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Abstract

In this work, we concentrate on a boundary value problem set on a singular domain containing a cuspidial
point. In our study, we obtain some existence and maximal regularity results. Our strategy is based on the
study of a boundary value problems for a class of the complete abstract fourth-order differential equations
involving fractional powers of unbounded linear operators.
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1. Origin of the Problem and Motivation

Let Rt = [0, +0o[. In this work, we assume that x = (1,29, 3) is a generic point of R3. Let I C R3
be a cusp domain defined by

Mi=dzeR¥:0<a<1, (2 2 Veal o>,
(z3)"" (z3)

where Q C R? is a bounded smooth domain.
In the cusp domain R* x II, we consider the following problem

(pj (x) (=A)") amute) = f(ta), (1.1)

a4 3
=1

U (t,z) + (1 + pg (2))(—A) " (t, ) +

J
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where v € ]0,1] and A is the classical Laplace operator on R? defined by A = Y72, 92 .. The functions p;(-),
j=1,2,3,4, are continuous real functions defined on II such that

KETOOHPJ' (‘a-v’i) < +oo, j=1234
The right hand side of equation (1.1]) is assumed to belong to the Hilbert space L2(R* xII) = L?(R*; L? (IT)).
We will also accompany to (|1.1)) some boundary conditions and initial conditions involving Laplace operator.
More precisely, we look for a solution u(-) satisfying

d a3
au =0, ZZ4+b(-A)u ~0. (1.3)
dt 1oy dt {0} xII

with b € C. Evolution equations involving Laplace operator have significant applications in physics and
engineering, especially in fluid and solid mechanics. Furthermore, in the static case this type of equations
furnish us a model to study travelling waves in suspension bridges. Many studies have been carried out
about some simple situations dealing with regular domains. In our study, the choice of equation is
justified by the fact that it appears in various modeling of concrete phenomena such as circulation of fluids
on lungs [17], ice formation [2I], and brain warping [24].

Note that problems involving higher-order PDEs and complex geometries are more difficult to solve than
those with second-order PDEs and regular geometries. The approach adopted in this work is mainly based
on the use of the theory of the abstract differential equations. Recall that this technique was used in many
works; see, e.g., [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [L6] and [22]. The first step is to transform the
cusp domain RT x II into a cylindrical one. To do this, we consider the following change of variables

T: RY xII - R* xQ,
(t,x) = (t,€),

where & = (£1, &2, £3) is also a new generic point of R? such that

! @ (zy)
51 — ([Eg)a’ 62 — (.’I)3)a and 53 — a—_1 . (14)
Here,
Q = x ]5370,—}—00[,
with

1
§30=——7>0;
a—1

this means that, for every 3 € ]0,1[ and (z1,x2) € Q, we have

lim U(xq,x9,23) = Q x {400},

x3—>0+
and
lim W(x1, 20, 23) = Q x {&30}
xr3—1

In this study, we confine ourselves to the neighborhood of the origin Ogs; this means that we consider
the case in which &3 > &3 is large enough. At this level, let us introduce the following change of functions

v(t,§) =ult,z), g(t,§=7/,(z).
According to (1.4)), it is easy to check that

f € L*R" xII) if and only if <> e ge L*(RT xQ)), (1.5)
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where ]
f=—=a—-1
Y
To avoid the use of weighted L?-spaces, we opt for the use of a new change of functions given by
g i
v=|—| w, h=|(-—
<£3> <£3> !
with
s=2 3 +2
B \ 8v
As a direct consequence, the problem ([1.1))-(|1.2))-(1.3)) is written as follows
d > d4*
Pu(€s) g0 (6,€) + (1L 04 (D) w (1, + " (0 ) v O =hEE,  (16)
7j=1
Wlg+wog =0 (1.7)
and p B
w
a =0, (f?»)ﬁ + (L)% =0. (1.8)
{0}x@ {O}XQ
Here 1 7
. ( )% 2t3) ) <7>“(8v £)
1\S3 ) 3 - )
€3 3
and ]
EZ—A—FgM, 53 >£3,0>O7
3
where M is the second-order differential operator with smooth coefficients given by
[Muw] (5)
= ( 2851 +§ 35211) + 251528&1621”}
+ 2047 {5135153w + 6205,¢,w}
+ (ary — 25) Og,w
a
+ g (@t 1)y =2 {6105 w + g w)
—i{s—kl—i-a’y}w.
&3
Note also that the family of functions o; (§), j € {1,2, 3,4} are defined as follows
~ 56— '
O-](g) = E& p(g)a]€{1727374}
Due to the change of variables ¥ defined by (1.4), these functions are bounded on R x Q.
Observe that the study of ([1.6])-(1.7)-(1.8) needs the investigation of the following abstract problem:
d*w(t) 1, ! d4 Jw(t .
i A Z —a _h(t), t e RY, (1.9)
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endowed with the initial conditions
dw(0) d3w(0)
dt dt3

where the vector-valued functions w and h are defined by

=0, + Kw(0) = 0. (1.10)

w:RT = H;t—w(t); wt)(E)=w,
h:RY — H; t—h(t); h)(&) =h(t¢

with H = L?(Q). Here,

{D<Aj> ={o e L2 (@) 450 € I2(Q), dlpg =0} (1.11)
(Aj9) (€)= [o5(O)(=A)V"] ¢ (8), j=1,2,3,4,
and

{ D(4) = {qb €L*(Q): Ap € L*(Q), Plag = 0} ) (1.12)

(A9) (&) =—-A¢(¢).
We define the operator K by
{ D(K) ={¢el*(Q):Kpel*Q)}, (1.13)
(K9)(6) =b[(-0)*] (). |

Following [19] and [5], the fractional power of the operator (1.12]) is well defined. Furthermore, we
have the following practical characterization of D(A") through the classical Sobolev spaces. For the reader
convenience, we recall that

H?(Q), 0<wv<1/4,
oy _ ) H (@), v=1/4,
D(A%) = H%%(Q), 1/4 <v<1/2, (1.14)

H™(Q) N HY(Q), 1/2<v<;

here, Héé2(Q) is the interpolation space defined in [20, Chapter, p. 66].

2. Statement of the Abstract Problem

In this section, a particular attention is given to the study of a general class of the abstract fourth-order
differential equations with operator coefficients posed in Hilbert spaces.

2.1. Preliminaries

We consider a complex separable Hilbert space H and a self-adjoint positive-definite operator A in H.
By H,, v > 0 we denote the scale of Hilbert spaces generated by the operator A", i.e.,

Hy,:=D(A%); (z,y), = (A%, A%), z, y € D(A").

Consider the Hilbert space L?(R*; H) consisting of all H-valued functions defined on R*, endowed with its

natural norm
“+o00
1l ean) = ( [ o dt)

According to Theorem 1.5.15 in [23], it is well established that AY is a self-adjoint positive definite
operator for v > 0. This allows us to define the Sobolev space W*V(R*; H) as follows:

1/2

WA (RT; H) = {w cw® e LARY H), A%w e L2(R+;H)} . (2.1)
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endowed with the norm

1/2
v 2
[ (H o —— wHLz(RﬁH)) ,

For more details about these spaces, see [20, Chapter 1].
Let us consider the following abstract differential equation

d*w(t)
dt*

4—j
+ Aty <+§: dtfg = h(t), t € RT, (2.2)

where v € ]0,1], h € L? (R*, H) and Aj, j =1,2,3,4, are linear operators acting on H. We also assume
that Eq. (2.2)) is accompanied with the following nonhomogeneous abstract boundary conditions:

dw(0) d*w(0)

R A Kw(0) = 2.3

dt ©1, dt3 + ( ) 2, ( )
with K being an element of L(Hz, /2, H,/2), ¢1 € Hs, /o and 2 € H,,9; here, L(X,Y) denotes the space of
linear bounded operators acting from the space X to the space Y. Note here that the closed operator AY,
v € ]0,1[ is boundedly invertible with inverse A~. For further information, we refer the reader to [3] and
22].

First of all, we seek for a regular solution for (2.2)), i.e., a vectorial function w € W4V (R*; H) satisfying
(2.2)-(2.3) a.e. in RT. Next, we provide some necessary conditions ensuring the regular solvability of our
problem ([2.2)-(2.3)). For the reader convenience, we recall also that the problem ([2.2)-(2.3)) is said to be
regularly solvable if and only if it admits a regular solution w(-) which satisfies the following conditions

lim M — =0,

t—0|| dt Hyy o

and

.|l dPw(t)

%gr(l) 02 w+ Kw(t) — 2 =0

HU/Z

and for any h € L?>(RT; H), there exists C > 0 such that

lwllwaw@s;my < C Il 2@+ m) -

In the current literature, we find many works considering various classes of the fourth-order operator-
differential equations. For example, in [2], some optimal results about the existence and uniqueness of
regular solutions have been established for the problem

dzﬁt) + Atw(t) + 2 A ! d;wj(t) = h(t), t € R,
(2.4)
d3w(t) B d*w ( ) dw(0)
dt? 0)=0, = — K a0

where
o heL?(RF:H),
e (A, D(A)) is a self-adjoint positive definite operator in a Hilbert space H,
o Aj, j€{1,2,3,4} are, in general, linear unbounded operators,

[ ] K S E(H5/2,H3/2).
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In [I], many interesting regularity results are established for the problem

4 4 4—j
4 w(t) + Atw(t) + > Ajdiﬁ”@ =h(t), t e RT,
dt4 j=1 dt4 J (2 5)
d*>w(0 dw(0 '
w(0) = ¢ € Hy )y, dtg ) _ K d(t ) _ Y € Hy)o,

with the same assumptions as above. In the same direction, in [I8] we find a complete study concerning the
problem

diw(t 4 ghw(t

;I;E) + p(t) A4w(t) +J§1 Ajdt:U]() — h(t), te R+,
d

w(@) =, 20—y,

with p being a scalar measurable function in R™. In this paper, it is clear that, due to the presence of
operator A%, v €]0,1], the problem (2.2))-(2.3) can be viewed, in some sense, as a generalization of (2.5).

2.2. Ezistence of reqular solution
In the sequel, the abbreviation Wf(’U(RJ“; H) stands for the space defined by

W' (RY H) = {w: we W(RT; H),w'(0) = 0,w"(0) = ~Kw(0)},
where K € L(Hzy /2, Hy ) 2)-
Remark 2.1. As a direct consequence of the well known Lions-Peetre interpolation, the traces
w”(0) and Kw(0)
are well defined, see [20, Chapter 1]. Furthermore, for w € W4Y(R*; H), one has
w’(0) € D(AT279)) | j=0,1,2,3,

and the mapping
W4’U(R+;H) N 1‘[;"):013(141)(7/271'))7
w = {wd(0)}, 0<j <3,
is surjective; see also Theorem 3.1 in [20), Chapter 1].
The fist step of our strategy is based on the study of the principal part of Eq. (2.2)); that is
d*w(t)
dtt

+ A%w(t) = h(t), t € RT, (2.6)
equipped with the homogeneous initial conditions

dw(0)
dt

d3w(0)
dt3

— 0, + Kw(0) = 0. (2.7)

Towards this end, let us denote by Py the operator defined as follows

Py: Wg'(RT;H) —>L2(R+;H)C%4 o
w(t
dtt

(2.8)

w — Pyw(t) = + Afw(t).

We have the following:
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Lemma 2.2. Let B be the operator defined by
B = A"PKAT™2,

Assume that —/2 ¢ o(B). Then the equation

Pyw(t) =0
has only a zero solution.
Proof. As in [2], we look for a solution of equation

Pyw(t) =0,
set on the space W4V (R*; H). This solution has the next standard form

wo(t) = M4 ¢y + ™ gy, t e RT,

where (eM4");>0, (€7'4”);50 are the Cyp-semigroups generated by 71 AV and 72 AV, respectively,

1 1 1 1
e — +—j and = ——= — —i,
m NG 2 NG
with ¢1, ¢2 € Hy,/o. Taking into account conditions (2.7)), we obtain
{ mA o1 + npAvd2 = 0, (2.9)
A3 (nien + 1) = —K (¢1 + o). '
A direct computation implies that
o = — g, (2.10)
2
and
(V2 + B)A™%¢; =0, (2.11)
where I denotes the identity operator. Keeping in mind that —v/2 ¢ o(B), this leads to ¢; = 0 and from
(2.10) it results that ¢o = 0. Therefore, wy(t) = 0. O

Now, we are able to state our main result concerning the solvability of problem (2.6))-(2.7]):
Theorem 2.3. Let B be the operator defined by
B = A”/zKA_7“/2,
and let —/2 ¢ o(B). Then, the problem ([2.6)-[2.7) has a unique reqular solution w € W?}’U(R+; H).
Proof. Step 1 Thanks to Lemma we know that the problem

4

dwlt) | grvypy =0, t e RY, (2.12)
att

dw(0)  dPw(0)
—— =0, e = —Ku(0) (2.13)

has only zero solution in W?(’U(R*;H ). Let us show that the equation Pyw(t) = h(t) has a solution
w € Wé’v(R*; H) for every h € L*>(RT; H). First, set

f(t)a t >0,
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Let H(¢) be the Fourier transform of F(t), i.e.,

A~

1 +oo ict

Then, performing the direct and inverse Fourier transforms, it is clear that the vector-valued function

1 400 400 ) )
o(t) = o / (¢ 4 At)~? < / h(s)e‘zcsds> elde, t e R, (2.14)
T J—c0 0
satisfies the equation
d41}(t) 4u :
7 + A™v(t) = H(t) a.e. inR.

Now, we prove that v(-) defined by the formula (2.14)) belongs to the space WV (R*; H). By Plancherel’s
theorem, we have:

2 2 v 2
HU||W4W(R+;H) = H”(4)HZL2(R+;H) + HA4 ”H2L2(R+;H)
= [|¢*0]| ooy + A0 oy 5
hence,
||UH%/V4»U(R+;H)
2 2
_ 44 4u\—1 13 4u (4 4o\ —1 173
e anmaf, ., e an il
Then

HUHIZ/V%U(RJQH)
v\ — v v\— 2
< (ggﬂg\}é“(f“HA“ Ve +sup AT+ A7) 1|\£(H,H)> 1 122 o) -

According to the classical spectral theory of self-adjoint operators, we obtain

40 4 4uv\—1 404 4\—1
T+ A Y s [ <

and
HA4U(<4I+A4U < sup ’)\4((4_1_)\4)—1} < 1;
A

)_IHE(H,H) ot

hence v € W4Y(R; H).
Step 2 Put
wit) = v(t)|g

Then w; € W4V (R*; H) and satisfies the equation (2.6) almost everywhere in R*. On the other hand, the
trace theorem [20), Chapter 1] yields that

djwl (0)
dtt

Similarly, as in the previous step, the solution of problem (2.6)-(2.7) can be written in the following form

€ H(7/2—j)v7 ] = O’ 17273'

w(t) = wq (t) + emtAU(bl + enztA“ng’

where
+ ——i and _o o1,
mE=T A A

1
V2

Sl

m=-
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®1, ¢2 € Hyy ) o; see also (2.7). Consequently, we obtain the following system
dw1(0
1O |y 409y + 1AV =0,
dggtl(o) (2.15)
T A g1 + 3 A% g = —K (w1(0) + ¢1 + b2).
Taking into account that
m 1 dw1 (0)
— M, S ,
P2 T ¥1 - di

and keeping in mind the condition —v/2 ¢ o(B), we deduce that
p1 = ATTP(V2I + B) ATy € Hyy o,

where

dw1 (0)

+ le(O) —w KA™Y

1—i 3
n=— ZA—?)U <d wl(o) + ZA2wa1(O)

2 dt? dt

Hyy .

Thus, w belongs to the space W4V(RT; H) and it is a solution to the problem (2.6)-(2.7). Moreover, the

operator
Py : W' (RY; H) — L*(R*; H),

is bounded. In fact, we have

d*w(t) 2

dt*

+ A% w(t) <2 Hw”%/[/‘l»U(RJr;H) :

2
[ Powl[72(m+my = ‘
L2(R+:H)

Therefore, by the Banach inverse operator theorem, we deduce that operator Py is invertible and

Pyl LA(RT H) — W' (RT; H).
Furthermore, this operator is bounded and we obtain

lwllwaw@s;my < C Il L2 @+ m) -

As a direct consequence of Lemma and Theorem [2.3) we have:

Corollary 2.4. Let B be the linear operator defined by
B — 1411/2}-(14—711/27
and let —/2 ¢ o(B). Then the operator Py defined by (2.8) is an isomorphism.

Let us prove now the following coercive inequality, which will be used later on:

Lemma 2.5. Let B the linear operator defined by B = AY/2K A~"/2 with Re (B) > 0. Then, for every

w e W;‘(’U(RJF; H), the following inequality holds true:

Pwl?
A2’U et
dt?

L2(R+;H)

2 2
= I 2\

(2.16)
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Proof. For w € W;}’U(R*; H), we have

1 Pywl[72 g+ 1) (2.17)
H dhw |)?

d4
e + HA4UwH2L?(R+;H) +2Re << — At >L2(R+;H)> :

dtt’

L2(R+;H)

On the other hand, integrating by parts, we obtain

d4 ) d3 4vu e +o0 dgw(t) 4v dw(t)
<ﬁ"4 W >Rty = [< dt3()A ()>]0 b < s VA 7 > dt
- d?w(t d?w(t
= < Kw(0), A%w(0) > + [ < A% ;;2(),/1% ;;2()>dt (2.18)
2 2
= < BA™/2w(0), A7 2w (0) > + ‘ Azl .
At || 2oy

Taking into account the fact that Re (B) > 0, the estimate (2.16) is easily deduced from relation (2.18]). [

Observe here that Corollary implies that the quantity ||Pow| p2(g+, ) is equivalent to [|w|lyya.v e+, m

in the space W?(’U (R*; H). Moreover, the norms of the intermediate derivative operators

I ] 4 ‘
Aoy W (R H) — L*(RY;H), j=1,2,3,4,
can be estimated with respect to || Pow||p2(g+,zy (by the same continuity argument used in [20]).

Theorem 2.6. Under the assumptions of Lemma[2.5, the following estimates hold true

jvd4ijw .
A it || < a; [|Powll p2ge,my . J=1,2,3,4, (2.19)
(RF;H)
for any w € W' (R H) with
1 1
w=m=a=1 a=g o=

Proof. Let w € W;‘(’U(R*; H). From the equality (2.18), we have

Re (< Pyw, At w >L2(R+;H))
d2w||?

A% gy + e (< BA 0 0), 47 0(0) >+ 4%

L2(R+5H)
Then we can see that

) 2
9 d°W

Re (< Pow, A0 > paga ) > [|A%0] o gy + HA s

L2(R+;H)

Applying the Cauchy-Schwarz inequality and the Young inequality, we conclude that

d?
HA4UwHiQ(R+;H) HAQU d;zu < ||P0wHL2(R+;H) HA4UwHL2(R+;H) ) (2‘20)
L2(R+;H)
from which we may deduce that
4v 2 2vd w d 1 4v 2
4w e )W4ﬁ2mww NPl + o A0 220
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with § > 0.

Choosing § = % in 1} we get

HAadeM

1
72 <35 [Powl| 2+ - (2.22)

L2(R+;H)
On the other hand, yields
A% w0 Gt oy < 1Pl o 1A 0] o g

which implies that

”A4UwHL2(R+;H) < ||P0w||L2(R+;H) : (2-23)
Now the inequality (2.16) implies
d*w
% Sy ) — (224)
L2(R+;H)
d
Let us estimate now the norm || A3 %% . Taking into account that w € Wf(’v(R“‘; H), the use
At g2ty

of the Cauchy-Schwarz inequality combined with inequalities (2.22))-(2.23)) allows us to conclude that

2

=
| 2o
dw(t) 17 +oo d2w(t
= < apoup(ry, 4 @® —/ < A%u(t), A2 “;“ > dt,
dt 0 0 dt
SO ) )
dw d“w 1
A3 H W A < = [ Pyw||? Y -
H dt || p2mesmy at? || 2 mer) | HL2(R+?H) -2 1Powlza ety
Consequently,
dw 1
A3V < — ||Pow ) - 2.25
4G e S 75 1P (2.25)
d2
Finally, let us estimate the quantity ' A”—tzv . We know that, for w € W4V (R*; H), we have:
A 2oy
3., ]2 2 4
' At <2 Hszdgv ’ aw . (2.26)
A 1| L2 (e ) S PRTEE O (K VETER)
Inserting the inequalities (2.22)) and (2.24)) in (2.26)), we get
HAUU}/HHL%]R-&-;H) < HPOwHL?(IR{Jr;H) ) (2‘27)
which ends the proof of this theorem. O

It is worth noting that the coefficient operator A, in our boundary value problem, was considered with a
positive natural power so far. From now on, we will treat our problem in general case, where the considered
coefficient operators will be of the form AY,v € (0,1). To this end, let us consider the following abstract
Cauchy problem:

dhw(t L I
;‘;ﬁ ) 4 Atou(r) + ZAjdtﬁj() — h(t), t € R, (2.28)

=1
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dw(0) 0 d3w(0)
a7 d3

= —Kw(0). (2.29)

Put
P: Wg'(RY;H) — L*(RT;H),
d*w(t) 4 dw(t) (2.30)

4v .
7 + A w(t)—i—];lA]idtéL_j .

w(t) — Pw(t) :=

The first auxiliary result concerning this operator is formulated as follows:

Lemma 2.7. Assume that A;A™7Y € L(H,H), j = 1,2,3,4. Then the operator P, defined by ([2.30), is
bounded.

Proof. Let w € Wé’v(R‘F; H). Then we have

4 d ()
1Pl ey < N1Powlpaean + || 22 A~
7=1 L2(R+;H)
4 dw(t)
< V2llwllwae@em + || 2 A
7= L2(RH)
< \/§Hw|| tormt. i + i HA.A—ij Ajvw .
= W4 (Rt H) = J L(H,H) dtd—J L2(R+;H)

Using the theorem for intermediate derivatives in [20], we deduce that
1Pwl 2+ my < Cllwllyaw@r;m -
O
Let us state our essential results concerning the problem — performed in the space L?(R*; H).
Theorem 2.8. Let B = AY2KA™/2_ [et

Re (B) > 0,
and
AjA7V e L(H,H), j=1,2,3,4.

Assume also that

4
0= |44 iy < 1
j=1
with
a1:1 CLQZ1 (],3:L a4:1
) 27 \/57 *

Then, for every h € L*>(R*; H), the boundary value problem (2.28)-([2.29) has a unique reqular solution.
Proof. First, we rewrite the boundary value problem ([2.28)-(2.29)) in the form of operator equation
Pyw(t) + (P — Py)w(t) = h(t), t € RT, (2.31)

where h € L*(R*; H) and w € W' (R*; H).
The technical conditions
B=A"?KA™™/% Re(B)>0

ensure that the operator
Pyt LA(RT H) —» W' (R H)
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is well defined. Set w(t) := Py 'v(t), with v € L>(R*; H). Then a direct computation shows that v(t)
satisfies the following equation

v(t) + (P — Py)Py to(t) = h(t), t € RT.
Keeping in mind that v € L?(R*; H) and taking into account the estimates ((2.19)), one has

1P = Po) Py el o gy = 1P = Po)ewll gy

50
(P — PO)P()_1”HL2(R+;H)
< iai 1A AT 2y 1 Pow Lo ety -
p
Therefore,

H(P - PO)Palv‘}LQ(R+;H) =a HU||L2(R+;H) :

Since a < 1, the operator
(1+(P—pR)Py ")

is well defined in the space L?(R*; H). Consequently, the equation (2.31) is uniquely solvable in the space

WU (RT; H), and
—1

w(t) =Py (I+ (P —Py)Py) h(t).

Moreover,

HwHW4w(R+;H)
<P M o sy waw @y |+ (P = Po)Bg ) 7 | ooy po vy Wl 2@y
< C bl 2ty -
O
Remark 2.9. In Theorem the condition Re (B) > 0 with B = AY2KA~"/2_ allows us to omit the
condition —v/2 ¢ o(B).

Finally, we may get the conditions for the regular solvability of the boundary value problem ({2.2))-(2.3])
from Theorem 2.8

Theorem 2.10. Assume that all conditions of Theorem [2.8 are fulfilled. Then the boundary value problem
(12.2)-(2.3) is regularly solvable.

Proof. In the case p1 = w9 = 0, the regular solvability of the boundary value problem ([2.2))-(2.3) was
established.
In the case A; =0, j =1,2,3,4, and h =0, the problem ({2.2)-(2.3) is reduced to the new one given by

4
dw(t) + A%w(t) =0, t € RT, (2.32)
dtt
dw(0 d3w(0
dw(0) _ o1, w(0) | Kw(0) = 9, (2.33)

dt dt?
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with 1 € Hs, /2, @2 € H, 2. The solution of problem ([2.32)-(2.33) can be written as follows
wo(t) = €M gy 4 e gy, (2.34)

where
1 1 . 1 1 .
:—7—7Z,
V2 V2

and ¢1, ¢o are the unknown vectors to be determined from the conditions ([2.33)):

{ mA G + n2AYP2 = 1, (2.35)
A3 (i1 + i) + K(¢1 + ¢2) = 02 .

System (2.35)) yields
1 —v
p2 = — (A1 —man) ,
2

(V21 + B)A™™2¢1 = (i — 1) A2 (02 — 3 A* 01 — m A~ p1);
since —v/2 ¢ o(B), we have

1—i v
L) g1or2( T 4 BY A (s — 1B A% 01 — A V),

$1=— 5

thus
—v 1—14 v v v —v
2 =mA p1 + (72 JA™2(V2I + B) AV (p2 — 3 A% 01 — AT 1),

It is not difficult to show that ¢1, ¢2 € Hy,/o. From (2.34), we obtain

lolysogem < C (101, + 1¢2lm,, ,)

(2.36)
I, , + N2l )

IN

Now, we are able to study the boundary value problem ([2.2)-(2.3). We will seek its solutions in the form
w(t) = v(t) + wo(t), where wp(t) is a regular solution of the problem ([2.32)-(2.33)). Then the function v(t)
is the boundary value problem solution to

4

d*v(t) d*=Iu(t)

T A%o(t) + ZAJ-W =g(t), t e RY, (2.37)
j=1
dv(0 d3v(0
Z(t ) _o, ;’tg ) 4 Kv(0) = 0, (2.38)

where A
d4 ]w[)
=—> Aj— " Ty T h(t).
7j=1

Let us estimate the quantity ||g||2g+, ). We have

d4_jw0(t)
H9HL2(R+;H) < ZAjidtzl_j +HhHL2(R+;H)
j=1 L2 (I3 H)
4 d*Jwo(t)
< 3|l \Av. .
; H H[I(H) dti—i L2 (R ) L2(R+;H)

=1
< C(lerlln,,, + Iealla, , + 10l s
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Thanks to Theorem and the estimate (2.36)), we have

[vllwao @+ my + llwollwaw w+my
9/l p2r+ ey + lwollyaw @+, m)
C (el , + 192l + 9l agaran) -

lwllyaw @+, m)

IAIA A

3. Existence of the Solution to the Main Problem

In this section, we return to the original problem. In order to provide a comprehensive study of the
problem ([1.1))-([1.2)-(1.3), we need some intermediate results which can be viewed as a direct consequence
of the results obtained in the previous section.

Remark 3.1. To simplify the computations involving functional spaces and make the study more compre-
hensible, we consider the case when v = 1/8. Thus, from (1.14) and (2.1)), the space W*¥(R*, L?(Q)) is
defined as follows:

WA (R*, L2(Q)) = {w cw® e L2 (RY, H), we L2 (RY, H (Q))} .

Keeping in mind the definition of the operators (A4, D (A4)), (4;, D (A;)) and (K, D (K)), defined respec-
tively by (1.12)-(1.11) and ([1.13]), our main result for the transformed problem (|1.9))-(|1.10) is formulated as

follows:

Theorem 3.2. Let h € L>(R* x Q). Assume that

4
Re(b) 20, > supfo;(§)] <1,

j=1&£€Q
Then, the problem 4
d?:it) + AT() + Z;Ajw = h(t), t € RT,
j=
with dw(0) d*w(0)
o =0 o+ Kw(0) =0,

has a unique regular solution w € W4Y(R*, L?(Q)).
By applying the classical perturbation argument as described in [4, Section 3, p. 49|, we conclude that

Theorem 3.3. Let h € L?>(RT x Q). Assume that

4
Re(d) 20, 3. suploy(¢)] < L.
j=1z€Q

Then, the problem (1.6)-(1.7)-(1.8) has a unique reqular solution w € W4V (R*, L2(Q)).
Consider now the inverse change of variables

Ul Rt xQ =R xII
(t,8) = (t,2),

with

Il
/N
&R
N———
|

r] = (%) e, xp= (%) Pt w3
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We have s . . )
= (@) (@) e @)« 2))
&3 €3 "\& "\& ’
this gives
3a
T2
w— <7> (z3)"(5572) (3.1)
€3
In an equivalent manner,
3o
2B
De,w = <7> (w5)*(5572) 3, u, (3.2)
€3
and .
T2
e, = <g> (z3)"(2573) 9, u. (3.3)
3
Due to the fact that w, 0¢,w, and O¢,w are L?-integrable in Q, (I.5)) with (3.1)-(3.2)-(3.3) implies that
(25) (373w, (5) " (5572) 9,0, (w5)~*(3572) 9,,u € L2(1D). (3.4)

Furthemore, a direct computation shows that

Oy, W

(N T e, e (0 _a,a(n
—<£3> [553 U 65153 <£3> axlu ﬁ§2§3 <§3> azgu

L ()
553 <§3> 8963“]

3a

wlR
@R

[N
~—

28 a3 41 a3 1 a3
—(2) 7 et S " o - Sag a0 P
€3 B B
1 _aof3_1
_7.%3&(811 Q)axgu:| .
VB
Since Jg,w is L?-integrable in @, according to the previous calculations and ([3.4]), we obtain

—a(E

Tq 5_%)82,311 e L*(1).

In summary, the following proposition has been established.

Proposition 3.4. The fact that w € W4V (R*, L2(Q)) implies that
u € WHY(RT, LA(11)).

This help us to justify our main result set in the cusp domain R™ x II:

Theorem 3.5. Let f € L>(RT x ). Assume that
4
Re (b) > 0 and Zsup lpi(z)| < 1,
(=] well

Then, the problem
d* 5 dt=i

e (t,2) + (1 pa () (=8 u () + 3 (o (2) (~APY) Tsu(t,w) = £ (1),

j=1
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Ulp+xom = 0,
3
du =0 and d—g—l—b( A)3vy =0,
dt {0} xII dt {0} xII

has a unique regular solution u € W4Y(R*, L2(1I)).

4. Conclusion

This work provides significant insights into the boundary value problem on a singular domain involving
a cuspidial point by using semigroup theory and fractional powers of linear operators on Hilbert spaces.
Specifically, we have established the existence and uniqueness of solutions for the problem given by

4 4—j
G (t) + (14 pa (0)(~8) 2 (12 +Z(p] ) () = [ (1),

U’R+ worr = 0,

and 3
=0, T2+ b(—A)/u
(O} xII dt

du
7 =0.

{0} xII

on the cusp domain R™ x II, where

T i)
Hi={2cR®:0<z3<1 enN > 1
{x mes ((m)a’ <x3>°“> } o

and
feL*(RT x1I).

Furthermore, we have furnished some sufficient conditions for the wellposedness and regular solvability of a
class of complete abstract fourth-order differential equations

d*w(t) 4y, . d4 Jaw(t +
i Z t4j ) —h(t), t eRY,

endowed with nonhomogeneous abstract boundary conditions

dw(0 d3w(0
di) = 1 € Hsy )2, dt?(’) + Kw(0) = ¢2 € Hya,

where, v € ]0,1], A is a self-adjoint positive definite operator in a separable Hilbert space H, A;, j €
{1,2,3,4} are linear operators acting on H, K € L(Hz, /2, H, /) and h € L? (R*; H).
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