Available online at http://jprm.sms.edu.pk/
Journal of Prime Research in Mathematics, 20(1) (2024), 65-80

Journal of Prime Research

in Mathematics

Formulas of the solutions of a solvable system of
nonlinear difference equations

Hamida Hamioud?, Nouressadat Touafek®*, Imane Dekkar®, Mohammed B. AlmatrafiP

?LMAM Laboratory of Mathematics and Applications of Mathematics, Faculty of Exact Sciences and Informatics, University of Jijel,
Jijel 18000, Algeria.

bDepartment of Mathematics, College of Science, Taibah University, Al-Madinah Al-Munawarah, Saudi Arabia.

Abstract

Consider the following general three dimensional system of difference equations

Ty = f1 ( g(yn()g(ynﬂ)(f(znfﬂ)p ) 7

f(xn)[an(g yn—2))q+bng(yn)9(yn—1)]
o h(zn)h(zn1) (g1 )?
Ynt1 = 9 | G en(hlan-2))" Hn (e Az 1] ) (1)
— F () fn1)(h(zne))
Znt1 = h h(Zn)[Sn(f(arnfz));thnf(J»‘:)f(wnfl)]) )

where n € Ng, p, ¢, 7 € N, f, g, h : D — R are continuous one-to-one functions on D C R, the coefficients
(@n)neNgs (bn)neNys (Cn)neNgs (dn)neNgs (Sn)neNgs (tn)nen, are non-zero real numbers and the initial values
Ty Y—iy 2—i, © = 0,1, 2, are real numbers. We will give explicit formulas for well-defined solutions of
the aforementioned system in both variable and constant cases of the coefficients. As an application, we
will deduce the formulas of the solutions of the particular system obtained from the general one by taking

f(x) = g(z) = h(z) = .
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1. Introduction and preliminaries

Our aim in the present work is to solve in closed form the following system of difference equations

_ 1 9Wn)g(yn—1)(f (xn-1))P

Tn1 = [ (f(wn)[an(9(yn—2))1q+bng(yrll)9(yn—1)]) ’
_ h(zn)A(zn—1)(g(yn—1))

Ynt1 = 9\ GEen (o2 bz 1] ) (1.1)
_ -1 F(@n)f(@n—1) (W(zn—1))"

I+l = h h(Zn)[Sn(f(fﬂn—z))p+tnf(93:)f(rn—1)]) ’

where n € Ng, p, ¢, 7 € N, f, g, h : D — R are continuous one-to-one functions on D C R, the coefficients
(@n)neNgs (bn)neNgs (€n)neNgs (dn)neNgs (Sn)neNgs (tn)nen, are non-zero real numbers and the initial values
T_i,Y_s,2_i,8 = 0, 1, 2, are real numbers. We will give explicit formulas of well-defined solutions in both
variable and constant cases of the coefficients. As an example, we will apply the obtained results, on the
system of difference equations

D q
YnYn—1Ty_1 ZnZn—1Yp_1 TnTn—12y,_1

y Yn+1 = y Antl = )
xn(anyz_Q + bnynynfl) " yn(cnzl;fg + dnznznfl) " Zn(snzfl_g + tnajn-fnfl)

Tpt+1 =

which is obtained from the general one by taking f(x) = g(z) = h(z) = x.
Our work can be seen as a continuation and an extension to the three dimensional case of the two dimensional
system of difference equations studied in [21].

Difference equations are a very active field of research, and many contributions with different models
of such equations are published, see for example [8], [9], [10], [11], [12],[13], [14], [18], [24], [34], [35]. This
type of equations is a very important tool in the comprehension of the behavior of phenomenons defined by
discrete models in many scientific areas and as consequence a phenomenon will be more easy to understand
if the corresponding model is solvable explicitly.

The following is a short list of papers which concern some solvable models: [1], [2], [3], [4], [5], [6], [7],[15],
[16], [17], [19], [22], [23], [25], [26], [27], [28], [29], [30], [31], [32], [33].

To solve our system, we will transform it via some convenable change of variables to a linear system which
can be solved explicitly. After that, we will write the solutions of our system using those of the corresponding
linear system.

The following very well known lemma will be used in resolution of the corresponding linear system.

Lemma 1.1. Let (ap)nen, and (Bn)nen, be two sequences of real numbers and consider the third order
linear difference equation
Tp4+3 = QnpTn + /8717 n e I\IO-

Then fori =0, 1, 2 and n € Ny we have

n—1 n—1 n—1
ranei = | [ [ esire| v+ D | T csive| Borvi-
3=0 r=0 |j=r+1
Moreover, if (an)nen, and (Bn)nen, are constants (i.e., an = a, B = ), then
" o —1
Tanti = i+ A0, @ =1 g = o+ | —— | B a #

k k
where, [[ a; =1 and > a; =0, for all k < j.
i=j i=j
We will see in next section that the following generalized Fibonacci sequence is used in the formulas of
the solutions of our System. Let {F}, ,}72, be the sequence defined by
Fenyo = Frpni1 +kFppn, Fro=Fa=1,ke{p, q r}. (1.2)

The following definition, is devoted to the notion of well-defined solutions of System ([1.1]).
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Definition 1.2. A solution {xy, yn, 2n }n>—2 of System (1.1 is said to be well-defined if for all n € Ny, we
have

f(@n) [an(9(yn—2))? + bng(yn)g(yn-1)] # 0,

9(tm) [en(h(zn2))" + duhi(zn)h(zn_1)] £ 0,
(Zn) [Sn(f(xn 2))p+tnf(xn)f( 1)] # 0,
9(Yn)g(Yn-1)(f (2n-1)) c Do
f(@n) [an(g(yn—2))1 + bng(yn)g(Yn-1)] I
B(z) (1) (9 (g 1))"
900 [en(hzn—2))" + duh(zn)i(zn1)] © 0
F (@) ftn 1) (h(zn 1))
R (on) on(f (En2) P+ o) Fam)] © 2"

2. Explicit formulas for well-defined solutions of System ([1.1]

Let {xn,Yn, 2n}n>—2 is a well-defined solution to System (|1.1)). Since f, g and h are assumed to be one
to one, then it follows from (1.1]) that

f(@ng1) = 9(Un)9(Yn—1)(f(xn-1))P
T F @) (@n(9(yn-2))7 + bng(yn)g(yn-1))’

h(zn)h(zn-1)(9(Yn-1))*

m1) = e (zn))” + A B 1))
RS {0 coey [ )
" h(zn) (50 (f (2n—2))P + tof(zn) f(Tn-1))
From which, we get
() _ (G2,
f(@ns1) f(2n) ng(y )9(Yn—1) "
(9yn-1)? _ . (Alzn2))
Gneg(un) G h()
(M) (flan))”
Mo h(zn) " o) [ ) ™
Consider the following change of variables
U = (f(xan))p Uy = (g(ynf2))q Wer = (h(znf2))r (2 1)
" f(@n) f(2n-1)’ " 9(Yn)9(Yn—1)’ " h(zn)h(2n-1) '
then, System is transformed to the following linear system
Up41 = ApUpn + bny Unp1 = cuwy + dy, Wpy1 = Spup + ty, n € Np. (2.2)

From (2.2)), we have

Un+3 = Gn4+2Un+2 + bn+2 = Anp+2 [Cn—i-lwn—i—l + dn—f—l] + bn+2
= [an+2cn+1wn+1 + an+2dn+1] + bn+2
= An+2Cn+1 [Snun + tn] + an+2dn+1 + bn+2

= Un4+2Cn4+15nUn + Ani2Cni1tn + apnyodpi1 + bpga.
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Un43 = CpioWpio + dn+2 = Cn+42 [3n+1un+1 + tn+1] + dn+2
= Cn+2 [3n+1(anvn + bn) + tn—l—l] + dpy2
= Cn+2 [3n+1anvn + Sp41bp + tn+1] + dpy2

= Cp425n+10nUp + Cn+23n+1bn + Cnyotni1 + dn+2-

W43 = Spt2Unt2 + tnt2 = Sni2[@nt1Vnt1 + bny1] + togo
= Sp+2(an+1(cnwn + dn) + bns1] + thi2
= Spt2[@nt1cnwp + ant1dy + bpya] + thio
= Sp4+20n4+1CnWy + Sp420n4+1dn + Snt2bnt1 + thio.
That is, we have obtained the following three linear third order linear difference equations defined for all

n € Ng by
Upt3 = Apt2Cnt1Snln + AniaCpiity + an+2dn+1 + bn+2a

Un43 = Cni28n410nUn + Cng2Sn41bn + Crpalny1 + dpyo, (23)
Wn43 = Sp420n+1CWn + Spt2@n1dn + Snp2bni1 + thyo.
Using Lemmaf(|l.1)), we get for all n € Ny and for i = 0, 1, 2 that
n—1
U3n+i = H A35+i+2C35+i+1835+i | Ui (2-4)
Jj=0
n—1 n—1
+ Z H a3j+i+2C3j+i+153j+i | (A3r+i+2C3rit1t3rri + asryitadsrtivt + baryita)
r=0 |j=r+1
n—1
V3nti = H C3j+i+2583j+i+1035+i | Vi (2.5)
Jj=0
n—1 n—1
+ ) | T cssvivassiviriasii| (Carpivasseiiribsrri + Carrivatarris + dsrpita),
r=0 |j=r+1
n—1
W3n+i = H 83j+i+203j+i+1C35+i | Wi (2.6)
Jj=0
n—1 n—1
+ Z H §3j+i+203j+i+103j+i | (S3r4i+2030+i+1d3r+i + S3r4it203r1it1 + taryita) -
r=0 |j=r+1
Now, from (2.1)), (2.4)), (2.5) and (2.6, it follows that for all n € Ny
n—1 n—1 n—1
(f(z—2))P
ugn = | [ [ asjsacajsrss Fzo) f@ ) + > 1 T assracsivass | (asrvacsriatsr + agrrodsein + baria)
5=0 0 -V 20 | j=rtt
(2.7)
n—1
[T asjrscsjressir| [ao(9(y—2))T + bog(yo)g(y—1)]
Jj=0
U3n+1 =
9(W0)g(y-1)
n—1 n—1
+ Z H a3(j4+1)63j+253j+1 | (a3r43C3r2t3r11 + a3 41)d3r42 + b3y (2.8)

r=0 |j=r+1
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n—1

Ho a3j+4c3(j+1)83j+2] [alco(h(Z_Q))r + aldoh(z(])h(z_l) + blh(Zo)h(Z_l)]
j=

Honte = h(z0)h(z_1)

n—1

n—1
+ ) 0| T asiracsgenyssira| (asrracspanytarte + asrradsi) + bsria) , (2.9)
r=0 |j=r+1

n—1
[H 03j+253j+1a3j] (9y=2))" 1T w1

7=0
U3p = + C3j+253j+103; | (C3r+253r4+1b3r + C3r12t3041 + d3ry2),
9(y0)g(y-1) § jlll e
(2.10)
n—1
[T cs(j+1)ssj+2asj1| [co(h(z—2))" + doh(z0)h(2-1)]
=0
Ugn41 = ho bz 1)
n—1 n—1
+ Z H 3041534203541 | (C3(041)83r1203011 + C3(r11)t3r12 + d3rs1)) 5 (2.11)
r=0 | j=r+1
n—1
[1 csjrassrnasive| [crso(f(2-2))P + ertof(wo) f(w-1) + dif(zo) f(z-1)]
=0
V3pto =
ot f(xo) f(w-1)
n—1 n—1
+) | T essvasagonasia| (csrsassernbare + csrpatagrn) + darta) , (2.12)
r=0 |j=r+1
and
n—1
HO sgjr2azjr1c3; | (h(z=2))" .1 [ o1
J:
w3n = R0V h(o1) + ; ijH 53j4203j4+1C35 | (83r42a3,41d3y + 83r42b3r41 + t3r42)
(2.13)
n—1
[T s3+1)asj+2csjvr | [so(f(2—2))P + tof(wo) f(z-1)]
7=0
W3n+1 =
i f(xo) f(x-1)
n—1 n—1
+ Z H $3(j4+1)03j+2C3j4+1 | (S3(r4+1)a3r+2d3r41 + 5341)03042 + t3(r41) ) 5 (2.14)
r=0 |j=r+1
n—1
11 83j+443(j+1)C3;5+2 [sa(g9(y—2))? + sbg(yo)g(y-1) +tg(vo)g(y—1)]
7=0
W3n+4+2 =
* 9(y0)g(y-1)
n—1 n—1
+ Z H §3j4+403(j+1)C3j+2 | (3r+403(011)d3r12 + $3r14b3(r11) + t3rya) - (2.15)

r=0 | j=r+1
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If the coefficients are constant, that is
an=a, by, =b,c,=c,d,=d, s, =5,t, =1
then the linear equations in (2.3)) becomes
Up43 = acsuy + act + ad + b,
Upt3 = csavy, + csb + ct + d, (2.16)
Wn+3 = Sacwy + sad + sb + t.
Again, from Lemma we get for all n € Ng and for i =0, 1, 2
u; + (act + ad + b)n, acs =1,
i = n_q 2.17
Hant (acs)™u; + <(acs)) (act + ad + b), otherwise, (217)
acs — 1
v; + (esb + ct + d)n, acs =1,
i = n_1q ) 2.18
Vand (csa)™v; + <(csa)> (csb+ ct + d), otherwise, (2.18)
csa—1
and
w; + (sad + sb+ t)n, acs =1,
i = n_ 1 ‘ 2.19
snt (sac)"w; + <(sac) ) (sad + sb+1), otherwise. (2.19)
sac—1
Using, (2.1)), (2.17)), (2.18) and (2.19), it follows that for all n € Ny
(f(z—2))”
———— + (act + ad + b)n, acs =1,
P+ )
Uzp = (2.20)
(acs)" (f(2_2))? ((acs)” - 1) |
+ act + ad + b), otherwise,
f(zo)f(z_1) acs — 1 ( )
o)) +b _
alg(y-2))" + bg(y0)g(y-1) + (act + ad + b)n, acs =1,
9(y0)g(y-1)
U3n+1 = (2.21)
n )¢ n_1
e (o' bnd(0-0) (€1 (o), ot
9(0)g(y-1) acs — 1
s I T IEE) (4,
20)h(z—
U3n+2 = T bh h n_1
(acs)"(ac(h(z—2)" + adh(zo)h(z1)) + bh(z0)h(z-1)) + (acs) (act + ad + b), otherwise,
h(zo)h(z-1) acs — 1
(2.22)
q
{oly—2))"_ + (csb+ ct + d)n, acs =1,
9(0)g(y-1)
Vg = (2.23)
n )¢ n_1
(a0)"(9(y—2)) + ((acs) > (csb+ ct + d), otherwise,
9(0)g(y-1) acs — 1
h(z—2)" + dh(zp)h(z—
clhz—2)” + dh(zo)h(z-1) + (csb + ct + d)n, acs =1,
h(z0)h(z-1) (2.24)

Usntl = (esa)(c(h(z—2)" + dh(z0)h(z-1)) n ((Csa)n -
h(z0)h(z-1) csa—1

1
> (csb+ ct + d), otherwise,
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es(f(z—2))P + ctf(zo) f(x—1) + df (z0) f(x—1)

_ f(xo)f(z-1) + (esb +ct +d)n, acs =1,
Usnt2 = (esa)™(es(fa_2))P d;(th)(;((J)f(;;l) +df (z0)f(z-1) | ((C;S:;i_l 1) (csb+ct+d),  otherwise,

(h(z_o)" + (sad + sb+ t)n, acs = 1, (2:25)
Wan ?5(52))2((;(_27132)’“ (sac)™ — 1 ' (2.26)

h(z0)h(z-1) + < sac — 1 > (sad + sb+ 1), otherwise,

s\ o2) + b {wo) f(z1) + (sad + sb +t)n, acs =1,
W3n+1 = (SaC)n(g((fxE%J_cga):)_pll_ tf(xo)f(xz_1)) (sac)™ — 1 . (2.27)
f(@o) f(z-1) * < sac — 1 > (sad + sb+1t), otherwise,

sa(g(y—2))? + sbg(y0)g(y—1) + tg(yo)g(y-1) + (sad + sb + t)n, acs =1,

oo 9(y0)g(y-1)
142 7 (sac)" (sa(g(y—2))? + sbg(yo)g(y—1) + tg(yo)g(y-1)) N ((8@6)” -

9(y0)9(y—1) sac—1

1
) (sad + sb+t), otherwise.

(2.28)
Now, using the fact that the functions f, g and h are one-to-one, it follows from ([2.1)) that

vy = 1 <(f($n—2>>”> R <(9(yn—2>>)q> o= b <(h(2n—2>>> , (2.29)

unf(xn—l) Ung(yn—l wnh<zn—1)

From which we obtain,

= -1 <<f(x—2))p> _ ( (f (w_2))PFo0 ) |

uo f(x-1) ug"‘o(!)"(x,l))l%ﬁ1

Moreover,

ot (U@ )PN o (uof () (f@a)P oy (ol (@) g (f (1)) "2
=7 (Ulf(ﬂfo)>f ( ur(f(z-2))P )f < - )f <ufp’0(f(x_2))PFp,l>.

Similarly, we obtain

- f—l( wr(f ()P >: f_1< Wl (f (o) PP )
upul) ™ (f(w-)) P+ uy” g (f (1))

S (uw%p* <f<x_1>>p2*3’”“> _ <u§ LB ()P )

ugul L (f ()2 P ub? Ul (f(z_y))pFes

mzf‘l( uguy? (f (w_g) P )Zf‘1< up” up? (f ()P )

u4u]27+1 p2+3p+1(f($_1))3p2+4p+1 ufpo 5})2 Fp4(f(l' 1))Fp’5

4 3 2 F, F, F,
25 = ! (uwzp“uép“’“(f(xl))p o *5”“> s (%“ug“uo“(ﬂx1>>pr>>

wsdy P (f (g) B 0 us” g™y (f ()PP

Te —

2 4 3 2 F F F,
f-1< usug? T P TP (F (2P 0P R )_ ( ug " uy " uy P (f(wp))PTes )
ugUw

213 31 6p2+5n+1 - F F F, F
gul b TP (f () 41097 4 6p 1 ug" gy g™ (f (1)) 07
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Fy F, F, F,
a7 = g "y ug M (f (1)) P8
ufp’ougp’ngp’4ufp’6 (f(z—2
Fpl Fp3 FpS Fp7
_ u" u " (f(x—o
— < 7 Us U3 Uy
U

)prS
g’p,ouGFM Fpa, Foe 5”’8(]"(90_1))1:%9 ’

Uy Ug

F, F, F, F,
p,0 p,2 p,4u p,6u1

Fpr, Fps, Fos, For, Fy,
2o = ! (Ug Ug Uy Uy U
Ug Uz Us U

;‘J
o0
(-

Fp1, Fps, Fps Fpr Fpo pFp 10
210 f—1< Ug” ur " ug " ug " g M (f (2-2) )P
= Fp0, Fo2, Tty Fo6 Fos Fpl 7 )
Upg Ug ™ Ug " Uy Uy flz_q))fr1

Fp1 Fps Fps Fpr Fpo Fpii Fp 12

71 ffl <U10 Ug  Ug Uy Uy Uy flz_1))™

o Fpo, Fp2 Fpa Fpe Fps Fpio F, ’
Uy g ur " ug P ug Py P (f (wg) )P

Fpi1 Fps Fos Fpn Fpo F
z1p=f! upp g g " s " g " g P (f (—g) )PP )
wpd Pund g g gy g (f (1)) P

By induction, it follows that
nﬁl Fpe(n—iy-1 Fpem—iy—3 Fpen—-i)-s (f( ))pr’Sn
L Usonpr Us2itr) Ys2it1)+2 -2

2.30
& FP,6(n7i) n_l Fp,6(n7i)72 Fp,G(n—i)fll Fp6ni1 ( )
.H U3(2i) zljo Us2iy+2  U3(2i+1)+1 (f(z=1))">

-1
noop ) n—1 F ) F )
p,6(n—i)+1 p,6(n—i)—1 p,6(n—i)—3 6n+2
<HO“3(2i) > <Ho Us2iy+2 U3(2i+1)+1 ) (f(z-1)f>
= 1=
ﬁ qu 6(n—1) H u p 6(n—1i)— 2u p,6(nfi)74 (f( pr 6n+1
- 3(24)+1 3(2i+1) 3(2i+1)+2

L Fpom—it1 ) [ Fosmoi—1 Fpom—i)-3 ))PFp on2
1:[0 Us(2)+1 1:[0 Us2i+1) Y3(2i+1)+2 (f(z-
= = 2 32)

(2.31)

-1
Tén+1 = f

-1
Ton+2 = f —
ﬁ U p 6(n z)+2u p,6(n7i) nHI qu,6(n7i)72 (f( p 6n+3
0 3(2 3(24)42 0 3(2i+1)+1
= 1=
n o F ) n-1 p )
p,6(n—1i)+3 p,6(n—i)+1 p,6(n—i)—1 6n-44
) <H U3 (2i) U3 (2i)+2 ) <Ho U3 (2i+1)+1 > (f(@-1)fr
=

=0 233)

Tont3 = [

n
p,6(n—i)+2 ,6(n—1) pG(n i)—2 pF 6n+3
(1_[0“3 2i)+1 “3 2i+1) > <H Ug(2i+1)+2 ) (f(z- pon
1=
" 643, Fpom—iyt1) [T . Fromiy-1 F
p n—i p, n—i p,6(n—1i)— p 64
0“3 @2i)+1  Y3(2i+1) 1_[0 Usloiinyye | (2= P
= 1=

(2.34
ﬁ Fy, 6(n i+a, Fpom-i+2, Fp6(n—i) (f( ) p,6n+5 )
0“3 Us2iy+2 U3(2i+1)+1 z-1))

Ten+4 = fil

(2.35)

n
p.6(n—i)+5, Fp6(n—i)+3 Ip6(n—i)+1 F, 6(n
) (HO“ 3(29) Us2i)+2  Y3(2i+1)+1 > (f(z—y)) motmsn
_ 1=
Tents = [ —

Fyimonia Fooimiis Fooimi

p,6(n—i)+4  4'p,6(n—i)+2 L'p,6(n—i) PFp 6n+5
<, 0“3(2i)+1 3(2i+1) 3(2i+1)+2> (f (z—g))Prron
1=
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Similarly, by following the same steps we obtain
a.6(n—i)—1_ Fge(n—i)-3 Fyem-i)—s Fy on
(H Usoiyrl Vsit1)  Va(2iti1)42 > (9(y—2))*7 e

Yen = g -
,6(n—1) ,6(n—i)— 2 G(n i)—4 F,6n
(H “3(q21) > <H v qu +2 3(21+1)+1 ) (g(y—1))*a6nt1

, (2.36)

—1
ﬁ UFqﬁ(nﬂ-)H nH ,UFq,G(n—i)flquQ,G(n—i)*S (g )) " Gnt2
11 73(2) 14 320+2 3(2i+1)+1 g\y—1

1=

Yonr1 =9 | =, , (2.37)
,6(n—1) ,6(n—1)— 2 6(71 i)—4 F, 6n
(1_[(]”3(q21)+1 ) <H U3(q2z+l 3(21+1)+2 ) (9(y—2))aFaont1
1=
L 6(n—i)+1 n-l 6(n—i)—1 6(n—i)—3 F
q,6(n—1 q n—1i q, n—i)— in
(1_[01)3(22)+1 ) (iH Us2i+1)  Us(2i+1)+2 > (g(y—2)) T aon+2
(2 :
Yén+2 = g (2.38)
n q6(n i)+2 6(n ) q6(n i)—2 ))Fq ois )
B ng U3 (3:) 12 Usiripny i1 ) (9(y-1))7e
n Fy6(n—iy+3 Fqemn—i)+1 Fy6(n—i)—1 )Fq Gnd
) 'Ho Y3(24) U3(2z +2 Y3(2i+1)+1 (g(y—1))"
— 7=
Yeén+3 = g n g o 2 Fostns 2 y (239)
n—i)+ n—i n—i F, on
<1_[0U3q2Z F Ui > <H v q21,+1 +2 > (9(y—2)) T aon+ts
1=
6(n—i)+3 Fge(n—i+1 6(n—i)—1 Fy 6m
. (H 3(q21)+1 3(q21+1 ) <H U3(q21+1)+2 ) (g(y—z))Traon+i
=9 2.40
Yen+4 g n Fyon—iyra Foom_iyre Faom—i Fyonss ) ( )
ZHOUS(QZ) Us 3(2i)+2 v3(2i+1)+1 (9(3/71)) ;
ﬁ v q6(n w)+50 qvﬁ(n—i)-FSUFq,G(n—i)-&-l ( ( ))Fq,e(n“)
) i 3@ 3(21)+2 32i+1)+1 | \9\Y-1
=9 2.41
Y6n+5 g L Fy6m—iy+a Fgem—i+2 Fq6(n—0) ( ( )qu i ) ( )
zl_[() YU32i)+1 Ys@2i+1)  Ys@itr1)+2 ) \Y Y-2))ie
and
n-l Frem—i)-1 Frem—-i)-3 Frem-i)-5 h ))TFTGn
1 zl:[() Wa2i)+1 W32i+1)  W3(2i+1)+2 (h(2—2 ’
Zon = h" w . : (2.42)
r6(n ) 'r6(n i)—2 r,6(n—1i)—4 Fr6n
(. 0w3( ) (H W320+2°  W3(2i41)+1 > (h(z—1))Frontt
7=
n Fr6(n—i)+1 Fy 6(n— 1) 1 Frem—i)—3 Fron
1 (HO Wy H wy wyisi i) (o) o
_ i=
et =h b From-i \ (07 Frem-i-2, From-i-1 F, ’ (249)
(il:[()w3(éi)+1 ) (Eo W9i+1)  W3(2i41)+2 ) (h(z—2))rfrontt
n Fr6(n—i)+1 n—1 FTG(TL =1 Frem-i—3 jol
<z‘l:[0w3(2i)1ll zl:[() 3(2i+1)  Wa(2i+1)+2 (h(z-2))" o+
Zont2 =N | =7 — 2.44
6n+2 7 Fr6(n—iy+2, Frie(n—i) Fr6(n—iy—2 h )Fr onis ’ ( )
HO W3 (2i) W3 (2i)+2 H W3(2i+1)+1 (h(z-1))"r
1=
L From-its, From-o+1) (17 o Frsm—i-1 Fr.6n
<H0w3(2i) W3(2i)+2 Ho 3(2i+1)+1 (h(2-1)) mom+e
2 : : (2.45)

1

Zon+3 = h

: ﬁ From—i+2,, Froin— nl:llUJFT’(j(n%%2 (h(z—p))rFron+s
i_0w3(2i)+1 3(2i+1) L Ws@irn+2 -2 ’
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T o= ”*3 From—it1 == Fr6(n—i)—1 h TFy6n+a
[T w, W3 (2i-+1) HO Waiit1)t2 ) (A(z—2))""
1=

Znpa = hH | , (2.46)
Frem—i+a Froem—iyr2  Fren—i) n Fy6nis
,How?,(m) W32i)+2  W3(2i+1)+1 (h(z-1))"
1=
rﬁ( 45 Frem—iy+3  Frem—i)+1 F oin
(H waisy WY Wai > (h(z-1)) me+n)
d (2.47)

Zonts = h!
s =
ﬁ wFr,6(n—i)+4wFr,6(n—i)+2wFr,G(n—i) (h(Z ))TFT’GnJrs
S (COR| 3(2i+1) 3(2i+1)+2 —2
1=

In summary we have the following result.

Theorem 2.1. Let {zy,Yn, 2n}n>—2 be a well-defined solution of System . Then, for all n € Ny, the
ZTp-component (resp. the y, component and of the z,-component ) are given by equations - for x,,
(resp. equations - for yn and equations (2.44)-(2.47) for the z,), where the sequences {un }neng,
{vn}nen, and {w,}nen, are defined by the formulas (2.7)-(2.15) in the case of variables coefficients and by
formulas ([2.20)- in the case of constant coefficients.

3. Formulas of the solutions of a particular System

In System (L.1), we let f(z) = g(x) = h(z) = x, D = R — {0} to end up with the following particular
system

ynyn—le;_l y ann—lyz_1 5 TpTn— lzn 1 (3 1)
» Yntl = ) An+l = : :
xn(anyg_z + bnynynfl) " yn(cnzqug + dnznznfl) " Zn(snxn_g + tnl‘nxnfl)

Tn+1 =

Clearly, we have
f ) =g (@) =h(2) ==
In this case a solution {zn, Yn, 2n fn>—2 of System (3.1)) is said to be well-defined if for all n € Ny, we have

InYnin (anyzfg + bnynynfl) (CnZ:Z_Q + dnznznfl) (snlizfg + tnl‘nxnfl) # 0.
As a result of Theorem ([2.1)), we have

Corollary 3.1. Let {xn,Yn, 2n}n>—2 be a well-defined solution of System . Then, forn=0,1,..., we

have
- p,6(n—i)—1 Fy6(n—i)—3 Fy6(n—i)-5\ _pFpen
H (“ 20)+1 ) (u3(2i+1) ) (“3(2z‘+1)+2 )x 2

=0
Ten = n 1 )
H u p G(n ) qu,G(n—i)—Q qu,()'(n—i)—4 pr,6n+1
0 3(24)+2 3(2i4+1)+1 -1
1=
n p 6(n i)+1 n_l Fp,G(nfi)fl Fp,6(n7i)73 Fp,6n+2
Ho Us(2i Ho Us(2:)+2 Usg2i+1)+1 ) T-1
1= =
Ten+1 = n 1 5
H p 6(n—1) qu,G(n—z‘)—2 qu,6(n—i)—4 prp,6n+l
0 3(21)—}—1 - 3(2i+1) 3(2i+1)+2 -2
1= ’L_
—1
ﬁ qu,6(n7i)+1 nH qu,G(nfi)fl qu,G(nfi)73 prp,6n+2
=0 3(24)+1 =0 3(2i+1) 3(2i+1)+2 -2
1= 1=
Len+2 =

—1
ﬁ qu,()'(n—iH—Z p 6(n—1) nH p 6(n—1i)—2 :L‘Fp,Gn-Q—S
- 3(21) 3(21)—}—2 3(2i+1)+1 -1
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F . F . n—1 F .

p,6(n—1i)+3 p,6(n—i)+1 p,6(n—i)—1

I_I (“3(%) ) (“3(2i)+2 ) ,I_I (“ )
=0 =0

LTen+3 =

pr,6n+4
3(2i+1)+1 1
—1 ?
ﬁ yErsm=i+2Y ([ Foot-o "H yFrom=0=2Y PFpon+s
- 3(24)+1 3(2i+1) - 3(2i+1)+2 -2
=0 1=0
—1
ﬁ U pG(n i)+3 qu,6(n7'L)+l nH Fp,6(n i)—1 pr76n+4
0 3(2i)+1 3(2i+1) - 3(21+1)+2 -2
1= 1=0
Lon+4 =
11 (u p,6<n e ( From—it U, Fp6(n—i) Fp,6n+5
3(24)+2 3(2i+1)+1
=0
n
p6(n i)+5 (n— 7,)+3 p,6(n—i)+1 p6(n+l
Ho (u3 ) ) (“3 (2i4+1)+1
1=
Lon+5 = —
,6n+5
Il 3(2i+1)+2 ) T
=0
n—1

q,6(n—1)—1
(”3 2i)+1 )

(1t )
<u 5255111 +4> ( pﬁfill z)+2> (u p,6(n—0) ) pF,
(v
I (v

<

qG(n i)—3 vq6(n i)—5 quﬁn
: U3(2i+1) 3(2i+1)+2 ) Y-2
1=
Yen = " . n 1
H v Fy6(n—i) Fe6(n—i)—2 v Fo6(n—iy—a Fq,6n+1
- 3(249) 3(21)—}—2 3(2i+1)+1 -1
1=0 =0
1
ﬁ 'UFq,G(nfi)+l [ q6(n i)—1 qG(n i)—3 Fq,6n+2
4 3(2i) , 3(21)+2 Ys2i+1)+1 ) Y-1
=0 =0
Yon+1 = " —
H v q,6(n7i) F 6
L@ )

~

)
q,6(n—1)—2 /UFq,G(nfi)fﬁl qu,6n+1
3(2i+1) 3(2i+1)+2 ) Y2

n—1
ﬁ v Fy6(n—i)+1 1—[ 'UFq,6(n7i)7l ,UFq,G(nfi)fii qFy,6n+2
L\ Y320 +1 L \Us@iry) 32i+1)+2 ) Y2
1= 1=
Yén+2 = 1
ﬁ qu,G(nfi)vL? qu,G(n*i) nH UFq,G(n*i)*2 Fy6n+3
, 3(2i) 32042 ) . 32i+1)+1 ) Y-1
1=0 1=0
n F, n—i F, n—i n_l F, n—i)— F, n
[I (”3(qé§( >+3) (U3qé§( 2)+1> I1 (”3qé§( 1 >11> y_
im0 i) (29)+ im0 (2i+1)+
Yen+3 = — n—1 ’
H v}'ﬂq,G(n*i)Jr2 qu,G(n*i) H UFtLG(n*i)*2 qFg6n+3
L1 \%2i)+1 3it1) ) 1L \"3@it1)+2 Y2
1= 1=
-1
n 'UFq,G(nfi)+3 ,UFq,6(n7i)+1 nH 'UFq,G(nfi)fl qFyq 6n+4
Y3204+ 3(2i+1) L\"sit+2 ) V-2
Yon+4 =
ﬁ plasm—ita) [ Faoin—it Fq,6(n—1)
L1\ Ys(2i) 3(2
1=

Fy6n+s
(20)+2 ”3(2i+1)+1> Y

ﬁ Footn—i+5\ (, Faetm-i+3\ (, Fa6n—+1Y , Fa,6(n+1)
L4 \Ys(@) 3(2i)+2 Y32i+1)+1 ) Y-1
i=
Yen+5 = — )
H q6(n i)+4 q6(n i)+2 q6(n ) qF ,6n+5
L\ 3(2i+1) 3(2i+1)+2 ) Y-2
i=
n—1
r6(n i)—1 rﬁ(n i)—3 rﬁ(n i)—5 TFr6n
1 ( 3(2i)+1 ) ( 3(2i+1) ) 3(2i+1)+2 )2—2
=
Z6n = _
ﬁ wFr,G(nfi) nl_ll
; 3(21) ;
=0 =0

’
'r6(n i)—2 r,6(n—i)—4 Fr,6n+1
3(20)+2 ) (w3 2i+1)+1 ) -

ﬁ wFr,G(nfi)Jrl nﬁl F,. ,6(n—i)—1 r 6(n—i)—3 ZFT,6n+2
L\ Ps) L0 \"si+2 3(2i+1)+1 ) “—1
1= 1=

Z6n+1 — )
ﬁ F'r 6(n—1t) nl—ll wF'r,6(n7i)72 F. ,6(n—i)—4 TFT,6n+1
i 3(21)-1-1 i 3(2i+1) (2z+1)+2 -2
1= 1=
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n n—1

Fr6(n—i)+1 Fr6(n—i)-1 Fr6(n—i)—3\ _rFr6nt2
HO (w3(2i)+1 'Ho W3 (2i+1) W3(2i41)+2 ) #—2
1= 1=

Zon+2 = —
ﬁ F, G(n i)+2 wF'r,G(n—i) nl—ll wF'r,G(n—i)—Q ZFT',67L+3
s@i+e ) L AWseivna ) 21
1=
ﬁ T‘G(n i)+3 wFr,G(n—i)+1 nﬁl Fr6(n—i)—1 ZFT’6H+4
L 3(2)+2 L W2i+1)+1 ) #-1
26n+3 = — ;
ﬁ Fr6(n—i)+2 Fr6(n—1) nHI Fr6(n—i)—2 ZTFT,6n+3
3(20)+1 W32i+1) ) 1L \Ws2it1)+2 ) #—2
i=0 =0
ﬁ Fr6(n—i)+3 Fr 6(n—i)+1 nﬂl wFr,tS(nfi)fl ST Fronta
L W3(2i)+1 W3(2i+1) Lo \@itn+2 ) 22
Z: 1=
Z6n+4 =
ﬁ wirsm=ita ( Frem—it2) (| Frem—i) \ Frents
LL\"s2) 3(20)+2 3(2i+1)+1 ) #—1
n
Fr6(n—i)+s Fr6(n—i)+3 Fre(n—i+1\ _Fremn+1)
Ho <w3(2i) W3(2i)+2 W3(2i+1)+1 ) #-1
1=
Z6n+5 =
e n Fr6(n—i)+4 Fr6(n—i)+2 Fr6(n—i rFronis
H w (n—1) w (n—1) w (n—1) o7 6nt
L\ Ws2i+1 3(2i+1) 3(2i+1)+2 ) 72
1=

where the sequences {Un fneNy, {Untnen, and {vp}nen, are defined by the formulas

n—1 xp n—1 n—1
—2
U3n = H a35+2C35+153; Tor + Z H 43542C3541535 (a3T+2c3r+1t3T + asrqodsri1 + b3'r+2) ,
J=0 0F=1 20 |j=r+1
n—1
H QA2 Cai10982; [CL q +b ]
0 3(j+1)C3j+253j+1 | [A0Y_2 0YoY—1
j:
o= Yoy—1

n—1 n—1

+ Z H A3(j+1)C3j+253j+1 (a3(r+1)63r+2t37’+1 + az(r41)dsr+2 + b3(r+1)) )

r=0 [j=r+1
n—1
[ asjracsgjinyssjrz| [arcoz” o + ardozoz—1 + b1202-1]
Jj=0
U3n+2 =
n+ 2071
n—1
+ E H A3j4+4C3(5j+1)535+2 (a3r+4c3(r+1)t3r+2 + agr4ady1) + b37"+4) )
r=0 | j=r+1
n—1
q
[T esjrossitrasi| v2a 1 T ot
j:
U3p = + E H €3;j+253j+103j | (C3r+283r 11037 + C3r12t3r41 + d3ry42)
Yoy—1 r=0 [j=r+1
n—1
I1 C3(j+1)53j+2035+1 [coz" o + dozoz—_1]
Jj=0
U3n+1 = 071
n—1

+ Z H C3(j+1)535+2035+1 (CS(T+1)SST+2b3r+1 + 31y tar+2 + d3(7«+1)) 5
r=0 | j=r+1
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n—1
11 C3j+433(j+1)a3j+2] [c1s02” 5 + crtozor—1 + dizoz_1]
Jj=0
Usn+2 = P
n—1 n—1
+ E H C3j4+453(j+1)A3j+2 (C3r+483(r+1)b3r+2 + Caratsre1) + d3r+4) )
r=0 | j=r+1
and
n—1
'Ho 53j4+203j+1¢35 | 29 T oy
]:
W3n = oy + E H 83j420354+1C35 (33r+2a3r+1d3r + 83,4203, 41 + t3r+2) s
0<-1 r=0 | j=r+1
n—1 »
I1 83(j+1)@35j4+2C3;j+1 [sox” 4 + toxor_1]
Jj=0
W3n+1 = ToT 1
n—1 n—1
+ E H 83(j+1)035+2C35+1 (33(r+1)a3r+2d3r+1 + 53(+1)b3r42 + t3(r+1)) )
r=0 | j=r+1
n—1 q
I1 83j+403(j+1)C35+2 [Say_g + sbyoy—1 + tyoy—1]
J=0
W3n+2 = oy 1
n—1 n—1
+ § H $3j+403(j+1)C35+2 (53r+4a3(r+1)d3r+2 + $3r44b3(rq1) + taria) -
r=0 | j=r+1

in the case of variables coefficients, and formulas
2P

+ (act + ad + b)n, acs =1,
Tox -1

U3n =

(acs)"a?, N ((acs)” —1

) (act 4+ ad + b), otherwise,
ToT -1 acs —

ay? 5 + byoy—1

+ (act + ad + b)n, acs =1,
Yoy-1
UIn+1 =
acs)™(ayl, + byoy— n_1
(acs)"(ay=, + byoy-1) + <(acs) > (act + ad + b), otherwise,
YoY—1 acs — 1
acz” o 4+ adzoz_1 + bzoz_
2 L ’ 1—F(act—i—ad—i—b)n, acs =1,
Z02—1
Usn+2 = acz” 5 + adzgz_1 + bzoz_ n_1
(acs)"——2 =1 071 <(acs) ) (act + ad +b), otherwise,
Z07—1 acs —
Yl
=2 4 (esb+ ct + d)n, acs =1,
Yoy—1
U3n =

(aa)y?, N ((acs)" -1

) (csb+ ct+d), otherwise,
Yoy-1 acs — 1
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czl o +dzoz1

+ (esb+ ct + d)n, acs =1,
— 20%-1
U3nt1 = ez’ 5+ dzoz- n—1
(csa)—==2 071 ((csa) > (csb+ct+d), otherwise,
20%2—1 csa — 1
csz? o + ctror_1 + drox—
=2 oot ot + (csb + ct + d)n, acs =1,
_ LT -1
U3n+2 = P
csxt o + ctror_1 + dror— n_1
(csa)™ 2 e s ((csa) > (csb+ ct+d), otherwise,
ToT_1 csa — 1
and
ZT
—2_ 4 (sad + sb + t)n, acs =1,
2021
W3n = 2T n_1
(sac)"——2- + ((sac) > (sad + sb+t), otherwise,
20%—1 sac — 1
sa? 5 + twox—
o2 Tl (sad + sb+t)n, acs =1,
_ ToT_1
Wan+1 = szl o + troz_ n—1
(sac)" —=2 071 <(sac) > (sad + sb+1t), otherwise,
Tor_q sac — 1
sayl 5 + sbyoy—1 + tyoy—
= Yoy T oY + (sad + sb +t)n, acs =1,
Wan+2 = say%;]y;gbyoy—1 + tyoy—1 (sac)™ —1
(sac)™ + (sad + sb+t), otherwise.
Yoy—1 sac —

in the case of constant coefficients.

4. Conclusion

In this work we have solved in closed form a general system of difference equations of third order defined
by one-to-one functions. The formulas of the solutions are expressed using the terms of a generalized
Fibonacci sequence of second order but also in terms of the coeflicients and the initial values. An application
on a concrete system was provided. The present contribution, which is a part of the first author thesis [20],
is a continuation of the work [21], which is also a part of [20]. For interested readers and as extension of the
system studied here, we propose the following open problem.

Open problem: Solve in closed form the following system of k-difference equations defined for all n € Ny
by

P ffl f2(37$z)f2($%71)(f1(33%71))[’1
P\ @) [ab (fa(22_y))P2 + bL fo(22) f2(22)] )

R fa(@)) o)1) (falas_y))P2
mE A e(@2) [a2(fa(ad o)) + B2 fa(ad) fa(ad )] )

Fu(@B) fe(@h_ ) (froa (@2 ))Pe
feoa(an™) [a’fb_l(fk(.fﬁ:é))pk + b1 (xlfz)fk(mﬁ_l)}

F :ffl fl(fcvlz)f (%ﬁq)(fk(xfhl))pk
PR\ fe(ak) [ak (fi(zl_y))er + 0k fL(@l) Al )]

k—1 _ -1
xn—l—l - fk_l

b
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where k =4,5,...,p1,...,pt €N, f1,..., fr : D — R are continuous one-to-one functions on D C R, the
1 k 1 k ‘i 1 1 1 k k k
sequences (ap )neNys - - - » (@ )neNos (bn)neNgs - - - » (b )neN, and the initial values 25, z2 , zg, ..., %4, 2%, ..., =g
are nonzero real numbers.
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