One of the families of graphs in which the Hosoya index has been
known is the cycle graphs, which have Lucas numbers as their Hosoya indices. Lucas numbers, L, has
value 2 for n = 1, value 1 for n = 2,and recursively defined as L,, = L,,—1 + Lo for n > 2 [6, 26].

However, the Hosoya index still has not been found for some families of graphs related to cycles. The aim
of this paper is to propose an idea for implementing the Hosoya index in both the amalgamation of cycles
and the edge amalgamation of cycles. The amalgamation of cycles is formed when one identifies a fixed
vertex from a finite collection of cycles, and the edge amalgamation of cycles is formed when one identifies
a fixed edge from a finite collection of cycles.

2. Hosoya index of amalgamation of cycles
We start this chapter with the definition of amalgamation of graphs, which is taken from [17].

Definition 2.1. Let {G;} be a finite collection of graphs and each G; has a fixed vertex v; called an axis.
The amalgamation Amal{G};, vy;} is formed by taking all G;’s and identifying their axis.

For the case when all G; are cycles, then the choice of the vertex is irrelevant.

Definition 2.2. [13] Let {C,,} be a finite collection of cycles and each Cy, has a fixed vertex v;w; called
a terminal. The amalgamation of these cycles is formed by taking all Cy,,’s and identifying their terminal.
We denote this amalgamation by (Cy,)t, where ¢ denotes the number of cycles.

Some properties of the amalgamation of cycles have been studied, such as its resolving graph [13] and
its magic and antimagic decomposition [25].

In this part, we discuss how to find the Hosoya index amalgamation of cycles. The definition of the
Hosoya index is taken from [7].

Definition 2.3. Given a graph G, denote m(G, k) as the number of ways k£ mutually independent edges
can be selected in G, that is, the number of k-matching in G. m(G, 0) is defined as 0, and m(G, 1) is clearly
1. The Hosoya index of G is the summation of all m(G, k), Xx>1m(G, k), denoted by Z(G).

Our result regarding the Hosoya index of amalgamation of cycles C), is based on the following theorem
about the Hosoya index of cycles, which is the Corollary 11.6.2 in [i4].

Theorem 2.4 (Hosoya index of cycle). [17/
The Hosoya index of amalgamation of cycles C, is the Lucas number which is denoted by L,,.

2 n=1
n=2
Lyp1+ Ly n>2.

We also utilize the result concerning the Hosoya number of paths, specifically Corollary 11.6.1 in [14]
and supported by [§].

Theorem 2.5 (Hosoya of path). [1])]
For P, the Hosoya index is the Fibonacci number

P 1+¢5>"+ 1 1—%)"‘

1
5 2 V5 2
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To find the Hosoya index of amalgamation of cycles, we apply the following recursion relations.
([I4, Theorem 11.6(a)]).

Theorem 2.6. [1})

1. If e is any edge of a graph G connecting the vertices u and v, then
Z(G)=Z(G—e)+ Z(G—u—v).

2. If v is a vertex in G and its neighbours are the vertices vi,vs, ..., v, then

3. If the graph G has components G1,Gs,. .., Gy, then

Z2(G) = Z(G1).Z(Ga) ... Z(Gy).

With these recursion relations, we can determine the Hosoya index of a graph by calculating the Hosoya
indices of its subgraphs. Another concept of recursion can be found in [9]. Now we are ready to discuss the
Hosoya index of the amalgamation of cycles.

Theorem 2.7 (The Hosoya index of the amalgamation of cycles).

The Hosoya index of amalgamation of Cp,,Chp,,...,Cy, is

k k k
[[Fn2+2d s T Fue
i=1 i=1

=1,

Proof. Let v be the terminal and G be the graph. We use Lemma [2.6(ii). The deletion of the terminal
induced a graph with P, 2, Pp,—2,..., Py, —2 as its components. By Lemma (iii), the Hosoya index for
this graph is Hle Fp,—o.
The deletion of the terminal and one of its neighbours in C},, induced a graph with & components, one is
Py, 3 and the others are in the form P, o for j # i. The Hosoya index of this graph is Fy,, 3 H;?:L#i Fo—o.
Let N (v) denote the set of all neighbours of the terminal. Since there are two neighbours of v in each C,,,,
then o ey Z (G —v —u) = 205:117”1._3 Hé'c:l,j;éi Fy;—2. Therefore, the Hosoya index of the amalgamation

of the cycles Cy,, Ch,,...,Cy, is Hle Fn,—2+ 201’?:1Fni_3 H;?:L#i Fr,—2. O

3. Hosoya index of edge amalgamation of cycles

Similar to the previous chapter, we begin this chapter with the definition of edge amalgamation of graphs,
which is taken from[23] 4, [3].

Definition 3.1. Let {C,,} be a finite collection of graphs and each C,, has a fixed vertex v;w; called a
terminal. The amalgamation of these cycles is formed by taking all C),,’s and identifying their axis. We
denote this amalgamation by Edge Amal(Cy,)t, where ¢t denotes the number of cycles.

For the case when all G; are cycles, then the choice of the terminal is irrelevant.

Definition 3.2. Let {C),} be a finite collection of cycles and each C), has a fixed vertex v;w; called a
terminal. The amalgamation of these cycles is formed by taking all C),,’s and identifying their axis. We
denote this amalgamation by (C),):, where ¢ represents the number of cycles.
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Figure 1: The deletion of vertices for the recurrence relation of Hosoya index of the amalgamation of cycles.

Figure 2: Edge amalgamation of cycles

Similar to the previous chapter, we find the Hosoya index of the edge amalgamation of cycles by repeatedly
using Lemma 2.6 ﬁe edge amalgamation of cycles. In the process, some classes of graphs arise. We first
find the Hosoya in of these classes before finding the Hosoya index of edge amalgamation of cycles.

First, we find the Hosoya index of amalgamation of paths where the terminal is formed by identifying
an endpoint of paths (Figure ﬁ) We denote this graph by Amal{P;, v;}.

Lemma 3.3. Let Amal{P;,v;} be the graph formed when an endpoint of the paths Py, Pp,,..., Py, are
identified. Then,

Z(Amal{P;, vi}) = T S :
mali P, viy) = HFnrl + ZFm,g H Fo,1.
i=1 i=1 j=1,j#i
Proof. We again use Lemma|2.6(ii). The deletion of the terminal induced a graph with P, _1, P,—1, ..., P, —1
as its components. The Hosoya index for this graph is Hle 1.

The deletion of the terminal and its neighbours in P,, induced a graph with & components, one is P, 2
and the others are in the form P, for j # i. The Hosoya index of this graph is Fj,, 2 H?Zl i Fny—1-
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Thus, the Hosoya index of the graph Amal{FP;,v;} is

k k k
HFni—l_‘_ZFni—Q H Fn]-—l
i=1 i=1

J=Lj#i

O

Figure 3: Amalgamation of paths with an endpoint as the terminal

Next, we need to find the Hosoya index of the amalgamation of the graphs formed by identifying the
endpoints of several paths. We denote this kind of amalgamation by Amal{P;, v;w;}

Lemma 3.4. Hosoya index of amalgamation of paths Let Py, , Py, ..., Py, be paths with length ny,na, ..., ny
respectively, all n;’s greater than 1. Let Amal {P;,v;w;} be the graph formed when both endpoints of the
paths are identified. Then,

Z(Amal{ P;, viw;}) = ﬁFn-—z + zk:Fn._g ﬁ Fn—2
; i J

j=1j#i

k k
Z HFn]fQ“‘Z Fn*—4 HFn 72"1' nx; — (Fn;*nfB) H Fnj72)
=1 7j=1
J#Z Jsﬁz J#
j#Fm
where n} — 4 = max{n; — 4,0} and n}, — 3 = max{n,, — 3,0}.

Proof. We also use Lemma (ii) for this proof. Let v and w be the identified endpoints of P, , ..., P,,. The

deletion of v induces an endpoint amalgamation of paths, Amal{P;, v;}, the graph class in the Lemma

where the paths are P, 1, ..., P, —1. The Hosoya index of this graph is Hle Fm_2+2f:1 F,—3 H?:L#i Fy,—a.
Suppose the paths are Py, 1,..., Py, 1, Pn;—2, Pny -1, - - -, Pny—1, the deletion of v and its neighbour

in Cy, induces Amal{P;,v;}. In this graph, the deletion of v induced graph with k components one is

P,,—3 and all the others are in the form Pnj_g,j # 4. Thus, the Hosoya index is (Fj,— )HJ 1Fnj_2

J
Meanwhile, for the deletion of v and one of its neighbours, we shall consider two cases. If we delete v
and its neighbour in P,,_o, then the Hosoya index is F., Hle Fy;—2, where n¥; = max{n; — 4,0}. If we
J#1
delete v and its nelghbour in one of the paths other than P, 2, says in P, _1, then the Hosoya index is
(Fr—a)Fuz, -3 HJ 1 Fnj—2, where nj —4 = max{n; — 4,0} and n;, — 3 = mazr{n, — 3,0}.
J#i
Thus, the Hos%)ya index from the graph that formed after the deletion of v and its neighbour in Cj,, is

k
(Fni=3) ITj2y Fryma + S8 (Fr—a) Tt Fy—2+ (Frosy—a) (g, —3) T2t Fo,—2, where nf —4 = maz{n; — 4,0}

J# J# J#

Jj#Em

and n} — 3 = max{n,, — 3,0}.



Herolistra Baskoroputro et al., Journal of Prime Research in Mathematics, 20(1) (2024), 15-22 20

Hence, the Hosoya index of Amal{P;,v;w;} satisfies

k k
HFM*2+ZFM H Fn772+z n173 HFnJ72+Z Fn*—4
=1 i=1

J=1.5#1
J#Z
HFnj—2+ nx; — n —3 H Fnj—2
J?él J?ﬁz
Jj#m
, where n — 4 = maxz{n; — 4,0} and n}, — 3 = maz{n,, — 3,0}. O

Now we are ready to discuss the Hosoya index of the edge amalgamation of cycles.

Theorem 3.5 (The Hosoya index of the edge amalgamation of cycles). The Hosoya index of edge amalga-
matz’on of the cycles Ch,, Cm, oo, Oy z's

1_‘[F1nZ 3+HFn1 3+ZFn—4 H Fnj—3+z n—4

J=1,j#1

H Fnj—3 + Z(Fn;‘75) H Fnj—S + (Fn;*75)(ann—4) H Fnj—3>
j=1 i=1 =1 j=1
J#i i i
JFEm

where n}, — ¢ = max{n; — ¢,0} for any positive integer ¢ and « is any of the indexes i, j,m
Proof. Let v and w be the endpoints of the axis of the edge amalgamation of cycles. We use Lemma (1)
for the proof. The deletion of v and w turns the graph into & numbers of paths P, 3, Py,—3,..., Py, —3.
The Hosoya index of this graph is Hle F,,.

The deletion of the axis turns the graphs into the graph Amal{P;, v;w;} discussed in Lemma with
paths P, _1,...,Py,—1. The Hosoya index of this graph is Hf 1Fnz 3 + Zf 1 Frr-a H?:Lj#i Frnj—3 +

S (Frr—a) Tt Foy—3 + 08 (Fur—5) TT5=1 Foy—3 + (Fasy—s5) (Fuz,—4) [T%=1 Fa,—3), where n, — ¢ = max
G i i
Jj#m

{ni — ¢,0} for any positive integer ¢ and « is any of the indexes i, j, m. O

43){15

Deletion of the axis
and its endpoints

O—O

Figure 4: Graph induced by deletion of axis and graph induced by deletion of axis and its endpoints on the
edge-amalgamation of cycles.
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G | Order | Size H(G,\) W(G)
Ci 3 3 3\
C? 5 6 6 + 82 22
C 8 10 10X + 1322 + 573 51
ct ] 12 15 15X + 2502 + 20)3 + 61 149
cy |17 ]2t 21\ + 407% 4+ 45)3 + 2507 4 5)\° 361
CS 23 28 28\ 4 582 + T7TA3 4+ 59AT + 2505 + 616 772
2 3 4 5 6
o7 20 26 16;; 7T9AZ + 11673 + 108\% + 66)\° + 25 1489
45X 4+ 103X2 + 16223 + 1682* + 127)\°
8
il 38 | 4 +67AC 4+ 2507 4 678 2669
55X + 13072 + 21523 + 2390% + 208)\°
9
¢ 47 o +138X\6 + 6607 + 258 + 509 4491
66X + 1602 + 27523 + 321A% + 304\°
10
¢ o7 66 42348 + 13807 4 678 + 2509 4 6A10 7260

Table 1: Hosoya polynomials of edge amalgamation of cycle graphs

4. Hosoya Polynomial and Wiener Index

The Hosoya polynomial and Wiener index have a powerful relationship, hence why it is also sometimes
called the Wiener-Hosoya polynomial. The relationship is that the first derivative of the Hosoya polynomial
at A = 1 gives the Wiener index.

Definition 4.1. The Hosoya polynomial of a graph G was introduced by Hosoya in 1988 [I1]. It was
previously known as the “Wiener polynomial”, but nowadays it is called the Hosoya polynomial. Hosoya
polynomial is a distance-based polynomial denoted by H(G; \). It is defined as follows [18[:

H(GA) =) dG kA= Y advwle)

k>1 1<i<j<n

Table [I| gives the calculation of Hosoya polynomials of edge amalgamation of several types of cycle
graphs.

5. Conclusion

In our study of Hosoya index, we obtain results for the amalgamation of cycles and the edge amalgamation
of cycles. In addition, we obtain the Hosoya index of amalgamation of paths where the identified vertex is
an endpoint.

Our results are primarily by counting the Hosoya index of the subgraphs that arise by the deletion of an
edge or some vertices. We only consider the cycles, in case of path graph P, the Hosoya index is just the
Fibonacci number F;, this is because the deletion of edge or vertices in a cycle gives the path. We also worked
out Hosoya polynomial for some edge amalgamation of cycles given in Tablet In our further work we would
like to work on Hosoya Index of some newly constructed graphs and we will get some computational result
for the Hosoya polynomial.
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