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Abstract

In this paper, the dynamics of a fat receptor-breast cancer model have been investigated by employing the
deterministic and stochastic approaches. The existence of the endemic equilibrium, positivity of solutions
and the calculation of the reproduction number are examined for the deterministic model and also the
existence-uniqueness of the stochastic model is discussed. Then, we will examine the crossover tendencies
of the deterministic-stochastic model with the help of piecewise differential operators that take into account
stochastic and power law processes followed by generalized Mittag-Leffler functions have been investigated.
We employ a numerical scheme based on Newton polynomial to solve the deterministic-stochastic tumor
growth model with fractional differential operators numerically. The graphical representations are simulated
for different values of fractional order and the crossover tendencies of the deterministic-stochastic model are
observed during the simulations.

Keywords: Breast cancer model, numerical scheme, piecewise differential operators.

1. Introduction

Tumor, which occurs as a result of abnormal growth of some tissues due to excessive division of cells in
the body, is one of the diseases that cause death worldwide and seriously threatens human life. When the
literature is examined, chemotherapy, radiotherapy, gene therapy and virotherapy can be found among the
treatment approaches. Treatment should be considered as a whole and the dose of the drug to be used and
the time should be determined well. For this reason, cancer disease has attracted great attention not only in
branches of science such as medicine and biology, but also in the field of mathematics. Mathematical models
represent complex processes with different aspects and methods. Since some real world problems can have
random behaviors, many models have been examined by using the stochastic approaches [1-8]. However,
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mathematical modeling, which is one of the important tools that helps in especially in interpreting the
treatment process made significant contributions in analyzing tumor growth [9-16].

In the realm of cancer research, diverse mathematical models have emerged, each shedding light on
distinct facets of tumor behavior and treatment responses. One study by McKenna M.T et al. extensively
analyzes doxorubicin uptake through a parameterized model using experimental imaging data, showcasing
variations in pharmacokinetic parameters among investigated cell lines. This work not only describes drug
kinetics but also effectively predicts population dynamics following treatment [9].

Another model [10] dissects the complexities within treated tumors, delineating subsets with differing
immune signaling and growth rates. It foresees scenarios of dormancy, elimination, and immune evasion,
emphasizing the potential of dormant cells in controlling aggressive counterparts through immune responses.
Furthermore, Mehdizadeh et. al. propose a set of differential equations probes interactions among cancer
stem cells, tumor cells, and healthy cells, elucidating the impact of estrogen surplus and the immune response.
This model showcases how immune cells contribute to cancer elimination while underlining the continuous
existence of cancer in their absence [11]. Additionally, studies delve into population-specific models, such
as one focused on breast cancer in the Saudi Arabian population, emphasizing the association between
chemotherapy and cardiotoxicity. This research aims to mitigate cardiotoxicity while improving treatment
outcomes [12].

Another model specifically targets triple negative breast cancer, integrating immunotherapy. It reveals
equilibria indicating tumor-free and large-tumor states, highlighting the potential of immune checkpoint in-
hibitors when combined with immune booster therapy [13]. Moreover, a comprehensive model encompasses
the interplay between immune responses, vaccination, and chemotherapy treatments. It emphasizes the syn-
ergy between these therapies in eradicating tumors, showcasing their potential when used in combination
[14]. Additionally, an innovative approach utilizes piecewise differential operators to amalgamate models
representing various stages of tumor growth. This technique offers a holistic view enabling comprehensive
analysis and prediction of tumor progression, providing insights into diverse behaviors [15]. Lastly, an opti-
mal control problem centered on a stochastic delay differential model delves into tumor-immune interactions.
It identifies variables crucial for controlling tumor growth and showcases the impact of white noises and
time delays on tumor dynamics [16].

Fractional differentiation has been incorporated and applied in various problem-solving scenarios as an
extension of the classical differentiation concept. This idea has been widely recognized and utilized since
before 1965. Their popularity primarily stems from the characteristics of their kernels, which were employed
in defining these operators. For example, when the Riemann-Liouville and Caputo derivatives [17] reveal
a power-law relationship in certain data, it could suggest specific mechanisms underlying the natural phe-
nomenon in question. Power law phenomena are widespread across diverse fields, providing deep insights
into the intricate workings of complex systems. These phenomena involve relationships where changes in
one quantity lead to proportional changes in another, playing crucial roles in disciplines spanning physics,
biology, economics, and the social sciences. Knowledge of power laws not only reveals fundamental principles
governing natural and social phenomena but also uncovers hierarchical structures, scaling characteristics,
and complex dynamics that shape our understanding of the world. The Caputo-Fabrizio derivative [18] is a
mathematical tool that extends fractional calculus by integrating an exponential kernel. This enhancement
enables the modeling of non-local and non-Markovian behaviors in diverse physical and engineering systems.
Applications of this derivative include viscoelasticity, anomalous diffusion, and control theory, addressing
complexities beyond the capabilities of traditional derivatives. The Atangana-Baleanu derivative [19] is an
advanced concept in fractional calculus that introduces a novel kernel to extend classical fractional deriva-
tives. Atangana and Baleanu proposed this derivative to deal with complex systems exhibiting non-local
and non-singular behavior, which are commonly encountered in physics, engineering and various scientific
fields. Its applications span fields such as viscoelasticity, fluid mechanics, electromagnetic theory and control
systems, where conventional derivatives struggle to capture the full range of dynamical phenomena. Widely
recognized for its ability to model systems with memory effects, the Atangana-Baleanu derivative has at-
tracted considerable interest and research activity in recent years. There is no doubt that models modified
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by the addition of processes with power law [17], fading memory [18] and generalized Mittag-Leffler [19]
function present different scenarios. Moreover, it can be observed that the model related to piecewise dif-
ferential operators[20], which makes it possible to handle deterministic and stochastic processes together,
has crossover tendencies. Therefore, in this study, the fat receptor breast cancer model was discussed using
deterministic and stochastic approaches [21].

Since it is vital to examine the duration and prevalence of the tumor in a particular region when evaluating
the tumor spread model, we address the scenario by introducing the existence of an endemic equilibrium
that has proven to be globally asymptotically stable in deterministic models. Then, the relevant model will
be modified with piecewise differential operators that take these two processes into account together and
will be solved with a numerical method based on Newton polynomials [22].

Now, we present the definitions of the fractional derivatives with power law, exponential decay and
Mittag-Leffler kernels and piecewise derivative.

The Caputo-Fabrizio fractional derivative [18] of the function ω (t) ∈ H1 (0, T ) is given by

CF
0 Dα

t ω (t) =
1

1− α

∫ t

0
ω′ (ζ) exp

[
− α

1− α
(t− ζ)

]
dζ, (1.1)

where 0 < α < 1 and H1 (0, T ) describes the Hilbert space. The associated integral is defined by

CF
0 Jα

t ω (t) = (1− α)ω (t) + α

∫ t

0
ω (ζ) dζ. (1.2)

The Caputo fractional derivative [17] of the function ω (t) ∈ H1 (0, T ) is defined by

C
0 D

α
t ω (t) =

1

Γ (1− α)

∫ t

0
ω′ (ζ) (t− ζ)−α dζ, (1.3)

where 0 < α ≤ 1 and the Riemann-Liouville fractional derivative of the function ω (t) ∈ C (0, T ) is defined
by

RL
0 Dα

t ω (t) =
1

Γ (1− α)

d

dt

∫ t

0
ω (ζ) (t− ζ)−α dζ. (1.4)

The integral with power-law kernel [23]

RL
0 Jα

t ω (t) =
1

Γ (α)

∫ t

0
ω (ζ) (t− ζ)α−1 dζ. (1.5)

The following formulas describe the Atangana-Baleanu fractional derivative [19] which has the crossover
behavior from stretched exponential to power-law,

ABC
0 Dα

t ω (t) =
1

1− α

∫ t

0
ω′ (ζ)Eα

[
− α

1− α
(t− ζ)α

]
dζ, (1.6)

and
ABR
0 Dα

t ω (t) =
1

1− α

d

dt

∫ t

0
ω (ζ)Eα

[
− α

1− α
(t− ζ)α

]
dζ. (1.7)

The above operators are called as Atangana-Baleanu fractional derivative in Caputo sense and Atangana-
Baleanu fractional derivative in Riemann-Liouville sense [19], respectively. The associated integral is given
by

AB
0 Jα

t ω (t) = (1− α)ω (t) +
α

Γ (α)

∫ t

0
ω (ζ) (t− ζ)α−1 dζ. (1.8)

We now present the definitions of the piecewise derivative and integral operators which made significant
contribution to literature [20].
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The piecewise derivative with classical and fractional derivative with power-law kernel such that can be
taken as [20]

PRL
0 Dα

t ω (t) =

{
ω′ (t) if 0 ≤ t ≤ t0

RL
t0 Dα

t ω (t) if t0 ≤ t ≤ T
, (1.9)

where PRL
0 Dα

t represents classical derivative within 0 ≤ t ≤ t0 and Riemann-Liouville fractional derivative
within t0 ≤ t ≤ T .

The piecewise with Caputo derivative is given as [20]

PC
0 Dα

t ω (t) =

{
ω′ (t) if 0 ≤ t ≤ t0

C
t0D

α
t ω (t) if t0 ≤ t ≤ T

, (1.10)

where the function ω (t) is differentiable in [0, T ] . Here PRL
0 Dα

t represents classical derivative on 0 ≤ t ≤ t0
and Caputo fractional derivative [17] on t0 ≤ t ≤ T . The associated piecewise integral of ω is given as [20]

PPLItω (t) =

{ ∫ t
0 ω (ζ) dζ if 0 ≤ t ≤ t0

1
Γ(α)

∫ t
t0
ω (ζ) (t− ζ)α−1 dζ if t0 ≤ t ≤ T

, (1.11)

where PPL
0 Iαt represents classical integral on 0 ≤ t ≤ t0 and the integral with power-law kernel on t0 ≤ t ≤ T.

The piecewise derivative with classical derivative and Mittag-Leffler kernel is defined by [20]

PAB
0 Dα

t ω (t) =

{
ω′ (t) if 0 ≤ t ≤ t0

ABC
t0 Dα

t ω (t) if t0 ≤ t ≤ T
, (1.12)

where PAB
0 Dα

t represents classical derivative on 0 ≤ t ≤ t0 and Atangana-Baleanu fractional derivative [19]
on t0 ≤ t ≤ T. The associated piecewise integral is given as [20]

PABItω (t) =

{ ∫ t
0 ω (ζ) dζ if 0 ≤ t ≤ t0

(1− α)ω (t) + α
Γ(α)

∫ t
t0
ω (ζ) (t− ζ)α−1 dζ if t0 ≤ t ≤ T

. (1.13)

In this section, we will investigate the behavior of a mathematical model that takes into account the
effect of fat cells and estrogen on tumor growth[21] under deterministic and stochastic approaches. The
deterministic model under investigation is represented by

dH

dt
= H (κ1 − δ1H − ηT )− µ1HE

dT

dt
= T (κ2 − δ2T − ϕ1I) + µ2HE + ε1TF

dI

dt
= Λ+ I

(
qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

)
dE

dt
= w1 + ε2EF − w2E

dF

dt
= κ3F (1− ε3F )

, (1.14)

with the initial condition

H (0) = H0, T (0) = T0, I (0) = I0, E (0) = E0, F (0) = F0. (1.15)

H (t), T (t) , I (t) , E (t) and F (t) describe healthy cells, breast tumor cells, immune cells, estrogen, and fat
cells, respectively.

The description of the parameters for the system (1.14) is presented in Table 1.
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Table 1: The description of the parameters for the system (1.14)

Parameter Description of parameters Parameter value Reference

κ1 The growth rate of healthy breast cells 0.7 [21]

δ1 The death rate of healthy breast cells 0.3 Estimated

η The rate of suppression of healthy breast cells. 0.1 [21]

µ1 The rate of increase in the growth factor of estrogen levels 0.0015 [21]

κ2 The growth rate of tumor cells 0.98 [21]

δ2 The death rate of tumor breast cells 0.94 [21]

ϕ1 The rate of the immune response 2.1 Estimated

µ2 The rate of overflowing estrogen free ONA 0.2 Estimated

ε1 The growth rate of tumor cells from fat cells 0.5 [21]

Λ Immune cells constant source 0.4 [21]

p The natural death rate of immune cells 0.1 [21]

q The growth rate of the immune response 0.4 Estimated

θ1 The rate of immune cells 0.9 [21]

µ3 The rate of immune suppression by estrogen 0.002 Estimated

θ2 The threshold of estrogen 0.1 [21]

ϕ2 The rate of tumor cells effect on immune cells 0.05 Estimated

w1 The production of an increased estrogen rate 0.9 Estimated

ε2 The contribution of excess estrogen by fat cells 0.2562 [21]

w2 The rate of estrogen that affects breast cells 0.8788 [21]

κ3 The rate of fat 0.93 Estimated

ε3 The inverse rate of fat carrying capacity 0.5 [21]

1.1. Equilibrium Points:

In this subsection, the equilibrium points of system (1.14) are determined by setting the left-hand side
of system (1.14) to zero. Considering both the mathematical and biological significance of system (1.14), we
identify two types of equilibrium points: tumor-free equilibrium points and coexisting equilibrium points,
using parameter value the assumptions presented in [21]. It is concluded that the system (1.14) has eight
steady states. The tumor-free equilibrium point is(

κ1 − µ1E
∗

δ1
, 0,

Λ (θ2 + E∗)

pθ2 + (µ3 + p)E∗ ,
ε3w1

ε3w2 − ε2
,
1

ε3

)
, (1.16)

noting that ε3w2 > ε2. The co-existing equilibrium points are

H̃∗ =
κ1 − ηT̃ − µ1E

∗

δ1
, (1.17)

T̃ ∗ =
−Π+

√
Π2 − 4δ1δ2µ2 (µ1E∗2 − κ1E∗)

2δ1δ2
,

Ĩ∗ =
Λ

p+ θ2T̃ ∗ − qT̃ ∗

θ1 + T̃ ∗
+

µ3E
∗

θ2 + E∗

,

Ẽ∗ =
ε3w1

ε3w2 − ε2
,

F̃ ∗ =
1

ε3
.
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1.2. Positivity of Solutions

In this subsection, we prove that the solutions of the system (1.14) are positive if the initial conditions
are positive. To achieve our goal, we start our proof with the function F (t)

dF

dt
− κ3F = κ3ε3F

2, (1.18)

and solving above yields

F (t) ≥ 1

κ3ε3 + ce−κ3t
, (1.19)

where

c =
1− F0κ3ε3

F0
. (1.20)

For the function E(t), we can have

dE

dt
= w1 + ε2EF − w2E (1.21)

≥ (ε2|F | − w2)E

≥

(
ε2 sup

tϵ[0,T ]
|F | − w2

)
E.

To proceed, we define the following norm

∥F∥∞ = sup
tϵ[0,T ]

|F (t)|, (1.22)

using the norm presented above yields

E (t) ≥ E (0) exp ((ε2 ∥F∥∞ − w2) t) , (1.23)

where
ε2 ∥F∥∞ < w2. (1.24)

We proceed with the function I (t)

dI

dt
≥

(
q ∥T∥∞

θ1 + ∥T∥∞
−

µ3 ∥E∥∞
θ2 + ∥E∥∞

− p− ϕ1 ∥T∥∞
)
I (1.25)

≥ I (0) exp (κt) ,

where
q ∥T∥∞

θ1 + ∥T∥∞
<

µ3 ∥E∥∞
θ2 + ∥E∥∞

+ p+ θ2 ∥T∥∞ . (1.26)

Doing the same routine presented earlier, we obtain

dT

dt
≥ (κ2 − ϕ1 ∥I∥∞)T − δ2T

2 (1.27)

≥ 1

δ2 + c1e
−(κ2−ϕ1∥I∥∞)t

,

where κ2 > ϕ1 ∥I∥∞ and c1 =
1− T0δ2
T0

.

Finally, the function H(t) is evaluated as

dH

dt
≥ H (κ1 − η ∥T∥∞ − µ1 ∥E∥∞)− δ1H

2 (1.28)

≥ 1

δ1 + c2e
−(κ1−η∥T∥∞−µ1∥E∥∞)t

,

where κ1 > η ∥T∥∞ + µ1 ∥E∥∞ and c2 =
1−H0δ1
H0

.
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1.3. Reproduction number for the considered

In this subsection, we evaluate the basic reproduction number for the system (1.14). By employing
the advanced method developed by Driessche and Watmough [24], the reproduction number can be found.
However, we will find the associated number in an easier way. To perform our aim, we will use the following;

dT

dt
> 0, (1.29)

which yields
T (k2 − δ2T − ϕ1I) + µ2HE + ε1TF > 0. (1.30)

It is worth noting that the tumor-free equilibrium point exists when the estrogen level is normal, meaning
µ2 = 0. Then, equation (1.30) can be arranged at the tumor-free equilibrium as follows:

Tκ2 − ϕ1TI
∗ + ε1TF

∗ > 0 (1.31)

T (κ2 + ε1F
∗)

(
1− ϕ1I

∗

κ2 + ε1F ∗

)
> 0

T (κ2 + ε1F
∗)

(
1− 1

R0

)
> 0.

Then, the reproduction number can be obtained as:

R0 =
κ2 + ε1F

∗

ϕ1I∗
(1.32)

=

κ2 + ε1

(
1

ε3

)
ϕ1

(
Λ (θ2 (ε3w3 − ε2) + ε3w1)

pθ2 (ε3w3 − ε2) + (p+ µ3) ε3w1

)
=

(κ2ε3 + ε1) (pθ2 (ε3w3 − ε2) + (p+ µ3) ε3w1)

ε3ϕ1Λ (θ2 (ε3w3 − ε2) + ε3w1)
,

knowing that ε3w2 > ε2.

2. Stochastic model for the considered model

In this section, we intend to establish a deep analysis of a fat-estrogen breast cancer model[21] with the
addition of a stochastic component. The mathematical model under investigation is presented as follows :

dH = [H (κ1 − δ1H − ηT )− µ1HE] dt+ σ1HdB1 (t)
dT = [T (κ2 − δ2T − ϕ1I) + µ2HE + ε1TF ] dt+ σ2TdB2 (t)

dI =

[
Λ + I

(
qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

)]
dt+ σ3IdB3 (t)

dE = [w1 + ε2EF − w2E] dt+ σ4EdB4 (t)
dF = [κ3F (1− ε3F )] dt+ σ5FdB5 (t)

, (2.1)

where Bi (t) and σi (i = 1, ..., 5) are Brownian motion and stochastic constants.
We will begin our analysis by providing a theorem that will demonstrate the conditions under which the

system (1.14) has a unique solution[6].

Theorem 2.1. Assuming that there are two positive constants, mi and m̃i, that satisfy the conditions listed
below:

i) Lipschitz condition : ∀ x, x̃ ∈ R5, i ∈ {1, .., 5}

max
{
|fi (x, t)− fi (x̃, t) |2, |gi (x, t)− gi (x̃, t) |2

}
≤ mi|x− x̃|2, (2.2)
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ii) Linear growth condition : ∀ (x, t) ∈ R5 × [t0, T ]

max
{
|f (x, t) |2, |g (x, t) |2

}
≤ m̃i

(
1 + |x|2

)
. (2.3)

The initial condition x0 is a random variable that is independent of the σi−algebra F
(m)
∞ generated by ws

i ,
s ≥ 0 and such that E|x0|2 < ∞. In this case, the stochastic model under investigation has a unique
solution in M2

(
[t0, T ] ,R5

)
.

Proof. In order to start our proof, we need to introduce some notations to avoid complexity

x =


H
T
I
E
F

 , f (x, t) =


f1 (t,H)
f2 (t, T )
f3 (t, I)
f4 (t, E)
f5 (t, F )

 =


H (κ1 − δ1H − ηT )− µ1HE

T (κ2 − δ2T − ϕ1I) + µ2HE + ε1TF

Λ + I

(
qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

)
w1 + ε2EF − w2E
κ3F (1− ε3F )

 . (2.4)

Our objective is to prove that the Lipschitz and linear growth conditions for each function on the right-
hand side of the model are satisfied. To achieve this, we will start with the function f1 (t,H) and then
proceed to prove the same for the other functions. We verify the first condition for the function f1 (t,H) by
following:∣∣∣f1 (t,H)− f1

(
t, H̃

)∣∣∣2 =
∣∣∣(H − H̃

)(
κ1 − δ1

(
H − H̃

)
− ηT

)
− µ1E

(
H − H̃

)∣∣∣2 (2.5)

≤ 2
∣∣∣(H − H̃

)∣∣∣2 ∣∣∣∣(κ1 − δ1

(
H − H̃

)
− ηT

)2∣∣∣∣+ 2µ21 |E|2
∣∣∣H − H̃

∣∣∣2
≤ 2

∣∣∣(H − H̃
)∣∣∣2 [(3κ21 + 3δ21

∣∣∣H − H̃
∣∣∣2 + 3η2 |T |

)
+ µ21 |E|2

]
≤ 2

∣∣∣(H − H̃
)∣∣∣2 [3κ21 + 3δ21 sup

t∈[0,t]

∣∣∣H − H̃
∣∣∣2 + 3η2 sup

t∈[0,t]
|T |2 + µ21 sup

t∈[0,t]
|E|2

]

≤ 2

(
3κ21 + 3δ21

∥∥∥H − H̃
∥∥∥2
∞

+ 3η2 ∥T∥2∞ + µ21 ∥E∥2∞
) ∣∣∣H − H̃

∣∣∣2 ,
by employing the norm defined before. Thus, we have∣∣∣f1 (t,H)− f1

(
t, H̃

)∣∣∣2 ≤ m1

∣∣∣H − H̃
∣∣∣ , (2.6)

where

m1 = 2

(
3κ21 + 3δ21

∥∥∥H − H̃
∥∥∥2
∞

+ 3η2 ∥T∥2∞ + µ21 ∥E∥2∞
)
. (2.7)

We will continue our proof with the second function, f2 (t, T ) Then, we obtain∣∣∣f2 (t, T )− f2

(
t, T̃
)∣∣∣2 =

∣∣∣(T − T̃
)(

κ2 − δ2

(
T − T̃

)
− ϕ1I

)
+ ε1

(
T − T̃

)
F
∣∣∣2 (2.8)

≤ 2
∣∣∣T − T̃

∣∣∣2(3κ22 + 3δ22

∣∣∣T − T̃
∣∣∣2 + 3ϕ21 |I|

2

)
+ 2ε21 |F |

2
∣∣∣T − T̃

∣∣∣2
≤ 2

∣∣∣T − T̃
∣∣∣2(3κ22 + 3δ22 sup

t∈[0,t]

∣∣∣T − T̃
∣∣∣2 + 3ϕ21 sup

t∈[0,t]
|I|2 + ε21 sup

t∈[0,t]
|F |2

)

≤ 2
∣∣∣T − T̃

∣∣∣2(3κ22 + 3δ22

∥∥∥T − T̃
∥∥∥2
∞

+ 3ϕ21

∥∥∥TI − T̃
∥∥∥2
∞

+ ε21 ∥F∥
2
∞

)
≤ m2

∣∣∣T − T̃
∣∣∣2 ,
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where

m2 =

(
6κ22 + 6δ22

∥∥∥T − T̃
∥∥∥2
∞

+ 6ϕ21

∥∥∥TI − T̃
∥∥∥2
∞

+ 2ε21 ∥F∥
2
∞

)
. (2.9)

Doing same routine for other function, we obtain∣∣∣f3 (t, I)− f3

(
t, Ĩ
)∣∣∣2 =

∣∣∣∣ qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

∣∣∣∣2 ∣∣∣I − Ĩ
∣∣∣2 (2.10)

≤

∣∣∣∣∣∣∣
2q2 sup

t∈[0,t]
|T |2

θ21 + sup
t∈[0,t]

|T |2
+

2µ23 sup
t∈[0,t]

|E|2

θ22 + sup
t∈[0,t]

|E|2
+ 4p2 + 4ϕ22 sup

t∈[0,t]
|T |2

∣∣∣∣∣∣∣
∣∣∣I − Ĩ

∣∣∣2

≤

∣∣∣∣∣ 2q2 ∥T∥2θ21 + ∥T∥2
+

2µ23 ∥E∥2

θ22 + ∥E∥2
+ 4p2 + 4ϕ22 ∥T∥

2

∣∣∣∣∣ ∣∣∣I − Ĩ
∣∣∣2

≤ m3

∣∣∣I − Ĩ
∣∣∣2 .

∣∣∣f4 (t, E)− f4

(
t, Ẽ

)∣∣∣2 =
∣∣∣ε2 (E − Ẽ

)
F − w2

(
E − Ẽ

)∣∣∣2 (2.11)

≤ 2ε22 sup
t∈[0,t]

|F |2
∣∣∣E − Ẽ

∣∣∣2 + 2w2
2

∣∣∣E − Ẽ
∣∣∣2

≤
(
2ε22 ∥F∥

2
∞ + 2w2

2

) ∣∣∣E − Ẽ
∣∣∣2

≤ m4

∣∣∣E − Ẽ
∣∣∣2 .

∣∣∣f5 (t, F )− f5

(
t, F̃

)∣∣∣2 = |κ3F (1− ε3F )|2 (2.12)

≤ 2κ23

∣∣∣F − F̃
∣∣∣2(1 + ε23 sup

t∈[0,t]

∣∣∣F − F̃
∣∣∣2)

≤ 2κ23

∣∣∣F − F̃
∣∣∣2(1 + ε23

∥∥∥F − F̃
∥∥∥2
∞

)
≤ m5

∣∣∣F − F̃
∣∣∣2 .

For the function g (x, t) , we have

|gi (x, t)− gi (x̃, t)|2 ≤ σi |x− x̃|2 . (2.13)

To proceed with the proof, we will demonstrate that the second condition of the theorem is satisfied[6].
To accomplish our goal, a similar procedure will be pursued as mentioned above. We will start with the
function f1 (t,H)

|f1 (t,H)|2 = |H (κ1 − δ1H − ηT )− µ1EH|2 (2.14)

≤ 2 |H|2
(
3κ21 + 3δ21 ∥H∥2∞ + 3η2 ∥T∥2∞

)
+ 2µ21 ∥E∥2∞ |H|2

≤ 2
(
1 +

(
3κ21 + 3δ21 ∥H∥2∞ + 3η2 ∥T∥2∞ + µ21 ∥E∥2∞

)
|H|2

)
≤ m̃1

(
1 + |H|2

)
,
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such that ϱ1 =
(
3κ21 + 3δ21 ∥H∥2∞ + 3η2 ∥T∥2∞ + µ21 ∥E∥2∞

)
< 1.

|f2 (t, T )|2 = |T (κ2 − δ2T − ϕ1I) + µ2HE + ε1TF |2 (2.15)

≤ 3 |T |2
(
3κ22 + 3δ22 ∥T∥

2
∞ + 3ϕ21 ∥I∥

2
∞

)
+ 3µ22 ∥H∥2∞ ∥E∥2∞ + 3ε21 ∥F∥

2
∞ |T |2

≤ 3µ22 ∥H∥2∞ ∥E∥2∞ +
(
9κ22 + 9δ22 ∥T∥

2
∞ + 9ϕ21 ∥I∥

2
∞ + 3ε21 ∥F∥

2
∞

)
|T |2

≤ 3µ22 ∥H∥2∞ ∥E∥2∞

1 +

(
9κ22 + 9δ22 ∥T∥

2
∞ + 9ϕ21 ∥I∥

2
∞ + 3ε21 ∥F∥

2
∞

)
3µ22 ∥H∥2∞ ∥E∥2∞

|T |2


≤ m̃2

(
1 + |T |2

)
,

where ϱ2 =

(
9κ22 + 9δ22 ∥T∥

2
∞ + 9ϕ21 ∥I∥

2
∞ + 3ε21 ∥F∥

2
∞

)
3µ22 ∥H∥2∞ ∥E∥2∞

< 1 and m̃2 = 3µ22 ∥H∥2∞ ∥E∥2∞ .

|f3 (t, I)|2 =

∣∣∣∣Λ + I

(
qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

)∣∣∣∣2 (2.16)

≤ 2Λ2 + |I|2
(

2q2 ∥T∥2∞
θ21 + ∥T∥2∞

+
2µ23 ∥E∥2∞
θ22 + ∥E∥2∞

+ 4p2 + 4ϕ22 ∥T∥
2
∞

)

≤ 2Λ2

1 +

(
2q2 ∥T∥2∞
θ21 + ∥T∥2∞

+
2µ23 ∥E∥2∞
θ22 + ∥E∥2∞

+ 4p2 + 4ϕ22 ∥T∥
2
∞

)
2Λ2

|I|2


≤ m̃3

(
1 + |I|2

)
,

where m̃3 = 2Λ2 and ϱ3 =

(
2q2 ∥T∥2∞
θ21 + ∥T∥2∞

+
2µ3 ∥E∥2∞
θ22 + ∥E∥2∞

+ 4p2 + 4ϕ22 ∥T∥
2
∞

)
< 1.

|f4 (t, E)|2 = |w1 + ε2EF − w2E|2 (2.17)

≤ 3w2
1 + 3ε22 |E|2 ∥F∥2∞ + 3w2

2 |E|2

≤ 3w2
1

(
1 +

3ε22 ∥F∥
2
∞ + 3w2

2

3w2
1

|E|2
)

≤ m̃4

(
1 + |E|2

)
,

noting that m̃4 = 3w2
1 and ϱ4 =

ε2 ∥F∥2∞ + w2
2

w2
1

< 1,

|f5 (t, F )|2 = |κ3F (1− ε3F )|2 (2.18)

≤ 2κ23 |F |
2
(
1 + ε23 ∥F∥

2
∞

)
≤ 2

(
1 + ε23 ∥F∥

2
∞

)(
1 + κ23 |F |

2
)

≤ m̃5

(
1 + |F |2

)
,
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where m̃5 =
(
1 + ε23 ∥F∥

2
∞

)
and ϱ5 = κ23 < 1. For the function g(x, t), we obtain

|gi (x, t)|2 = σ2i |x|
2 (2.19)

≤ σ2i

(
1 + |x|2

)
≤ mi

(
1 + |x|2

)
,

where mi = σ2i . The system has a unique solution under the condition

max {ϱ1, ϱ2, ϱ3, ϱ4, ϱ5} < 1, (2.20)

It is worth noting that the Picard iteration can be employed to demonstrate the existence of the solution
model. We will not address this here in order to proceed with further analysis. However, more information
about the proof can be found in [6].

2.1. Global positive solution of stochastic model

In this subsection, we analyze the global positivity of the stochastic model that takes into account the
interactions between tumors, estrogen, fat, and immune cells[21]. To achieve this aim, we will make use of
the theorem presented below [1-6].

Theorem 2.2. Let us consider a stochastic tumor growth model with initial data

T̃ (0) = (H (0) , T (0) , I (0) , E (0) , F (0)) ∈ R5
+.

Then, there exists a non-negative solution T̃ (t) = (H (t) , T (t) , I (t) , E (t) , F (t)) for ∀ t ≥ 0 such that
the solution of the system will remain within R5

+ almost surely.

Proof. Since the coefficients of the system satisfy the local Lipschitz condition, then the stochastic system
has a unique solution T̃ (t) ∈ R5

+ for t ∈ [0, τe] , where τe is known as the explosion time[1-6]. Our aim is to
prove that this solution is global. In other words, we need to demonstrate that τe = ∞ it probability one
for each γ ≥ γ0, γ ∈ N, We define the stopping

τγ =

{
t ∈ (0, τe) : min

{
T̃ (t)

}
≤ 1

γ
or max

{
T̃ (t)

}
≥ γ

}
, (2.21)

assuming that γ is sufficiently large such that T̃ (0) ∈
{

1

τγ
, τγ

}
.By the definition of the stopping time, τγ

is increasing, where γ → ∞. Let τ∞ = lim
γ→∞

τγ then τ∞ ≤ τe. Then we must show that τ∞ = ∞ with

probability one, then τe = ∞ almost surely and T̃ (t) ∈ R5
+ for each t ≥ 0. Where it is incorrect, there exists

a pair ψ (t) ≥ 0 and ε ∈ (0, 1) such that
P {r∞ ≤ ψ} > ε. (2.22)

By the Lyapunov functional methodology, one can conclude that the stochastic system admits the existence
of a global positive solution. Thus, we define a C2−function Φ : R5

+ → R given by

Φ (H, T, I, E, F ) = H + T + I + E + F − 5− (lnH + lnT + ln I + lnE + lnF ) . (2.23)
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Obviously, Φ ≥ 0 since c− 1− ln c ≥ 0 for all c > 0. Applying the Ito formula, we can obtain the following
result

dΦ (H, T, I, E, F ) =

(
1− 1

H

)
dt+ σ1 (H − 1) dB1 (t) (2.24)

+

(
1− 1

T

)
dt+ σ2 (T − 1) dB2 (t)

+

(
1− 1

I

)
dt+ σ3 (I − 1) dB3 (t)

+

(
1− 1

E

)
dt+ σ4 (E − 1) dB4 (t)

+

(
1− 1

F

)
dt+ σ5 (F − 1) dB5 (t)

= αΦ (H, T, I, E, F ) dt+ σ1 (H − 1) dB1 (t) + σ2 (T − 1) dB2 (t)

+σ3 (I − 1) dB3 (t) + σ4 (E − 1) dB4 (t) + σ5 (F − 1) dB5 (t) ,

noting that dΦ : R5
+ → R.Replacing the right-side function of the system (1.14) into the above equation

leads to

dΦ =

(
1− 1

H

)
{H (κ1 − δ1H − ηT )− µ1HE}+ σ21

2
(2.25)

+

(
1− 1

T

)
{T (κ2 − δ2T − ϕ1I) + µ2HE + ε1TF}+

σ22
2

+

(
1− 1

I

){
Λ + I

(
qT

θ1 + T
− µ3E

θ2 + E
− p− ϕ2T

)}
+
σ23
2

+

(
1− 1

E

)
{w1 + ε2EF − w2E}+ σ24

2

+

(
1− 1

F

)
{κ3F (1− ε3F )}+

σ25
2

≤ κ1H + δ1 + ηT + µ1E + κ2T + µ2HE + ε1TF + δ2ϕ1
I

T

Λ + I
qT

θ1 + T
+ I

µ3E

θ2 + E
+
p

I
+
ϕ2T

I
+ w1 + ε2EF

+w2 + κ3F + κ3ε3F +
σ21 + σ22 + σ23 + σ24 + σ25

2
= K,

where K is positive and not dependent on time and T̃ (t) . Thus we have the following

dΦ (H, T, I, E, F ) ≤ Kdt+ σ1 (H − 1) dB1 (t) + σ2 (T − 1) dB2 (t) (2.26)

+σ3 (I − 1) dB3 (t) + σ4 (E − 1) dB4 (t)

+σ5 (F − 1) dB5 (t) .

Applying the integral to the equation above and then taking the expected value E on both sides, we obtain

E
[
Φ
(
T̃ (τγ ∧ ψ)

)]
≤ E

[
Φ
(
T̃ (0)

)]
+Kψ. (2.27)

Setting Fγ = τγ ≤ ψ for γ ≥ γ0 and then P (Fγ) ≥ ε.
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For each w ∈ Fγ there exist at least one of H (τγ ∧ ψ) , T (τγ ∧ ψ) , I (τγ ∧ ψ) , E (τγ ∧ ψ) or F (τγ ∧ ψ)

equaling γ or
1

γ
. Then, we obtain

Φ
(
T̃ (τγ ∧ ψ)

)
≥ (γ − 1− ln γ) ∧

(
1

γ
− 1− ln γ

)
. (2.28)

In view of (2.27), one obtains

EΦ
(
T̃ (0)

)
+Kψ ≥ E

(
1FwΦ

(
T̃ (τγ ∧ ψ)

))
(2.29)

≥ ε

{
(γ − 1− ln γ) ∧

(
1

γ
− 1− ln γ

)}
,

where 1Fw stands for the indicator function of Fγ . As γ → ∞, we obtain

∞ > EΦ
(
T̃ (0)

)
+Kψ = ∞, (2.30)

which is a contradiction. Thus, we conclude that τ∞ = ∞ with probability one, which completes the
proof.

3. Numerical simulation

3.1. Numerical solution of tumor growth model with deterministic and stochastic approaches:

In this subsection, we present the numerical solution of the tumor growth model with deterministic and
stochastic approaches. Using the same notations as in equation (2.4), the deterministic model is represented
by:

x
′
(t) = f (x, t) , (3.1)

x (0) = x0,

and stochastic model is as follows:
dx = f (x, t) dt+ σixdBi (t) . (3.2)

Integration above, we obtain

x (t) = x0 + (1− α) f (x, t) + α

∫ t

0
f (s, x) ds (3.3)

+ (1− α)σixdBi (t) + α

∫ t

0
σix (s) dBi (t) .

Considering at t = tn and t = tn+1 and replacing the function f (x, t) by its Newton polynomial [22] we
obtain the following numerical scheme

xn+1 = xn + (1− α)
(
f
(
tn+1, x̃

n+1
)
− f (tn, x̃

n)
)
+

(1− α)

h
σi
(
x̃n+1 − x̃n

)
(3.4)

(Bi (tn+1)−B (tn)) + αh

(
5h

12
f
(
tn−2, x

n−2
)
− 4

3
f
(
tn−1, x

n−1
)
+

23

12
f (tn, xn)

)
+σix (cn) (Bi (tn+1)−Bi (tn)) ,

where cn ∈ [tn, tn+1] . We need to calculate the predictor term due to the definition of Caputo-Fabrizio
fractional derivative[18]. Using Euler approximation, the predictor term is obtained as

x̃n+1 = x0 + (1− α) f (tn, x
n) + αh

n∑
k=0

f
(
tk, x

k
)
. (3.5)
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Remark 3.1. We recover stochastic for classical when α = 1. When the stochastic constant σi = 0, we
retrieve the deterministic case for Caputo-Fabrizio, and also the classical case when α = 1.

For the Atangana Baleanu case[19], the model is modified by:

AB
0 Dα

t x (t) = f (t, x) + σixdBi (t) . (3.6)

Applying the integral, we have

x (t) = x0 + (1− α) f (x, t) +
α

Γ (α)

∫ t

0
f (s, x) (t− s)α−1 ds (3.7)

+ (1− α)σixdBi (t) +
α

Γ (α)

∫ t

0
σix (s) dBi (s) .

Then, the numerical scheme is obtained as follows:

xn+1 =



x (0) + (1− α) f
(
tn+1, x̃

n+1
)
+

αhα

Γ (α+ 1)

∑n
k=2 f

(
tk−2, x

k−2
)
Π1

n,k

+
αhα

Γ (α+ 2)

∑n
k=2

[
f
(
tk−1, x

k−1
)
− f

(
tk−2, x

k−2
)]

Π2
n,k

+
αhα

Γ (α+ 3)

∑n
k=2

[
f
(
tk, x

k
)
− 2f

(
tk−1, x

k−1
)
+ f

(
tk−2, x

k−2
)]

Π3
n,k, t0 ≤ t ≤ T

+
∑n

k=0 σix (ck) (Bi (tk+1)−Bi (tk)) ,

, (3.8)

where

Π1
n,k = [(n− k + 1)α − (n− k)α] , (3.9)

Π2
n,k =

[
(n− k + 1)α (n− k + 3 + 2α)
− (n− k)α (n− k + 3 + 3α)

]
,

Π3
n,k =

 (n− k + 1)α
(

2 (n− k)2 + (3α+ 10) (n− k)
+2α2 + 9α+ 12

)
− (n− k)α

(
2 (n− k)2 + (5α+ 10) (n− k)

+6α2 + 18α+ 12

)
 .

For the second scenario, we consider:

C
0 D

α
t x (t) = f (x, t) + σixdBi (t) , (3.10)

where the derivative is with Caputo fractional derivative[17]. In this case, the numerical scheme is as follows:

xn+1 =



x (0) +
hα

Γ (α+ 1)

∑n
k=2 f

(
tk−2, x

k−2
)
Π1

n,k

+
hα

Γ (α+ 2)

∑n
k=2

[
f
(
tk−1, x

k−1
)
− f

(
tk−2, x

k−2
)]

Π2
n,k

+
hα

Γ (α+ 3)

∑n
k=2

[
f
(
tk, x

k
)
− 2f

(
tk−1, x

k−1
)
+ f

(
tk−2, x

k−2
)]

Π3
n,k, t0 ≤ t ≤ T

+
∑n

k=0 σix (ck) (Bi (tk+1)−Bi (tk))

. (3.11)

Figures 1-3 illustrate numerical simulations of both deterministic and stochastic approaches for each class
in the model.
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Figure 1: The graphical representation for the classes H(t) and T (t)

  

Figure 2: The graphical representation for the classes I(t) and E(t)
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Figure 3: The graphical representation for the class F (t).

4. Numerical solution of the deterministic-stochastic tumor growth model

Natural processes can exist that can facilitate the evolution from memory-less behaviors to behaviors that
include memory or nonlocal behaviors. Moreover, because nature is highly intricate, numerous real-world
problems involve overlapping processes that can be addressed through stochastic-fractional or fractional-
stochastic methodologies. The piecewise model discussed here seeks to model real-world scenarios where
initially there are memoryless processes followed by processes with memory, specifically focusing on power
law memory or Mittag-Leffler process. Therefore, in this section, we aim to construct the numerical solution
for the deterministic-stochastic tumor growth model, estimated by employing the piecewise derivative [20].
This derivative is useful in modeling real-world problems with crossover processes, as it suggests the use of
differential operators that can handle different processes at different time intervals. Moreover, the fact that
many differential operators have been defined in the literature and the possibility of using them together with
the help of this derivative [20]. The use of the piecewise derivative can be chosen according to the behavior
of the process, and different scenarios can be taken into account in order to observe different outcomes of
the system.

Here, we will explore two scenarios for the tumor growth model. First scenario will be to consider
model with stochastic and Atangana-Baleanu cases due to its nonlocal property effect, second scenario is to
consider model with Caputo case and stochastic components.

We start with first scenario which is represented by

dx = f (x, t) dt+ σixdBi (t) , 0 ≤ t ≤ t0. (4.1)
AB
t0 Dα

t x (t) = f (x, t) , t0 ≤ t ≤ T.

Applying the associated integral, we obtain

x (t) =


{
x (0) +

∫ t
0 f (x, s) ds+

∫ t
0 σix (s) dBi (s) , 0 ≤ t ≤ t0,{

x (t0) + (1− α) f (x, t) +
α

Γ (α)

∫ t
0 f (x, s) (t− s)α−1 ds, t0 ≤ t ≤ T

. (4.2)

We consider above at t = tn+1, and replace the function f (x, t) by its Newton polynomial [22]. Thus, we
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Figure 4: The graphical representation for each class with stochastic-deterministic approaches. For α = 0.99, σ1 = 0.14,
σ2 = 0.15, σ3 = 0.16, σ4 = 0.17, σ5 = 0.18.

obtain

xn+1 =



{
x (0) + h

∑m
k=0 f

(
tk, x

k
)
+
∑m

k=0 σix (ck) (Bi (tk+1)−Bi (tk)) , 0 ≤ t ≤ t0,

x (t0) + (1− α) f
(
tn+1, x̃

n+1
)

+
αhα

Γ (α+ 2)

∑n
k=m+3 f

(
tk−2, x

k−2
)
Π1

n,k

+
αhα

Γ (α+ 1)

∑n
k=m+3

[
f
(
tk−1, x

k−1
)
− f

(
tk−2, x

k−2
)]

Π2
n,k

+
αhα

Γ (α+ 3)

∑n
k=m+3

[
f
(
tk, x

k
)
− 2f

(
tk−1, x

k−1
)

+f
(
tk−2, x

k−2
) ]

Π3
n,k, t0 ≤ t ≤ T.

, (4.3)

where the predictor component is calculated as

x̃n+1 = x0 + (1− α) f (tn, x
n) +

α

Γ (α)

n∑
k=0

f
(
tk, x

k
)
Π1

n,k. (4.4)

Figures 4-5 display the outcomes of numerical simulations conducted on the stochastic-deterministic model,
which combines stochastic processes within the interval [0, 80] and deterministic processes within the interval
[80, 160] using piecewise derivatives.

We now consider stochastic and Caputo case

dx = f (x, t) dt+ σixdBi (t) , 0 ≤ t ≤ t0. (4.5)
C
t0D

α
t x (t) , t0 ≤ t ≤ T.
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Figure 5: The graphical representation for each class with stochastic-deterministic approaches. For α = 0.95, σ1 = 0.14,
σ2 = 0.15, σ3 = 0.16, σ4 = 0.17, σ5 = 0.18.

Applying the associated integral, we obtain

x (t) =


{
x (0) +

∫ t
0 f (x, s) ds+

∫ t
0 σix (s) dBi (s) , 0 ≤ t ≤ t0 ,{

x (t0) +
1

Γ (α)

∫ t
0 f (x, s) (t− s)α−1 ds, t0 ≤ t ≤ T

. (4.6)

We consider above at t = tn+1, and replace the function f (x, t) by its Newton polynomial. Thus, we obtain

xn+1 =



{
x (0) + h

∑m
k=0 f

(
tk, x

k
)
+
∑m

k=0 σix (ck) (Bi (tk+1)−Bi (tk)) , 0 ≤ t ≤ t0,

x (t0) +
hα

Γ (α+ 1)

∑n
k=m+3 f

(
tk−2, x

k−2
)
Π1

n,k

+
hα

Γ (α+ 2)

∑n
k=m+3

[
f
(
tk−1, x

k−1
)
− f

(
tk−2, x

k−2
)]

Π2
n,k

+
hα

Γ (α+ 3)

∑n
k=m+3

[
f
(
tk, x

k
)
− 2f

(
tk−1, x

k−1
)

+f
(
tk−2, x

k−2
) ]

Π3
n,k, t0 ≤ t ≤ T

. (4.7)

The predictor component is calculated as

x̃n+1 = x0 +
1

Γ (α)

n∑
k=0

f
(
tk, x

k
)
Π1

n,k. (4.8)

Figures 6-7 illustrate the results of numerical simulations from a stochastic-deterministic model that in-
corporates stochastic processes within the interval [0, 60] and deterministic processes within the interval
[60, 160] using piecewise derivatives.

5. Conclusion

As a result of introducing the theory of fractional calculus, new doors have been opened for the devel-
opment of fractional differential operators and their application to real-world problems. We obtained the
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Figure 6: The graphical representation for each class with deterministic-stochastic approaches. For α = 0.99, σ1 = 0.14,
σ2 = 0.22, σ3 = 0.25, σ4 = 0.11, σ5 = 0.13.

 

Figure 7: The graphical representation for each class with deterministic-stochastic approaches. For α = 0.95, σ1 = 0.14,
σ2 = 0.22, σ3 = 0.25, σ4 = 0.11, σ5 = 0.13.
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conditions under which the solution of the stochastic model exist and unique. Considering that real-world
problems have crossover tendencies, the deterministic-stochastic model has been taken into account as a
result of the need to use a piecewise differential operator. Thus, simulations that provide more realistic and
different scenarios for the model considered are presented. To verify the obtained analytical results, several
numerical simulations are carried out by employing a numerical method based on the Newton polynomial.
When the simulations are examined, it has been concluded that more realistic and different scenarios have
been obtained for the considered model. We believe that this study, which combines deterministic and
stochastic approaches, will make significant contributions to the literature as it can be applied to models in
different disciplines.
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[4] İğret Araz S., Çetin MA., Atangana A., Existence, uniqueness and numerical solution of stochastic fractional
differential equations with integer and non-integer orders, Electronic Research Archive, 32 (2), 2024.

[5] Zhang Y., Ma X., Din A., Stationary distribution and extinction of a stochastic SEIQ epidemic model with a
general incidence function and temporary immunity, AIMS Mathematics, 6 (11), 2021, 12359-12378.

[6] Atangana A., Igret Araz S., Fractional Stochastic Differential Equations Applications to Covid-19 Modeling,
Springer, 2022. 2, 2, 2

[7] Atangana A., Igret Araz S. (2020). Nonlinear equations with global differential and integral operators: Existence,
uniqueness with application to epidemiology. Results in Physics, 103593.

[8] Boubekeur, M. A., Belhamiti, O. Modeling the impact of Obesity on Covid-19 dynamics: A stochastic and
deterministic models. Journal of Prime Research in Mathematics, 20(1),2024

[9] McKenna M.T., Weis J.A., Barnes S.L., Tyson D.R., Miga M.I., Quaranta V., Yankeelov T.E. A Predictive
Mathematical Modeling Approach for the Study of Doxorubicin Treatment in Triple Negative Breast Cancer. Sci.
Rep. 2017;7:1–14. 1

[10] Mehdizadeh R., Shariatpanahi S.P., Goliaei B., Peyvandi S., Rüegg C. Dormant tumor cell vaccination: A
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