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Abstract

The aim of this paper is to investigate reflexive edge strength in graph theory, defined as the specialized
area of an edge that is irregularly labeled, where both vertices and edges are labeled. The reflexive edge
strength, res(G), is the minimal value of k for which the sum of weights of any two different edges in a
graph is distinct. In this paper, reflexive edge strength of b-subdivided ladder graphs and the triangular
ladder graph studied.
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1. Introduction

Graph labeling is the procedure in graph theory where either vertices or edges or both in a graph are
assigned labels, usually numbers or other symbols according to certain pre-defined rules. The graph labeling
can be vertex labeling, edge labeling, or total labeling and serves different purposes. Graph labeling has
wide applications to computer science, telecommunications, and biology. Graph labeling in network design,
for instance, enables the effective frequency or channel allocation so that interferences can be avoided. In
coding theory, it could be employed to assist in error detection and correction, whereas in DNA sequencing,
molecular biology labeling may represent different types of relationships or interactions among genes or
proteins. Graph labeling also has some practical applications in scheduling, where tasks are represented as
vertices, and dependencies are shown as edges.

In 1988 Chartand et al. [I] gave the idea for edge labeling in a special way that the weight of any two
distinct vertices is not equal. This labeling is named as irregular labeling and the maximum number & that
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is used in graph G for irregular labeling is called irregularity strength s(G). In 2012 Al-Mushayt et al. [2]
calculates the exact value of edge irregularity strength of hexagonal grid graphs. Amar et al. calculates
irregularity strength of trees [3].

Baca et al. [4] get motivations from these papers and gave a new idea of edge irregular total k-labeling of a
graph (G) i.e. If V(G) and E(G) are the vertex and edge set of a graph G then f: VUE — 1,2,3,4,...,k
is an edge irregular total k-labeling if the weight of any two different edges is different i.e. for all edges
wy (xy) # wy (x,y/> , forall zy # x'y', where wy (zy) = f (z) + f (vy) + f(y). Baca et al. [5] calculates
total edge irregularity strength of prism. Ivanc¢o and Jendro calculates the value of total edge irregularity
strength of tress [6].

Tanna et al. in 7] give a new thought of edge irregular reflexive k-labeling i.e. If we label both the edges
and vertices of the graph such that

fo E(G) = {1,2,3,4,... k.}

fo: V(G) = {0,2,4,6,...,2k,}.

Where k = max{ke, 2k, }. Then this kind of labeling is named as edge irregular reflexive k-labeling whenever
weight of e, # weight of en, V e, # e and ey, e, € E(G), here the minimum possible value of k£ in which
graph exists such sort of labeling is named as reflexive edge strength and written as res(G).

Edge irregular reflexive labeling has been one of the most important areas of study in graph theory,
whereby labeling of edges is performed so that certain specific conditions on irregularity are met. In this
review, some key found studies put together various graph structures and labeling techniques.

The reflexive strength of edges can make the optimization of designs in networks, for instance, in telecom-
munication, where it ensures that there are unique paths or routes hence time avoiding interference or colli-
sion. Labeling edges in networks, such that paths have different values, could help in the algorithms routing
to ensure at least congestion and maximum reliability. The distribution of computing systems needs a much-
needed resource control and allocation at different nodes uniquely for the prevention of possible conflicts or
redundancies. The reflexive edge strength can be used to label various links between distributed resources
uniquely, and their usage in load balancing can help in much better processing with reduced conflicts.

Agustin et al. in [§] initiated the study of edge irregular reflexive labeling with some applications to
tree graphs. Their work presented fundamental insights on how the reflexive labeling could be applied
systematically to tree structures, thereby setting initial benchmarks for further extended graph analyses.
Extending the investigation on corona graphs, Indriati and Rosyida [9) [10] continued consideration on the
specific topic of the corona of path graphs and related graph types. Their two related publications this year
provide a thorough review of how the corona operation impacts embeddability number along with other
parameters of edge irregular reflexive labeling.

Further broadening the scope, Yoong et al. [I1] considered the corona product of graphs with paths,
addressing challenges and remedies on keeping the edge irregularity in these composite structures. In the
2021 study, subtle differences about how path graphs combine with other graph types in reflexive labeling
constraints were placed in context. Budi et al. presented in [I2] an investigation of the so-called tadpole
graphs T, 1 and T, 2 examining how the Edge Irregular Reflexive Labeling could be used on such hybrid
structures containing cycles and paths. This paper showed that reflexive labeling methods were flexible
enough to be adapted to more complicated configurations of graphs. Junetty et al. [I3], focused on palm
tree graphs C'3 — By, and C3 — Bs ., presenting for the classes of such graphs exact methods by which edge
irregular reflexive labelings are transmitted. Their results contributed to a better understanding of how
some transformations of graphs did influence the approach to labeling.

For the banana tree graph B, and Bs,, Novelia and Indriati [I4] gave some properties under which
it is possible to have irregular labeling. The symmetry and structure of such a graph where labeling is
possible were evident through their study. Agustin et al. [15] focus mainly on almost regular graphs and
their reflexive edge strength, their 2021 study shed a significant amount of light on how near-regularity in
graph structures affects robustness and applicability of reflexive labeling schemes. Finally, the last related
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Figure 1: Subdivider ladder graph L}

work which is found is by Setiawan and Indriati [16] on sun graphs and the corona of cycle graphs with null
graphs containing two vertices. Their work provided insights into the complexities introduced by bringing
together different graph types and resultant impact thereof on edge irregular reflexive labeling.

Let us recall the following lemma proved in [7].

B |E| #£2,3(mod 6)

3
Lemma 1.1. For every graph G, res(G) >
EL 41, |E|=2,3(mod 6)

2. Main Results

In this section, first we show the results of the ladder graph.

2.1. Reflexive edge strength of sub-divided ladder graph

Let Lg be the b sub-divisions of the ladder graph. It is formed by the vertex set V' (Lg) ={z; 1<i<
AUz 1<i<afUfw] 1<i<a—1,1<j<biUfuls 1<i<a—1, 1<j<btiU{y; 1<i<a, 1<
j < b} and edgeset E (L) = {z;w};1 <i <a—1} U{wgwfﬂ; 1<i <a—1,1<j <b-1} U{wfmiﬂ; 1<
i <a j=b0Uzwls1<i <a}Ulylyl™h 1<i <a 1<j <b-BU{ylzs 1<i <a j=
bU{ziuh1 <i <a- 1}U{u{u{+1; 1<i <a-1,1<j <b-— 1}U{u{zi+1; 1<i¢ <a, j=b}
Cardinality of edges in L is 3 (ab+ a) — 2(b+ 1). See Figure

Theorem 2.1. Let LZ be the b sub-divisions of the ladder graph, then for a > 1,1 <b <35,

3(ab+a)—2(b+1) | .
res (Lb> = e |B1#2,3 (mod 6)
@ Babta) 2041 4 1. B =2,3 (mod 6)

Proof. Let L% be the b sub-divisions of the ladder graph then the lower bound of reflexive edge strength is
given by Lemma 2.1 is

[13(ab+a)—2(b 1
(Lb) y W : |E| #2,3 (mod 6)
res\Lq) = '|3(ab+a)3—2(b+1)|' +1, |E|=2,3 (mod 6)

To show that

res (Lb) < w ; |E| #2,3 (mod 6)
V|| e 1 |B| = 2,3 (mod 6)

We define vertex and edge labeling in the following five different cases for 1 <b <5
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Case 1. When b=1
We define a vertex labeling

f(xl) = 07 f(xly%) :27f(y%21) =1
Flrig) = 2i+2, 1<i<a—1, a=23,4,...

flw)=2i—-2, 1<i<a-1, a=2,34,...

a-+1

a=1,3,5,...

And we define an edge labeling
flzw))=2i—1, 1<i<a-1, a=2,3,4,...

fwizi) = 2i+2, 1<i<a—1, a=23,4,...

f(l'ZZy%z): 4Z_17 1SZ§%7 a_2a4767
. . oa—1
f(waitiypipn) = 4i—1, 1<i<——, a=3,57,
f (yhizas) = 4i—2, 1§i§g, a=24,6,
a—1

f (ir22i01) = 4i—2, 1<i< 5 a=3,5"7,...

flzu)) = 2i, 1<i<a-1
flulziz)=2i-1, 1<i<a-1

Edge weights are shown below which can be seen that all weights are distinct

1; i=1
wt(”““iwil):{ 6i—3; i>1

Wy (wilxiﬂ) = 61+ 2

2, i=1
wi (2iy)) = 6i+1, i>1

3, i=1
we (yizi) = 6i, i>1

Wy (zluzl) =61 — 2
Wy (U/%Zi_l,_l) = 60—1

Hence,

res (Ltll) = [6@3 4—‘ + 1.

Case 2. For b =2
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We define a vertex labeling
Fa) =0, f(z) =0, f(w]) =2 j=1.2F(u}) =2

fa)=6i—2, 1<i<=, a=24,6,...

|

-2
f($2i+1):6i+27 1§Z§%7 a:476787"'

flea)=6i—2, 1<i<=, a=24,6,...

e

-2
f(22i+1):6i+2a 13130’2 s a:476787"'

And we define an edge labeling

fwiwn) =2, f (wiw?) =1, f (wizz) =1, f (z11) =3

f(vowd;) =6i—3, 1<i<

f(whwd) =6i—4, 1<i<

2
whoowd ) =6i—3, 1<i<® 2 4=468,...
f( 21412141 9

f(whiwa) = 6i—4, 1<i<

-2
f(@digmain) =6i—1, 1<i< 2 a=4,6,8,...
2i+1 B)
f(zoiyh;) =6i—2, 1<i<
f($2i+1y%i+1)=6i—1, 1<i<

Fivl) =2, f(yia) =1, f(z1u1) =4, f (ujul) =2

Flybad) =6i—3, 1<i<
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. . _oa—1
f(y%i+1y§i+1):62_2’ 1<:< 5 a=3,517,...
f(y%iz2i):6’i—4, 1§z‘§g, a=2,4,6,

a—1

f(y%i+122i+l):6i_37 1<i< 9 (123,5,7,...

1
f (zo0ud;) = 6i — 1, 1<i<=——, a=357T,...

f(zoip1ud; ) = 6i, 1<i< 5 =468,
-1

f (uu3;) = 6i — 3, 1Si§a2 , a=3,57,
—2

f(u%i—l—lu%i—f—l)zﬁia 1§i§a2 , a=4,6,8,

[ (ud;_y201) = 60 — 5, 1§i§g, a=2,4,6,
-1

f (i) =6i—4, 1<i< o= a=3,57,...

Edge weights are shown below which can be seen that all weights are distinct
Wi (:L‘zwzl) =9i—5, wy (wllwf) = 9% — 4, wy (’UJ?CBZ‘+1) = 95 — 2, wy (:rlyzl) =9—-6

Wy (yzlyf) =97 — T, w (yle) =97 — 8, wy (zlull) =97 — 3, wy (uzluzz) =91 +1,wy (ufziﬂ) = 9%

Hence,

NEESIE |E| #2,3 (mod 6)
res (LZ) - { [9612*6] +1; |E|=2,3 (mod 6)

Case 3. For b=3
We define a vertex labeling

flz1)=0,f(z1) =0
flrip) =4i+2, 1<i<a-1, a=234,...
f(zip1)=4i+2, 1<i<a-—1, a=2,3,4,...
fw))=f(w])=4i-2, 1<i<a-1, a=234,...

fwl)=4i, 1<i<a-1, a=23,4,...
f(uj>:4z', 1<i<a—1, j=1,2,3, a=23,4,...
f(y{)zo, j=1,2,3
f(y{+1):4¢+2, 1<i<a—1, j=1,2,3, a=2,34,...
And we define an edge labeling
f(ziw]) =3, f(wiw?) =1, f(wiz1) =1, f (z191) =1, f (wivi) =2, f (vivi) =3, [ (vi=1) =4, f(2107) =4
f(zipwi,) =4i+1, 1<i<a—2, a=3,4,5,...

f(wlw}) =4i-2, 1<i<a—1, a=2,3,4,...

flwiqwl ) =4i+3, 1<i<a—2, a=3,4,5,...
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flwdzive) =4i—-3, 1<i<a—2, a=3/4,5,...

fzigyi) =4i-3, 1<i<a—1, a=23,4,...

f(y’b-‘rlygill) :4Z+‘7_3’ j:172’ 1§7’§a_]-7 a:273747

f(WPzip) =4i, 1<i<a—-1, a=23/4,...

flzipiul) =4i+2, 1<i<a—2, a=3/4,5,...
flulul) =4i, 1<i<a-1, a=23,4,...

f(udzi) =

Edge weights are shown below which can be seen that all weights are distinct

fuiu})=4i—2, 1<i<a-—1, a=2,3,4,...

Wy (331 ) =12: —

Wy ( ) =121 — 4, wy (u1u2) =123
wy (ziyt) = 120 — 11, wy (y y7) = 120 — 10, wy (y7y)) = 120 — 9, wy (y)z) = 12i

-3, wy (u2u ) =121 — 2, wy (u3zz+1) =12
—8

Hence,

res (L%) = [12i;‘8].

Case 4. For b=4
We define a vertex labeling

1
Flas)=10i—2, 1<i<® " a=357,...

1
Floa)=10i—2, 1<i<® = a=3,5T1,...

fx2i01) =10i 42, 1<i< ; . a=4,6.8,...
lH@HQ:1m+2,1§i§95—, —4,6,8, ...
j(%FJ:1M—&1§i§%,a:Z&&W

fQ%J_1m—2 1<i<a—1, Vj, a=23,4,...

f@@q)zlm—ﬁ,léiég,a:2Aﬁw“

1
fQ@>_mzlgi§“ Ca=3,51,...

.H£0=1M—4,1§i§g,a:z&a”.

f i) =100, 1<i< == a=357,...

F(vh)=10i-2, j>1, 1<i<S a=246,...
a

f@” ):1m+2,j>L 1<i< oS a=357,...

7, wy (wlw ) =12 — 6, w, (w2w ) =121 — 5, w, (w?xlqu) =121 -1
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And we define an edge labeling
f (:L‘lwl) 4, f (zlu )=6,f (ulul) 3. f (ulul) =4,f (u‘%u%) =

f (a:gwé) =12, f (w§x4) =10, f (ml ) )

f (3/1?/1) 2 f(ylyl) =3, f(ylyl) =4 f(

f<w%’t 1w%jll) :]‘OZ+¢]787 j:172)3) 1§7’§

57f (wil.ﬁz) = 47
=1
21 )

2) =

f(rowd;) =10i =5, 1<i<

1
j{wng):1m+j—5,j:Lz3,1§i§“2 a=357...
1
f(whiwain) = 10i=5, 1<i< o~ a=357,
_9
f(maipiwy 1) =10i+2, 1<i< ¢ g ) &= 4,6,8,
)
f(whiawaise) =100, 1<i< 525 a=4,68,
f@m£0:1m78,1§i§g,a_1&&
1
f(@aip1ypi0) = 10i—1, 1<i< ¢ 7 a=3,57,...
1
F(Baydih) = 10046 =13, j=1.2, 1<i< = a=3857,...
7 () =10i+j-10, j=23 1<i<3 a=245
f (ygi-‘rly%i-‘rl) = 10@7 1<i< ¢ y @ 3757 77

2
f@é@ﬂzlm—G,lgigg,a:2Aﬁ,”
a

[ (y2ip122i41) =100 +1, 1<i< 5 , a=3,5,7,
Wh ) =10i =7, 1<i< 2 a=2,4,6,
21—1 2
—1
f (zaiud;) = 10i — 1§¢§“2 . a=3,5T,
1
fQ%@f>:1m+j—4,j:Lz3,1§¢§35—,a:&az“.
1
f(uhizain) =100 =2, 1<i<Zo=, a=3,57,
—9
Fompaub ) =10i+5 1<i<®% 4=4.6,8,
+1%2;41 9
a—2

f (bl ) =10i+5+3, j=1,23 1<i<

Edge weights are shown below which can be seen that all weights are distinct

wy (ziw}) = 15i — 9, wy (wjw?) = 150 — 8wy (w?wf) = 15i — 7,wy (wiw}) = 15i — 6,w (zu})
152 — 5, wy (ullu?) = 15t — 4 wt( 2 3) = 151 — 3, wt( 3 4) = 151 — 2, wy (uZzH_l) = 15¢,wy (xzyzl)

15i——14,u&(y}y3)—-152——13,u&(yzy1)::152——12,u&(yzy1)-—15i——11,u&(yfzﬁ = 15i — 10,
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15i+10; i>1
wy (wizisr) = { " P Hence,

15a—10
b f B0 B 2,3 (mod 6)
res (La) - { |'15a3—10'| + 17 ’E‘ = 2’3 (mod 6)

Case 5. For b =5
We define a vertex labeling

F(x1) =0, f(z1) =0, f(y{) —0, Vj, f(u{) — 6i, Vi,j

f@ig)=6i+2, 1<i<a—2, a=3,4,5,...
fzig1)=6i+2, 1<i<a—2, a=34,5,...

f<y§'+1):6¢+2, 1<i<a-1, Vj, a=2,34,...
f( i )_ 6i+4, 1<i<a—-1, a=2,3,4,..., j=1,2,5
Yisl) = 6i46, 1<i<a—1, a=23,4,.., j=34
And we define an edge labeling
f(ziwy) =5, f(z1y1) =1
flrisiwiy) =6i+1, 1<i<a—2, a=3/4,5,...
f(wiwd) =4, f (wiw)) =3, f (wiwi) = 2, f (wiw]) =5, f (wiz2) =2
f( +1wz+1)—61—j+1 j=1,23, 1<i<a—2 a=34.5,...

flwtwly)=6i+1, 1<i<a—2, a=3,4,5,...
fwlzive) =6i, 1<i<a—2, a=34,5,...
f(zis1yi) =6i—3, 1<i<a—1, a=2,3,4,...
Fivd) =2,f (vivi) =3, f (vivi) = 4, f (viy?) =5, f (yiz1) = 6
f(yg+1yg:11) —6i+j—3, j=1234 1<i<a—1, a=234,...
f(¥Pzipn) =6i+2, 1<i<a-—1, a=2,3/4,...
f(aul) =7, f (uiu}) = 2, f (ufuf) =3, f (ufui) = 4, f (uju?) =5, f (ujez) =4
Edge weights are shown below which can be seen that all weights are distinct wy (xlwl) = 18&

11, wy (wjw?) = 18i — 10, wy (w? ) 18i — 9, wy (wiw}) = 18i — 8, wy (wiw?) = 18i — 7, wy (w? Tty
18i — 6, wy (zjuj) = 18i — 5, wt( uu? 181—4wt( : u?) = 18i — 3,wy (udu}) = 18i — 2,w; (uju

)
187 — 1, wy (uZ zz+1) = 18i, wy (J:Zyz) = 18t — 17, wy (yl yl) = 187 — 16, w; (y?yf’) = 187 — 15, w; (yl yz) =
18i — 14, wy (yiy?) = 18i — 13, wy (y72) = 18i — 12 Hence,

18a — 12_‘

o - [
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Figure 3.7: TL:

Figure 2: Subdivider triangular ladder graph

2.2. Reflexive edge strength of sub-divided triangular ladder graph

Let TL! be the one sub-division of the triangular ladder graph. It is formed by the vertex set V' (TLlll)
{z;, 1<i<a}Hz, 1<i<a}Hw}, 1<i<a-1}U{ul, 1<i<a—-1}U{y}H, 1<i<a}U{t}, 1
i < a—1} and the edge set is E (TL}) = {zw}, 1<i<a-—1}H{wlzipr, 1<i<a—1}U{zn,
i <a-1U{yjzier, 1<i<a-1 Uy, 1<i<afUlyjz 1< <afU{ziat;, 1<
a—1}U{zt}, 1<i<a—1} The cardinality of edges in TL} is 8a — 6. See Figure

S
ININIA I

Theorem 2.2. Let TL! be the one sub-division of the triangular ladder graph, then

L] B3 (mod 6)
res (TLnlz) = { [@] +1; |E|=2,3 (mod 6)

Proof. Let TL! be the one sub division of the ladder graph then the lower bound of reflexive edge strength
is given by Lemma 2.1 is

8a—6]7 .
res (TLY) > W3 W B %2,3 (mod 6)
8a=81 +1; |E|=2,3 (mod 6)

To show that

[Ba—6l | E|#2,3 (mod 6
res (TL}Z) < 8 3—6| ’ BIZ23 :
B +1 |E=2,3 (mod 6)

We define a vertex labeling
f(z1) =0, (ui =0

fxsim) =8i—4, 1<i<

fz3) =8i—2, 1<i<

flrsip) =8i+2, 1<i<——, a=4,7,10,...

Flegiig) =8i—4, 1<i< , a=2,58,...

flzi) =8i—2, 1<i<
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1
sai1) =8i+2, 1<i<® 2 a=4,710,...
* 3
1
Flh ) =8i—4, 1<i<®™2 4—25s5,
3i—1 3
f@@)z&—271§i§%,a—3ﬁﬂp
a—1

f(y?l,z‘+1):8i+2> 1<i<

Fth)=8i+1, 1<i<?
And we define an edge labeling

Flraiqwt ) =8 —3, 1<i<2 =369,
3i—1 3
1
Flrgwl) =81, 1<i<® 2 a=4,7,10,
3%
—9
Taiwl ) =8i+1, 1<i<Z 2 4=5811,
+ 3i+1 3
/ 231'71”1‘_ = 8i— 6, 1§'L§97 a=3,6,9,
3Z 1 3
1
sul) =8i—3, 1<i< i~ 4=4,7,10,
31
f (zipatidi) =8i—2, 1<i< % a=5811,
1
fwhoawsi 1) =8i—7, 1<i<®I2 a=2358,
3’L 2 3
Fwl jzs) =8 -3, 1<i<Z a=3.69,...
3i—1 3

—1
f(wiwsivr) = 8i — 3, 1§i§a3 , a=4,7,10,...

fuize) =2, f(zy) =1, f(yiz1) =2
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Ful jz3) =8i—5 1<i<2 a=306.9,...
311 3

f(ubzsi41) = 8i — 4,

f(ugigrzsire) =8i—1, 1<i<
1
f($3ifly§i—1):8i_77 1§ZSQT7 = 4;9,0,...

f@M@):&—s,lgigg,a:&&&”.
a

f(z3i01Y341) =8i—3, 1<i< T
f (yi’l)i—lz?)z‘—l) =8 -6, 1< aT’

f(yéz‘z3i):8i—2, 1Si§%, a=3,6,9,...
a

f (Ylis123i01) =8i—2, 1<i< 7
flosiaty o) =8i—7, 1<i< “T

f@m@q)Z&—3,1§i§g,a=&&&“.

f(I3i+1t;1:,i)=8i—3, 1<i< T

fz3iaty;_o) =8i—7, 1<i< 3

1
f(z3i-1ty_q) =8i—5, 1<i< 3

Edge weights are shown below which can be seen that all weights are distinct
Wy (zlwll) =& — 3, wy (wilﬂci_,_l) =8 — 1,wy (zzull) =8 —5

Wy (UilZi+1) =81 — 2, wy (xlyzl) =8 — 7, w (yzlzz) =8t — 6, wy (@-Ht%) = 81, wy (zitzl) =8 —4

Hence,
8a—6
1\ _ ( 3 —‘; \E|§é2,3(mod6)
’@S(TLJ“{ [8a=61 1 1; |E|=2,3 (mod 6)
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Figure 3: PT L4

2.8. Reflexive edge strength with pendent edges of triangular ladder graph

Let PTL, be the pendent edges of the triangular ladder graph. It is formed by the vertex set V (PTL,) =
i, 1<i<a-1, a>2Jz, 1<i<a-1, a>2UJw}, 1<i<a, a>1Jz, 1<i<a, a>1and
the edge setis B (PTL,) = {z;zit1, 1<i<a—1, a>2}Hzizit1, 1<i<a—1, a>2} Hzit12i, 1 <
i<a-—1, a>2}U{zw}, 1<i<a, a>1}H{zul, 1<i<a, a=1,2,3,...}. Cardinality of edges

in PTL, is 6a — 3. See Figure [3]
Theorem 2.3. Let PT L, be the pendent edges of the triangular ladder graph, then

f [eas3y, |E| #2,3 (mod 6)
res (PTLy) = { (6%3W +1; |E|=2,3 (mod 6)

Proof. Let PTL, be the pendent edges of triangular ladder graph then the lower bound of reflexive edge
strength is given by Lemma 2.1 is

{‘6“;3'] . |E|#2,3 (mod 6)

99231 +1; |E| =2,3 (mod 6)

res (PTLgy) > {

To show that

oZd]: B|£2,3 (mod 6)

res (TLL) <
( a) \6a73*3| +1; |E|=2,3 (mod 6)

We define a vertex labeling
fla) =1, f(z) =1, f(w])=0
fGiv)=f(riq1)=2i—-1, 1<i<a—-1, a=2,3,4,...
flwi)=2i+2, 1<i<a—-1, a=2,34,...
flul)=2i, 1<i<a, a=1,2,3,...

And we define an edge labeling

f(@ize) =2, f(z121) =2, f(zawy) =1, f(z1u3) =1
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Figure 3.10: PTL®

Figure 4: PTL;

f(@iv1ixige) =21, 1<i<a—2, a=3,4,5,...
f(ziziy1)=2i, 1<i<a—-1, a=2,3,4,...
f(Tit12zi41) =20, 1<i<a-—-1, a=2,3,4,...
f (a:leilH) =f (zHluilH) =f(rip1z))=2i—1, 1<i<a-1, a=2,3,4,...
Edge weights are shown below which can be seen that all weights are distinct
wy (Tixiv1) = 66, wy (22zi41) = 61—2, wy (z52;) = 6i—4, wy (xzwll) = 6i—5, wy (zzull) = 6i—3,w; (Ti412) = 6i—1

Hence,

B {6a73'| ; |E| #2,3 (mod 6)
res (PTLa) = { [6{—3] +1; |E|=2,3 (mod 6)

2.4. Reflexive edge strength of sub-division of triangular ladder graph with pendent edges

Let PTL! be the one sub division of pendent edges of the triangular ladder graph. It is formed by the
vertex set

V(PTLY) ={w;, 1<i<a-1, a=234,...}\U{z;, 1<i<a-1, a=234,...} U], j=
1,2, 1<i<a, a=1,2,3,...}U{ul, j=1,2, 1<i<a, a=1,2,3,...} and the edge set E (PTL}) =
{rizit1, 1<i<a-1, a=2,3,4,...} H{ziziz1, 1<i<a-1, a=2,34,...} Hzit12i, 1 <i<a-—
1, a=2,3,4,... }U{ziw}, 1<i<a, a=1,2,3,...} H{whw?, 1<i<a, a=1,23,...} U{ziu}, 1<
i<a, a=1,23,...}U{ulv?, 1<i<a, a=1,2,3,...}. Cardinality of edges in PTL} is 8a — 3, see
Figure [4]

Theorem 2.4. Let PTL. be the one sub division of pendent edges of the triangular ladder graph, then

[Ba=3], |E| #2,3 (mod 6)
(82231 +1; |E| =2,3 (mod 6)

res (PTL}) = {

Proof. Let PTL. be the one sub division of the pendent edges of triangular ladder graph then the lower
bound of reflexive edge strength is given by Lemma 2.1 is

[8a—3| | .
res (PTLy) > 8a33 w ; |E| %2,3 (mod 6)
831 1+ 1; |E| = 2,3 (mod 6)
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To show that

B3l |E|#2,3 (mod 6)

S+ B = 2,3 (mod 6)

res (PTL,) <

We define a vertex labeling

f(z1)=0, f(z21)=0
f (22:) = 54, 1§z’§%, a=24,6,
1
F(29i41) = 5i + 3, 1§¢§a2 . a=3,5,7,
f (22:) = 54, 1§i§%, a=2,4,6,.
1
f (wy41) = 5i+2, 1§i5a2 , a=3,5,T,
Fwd) =5i-2 f(wh)=5i—1 1§i§g, a=2.4,6,
. n—1
f (W) =5i+1, f(z2i41) =5i+3, 1<i< n=235"17

fu) =0, f(uf)=0,f(wi)=0f(wi) =0
f(uh)=5i 1<iz< 1

f(ugm) —5i+3, j=1,2 1<i<
And we define an edge labeling

f(a:i+2:ci+3):5i—1, 1§i§a—3, a:4,5,6,...

f(@ivsxiys) =5i+2, 1<i<a—4, a=5,6,7,...
f(z122) = 3, f (2223) = 3, f (w122) = 1, f (wow3) =1
f(zig2zizs) =bi+1, 1<i<a-3, a=4,50,...
f(zit3ziva) =5i+4, 1<i<a—4, a=5,6,7,...

f (a:lw%) =2,f (xgw%) =1,f (zlu%) =3,f (zzu%) =3, f(x121) =3

f(zipowl ) = =2+ 50, f(zipswliy) =2+56, [ (zipoutiy) =5i+1, f(ziqsuls) =5i+4, 1<i<
a—3, a=4,5,6,...

1

f($3l+123i+1)_87’_1 1<’L§a—§ , a=4,7,10,
1

f(w3i123i-1) =8 — 7 1<Z<%, a=2,58,

f (w%wQ) =1, (u%u%) =5
£ (wi;_qw3;_1) =8i —6, 1§i§a;1, a=2,5,8,.
f(wywi;) = 8i—4, 1§i§§, a=3,6,9,
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f (w?ln'+1w§i+1) =8, 1<i< a; , a=4,7,10,
1
fug_qu3; ) =-5+8i, 1<i< a; , a=2,58,
fluguz;) = =348i, 1<i< %, a=3,6,9,
1 2 . . _a—1
f(u3i+1u3i+1) =148, 1<:< 3 a=4,7,10,...
Edge weights are shown below which can be seen that all weights are distinct
Wy (Tiwip1) = 8i — 2, wy (2izi41) = 8i,wy (v52;) = 8i — 5, wy (wjw?) =8 — 7
wy (wlwll) =8 — 6, w (uzluf) =81 — 3, wy (zzull) =60 —4,wy (x412) =81 — 1
Hence,
8a—3
o[ 5] |E|#2,3 (mod 6)
res (PTLa) { (2231 4+ 1; |E|=2,3 (mod 6)
O

3. Conclusion

In this paper, we determine the previse value of reflexive edge strength of different families of subdivided

b

a’

ladder graphs. In particular subdivided ladder graph L
triangular ladder graph PTL! with pendant vertices.
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