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Abstract

In graph theory, the first Hyper-Zagreb index HM1(G) is calculated by summing the squares of the degrees
of adjacent vertices u and v in molecular graphs. A Roman dominating function (RDF) on a graph G is a
function z : V(G)→ {0, 1, 2}, where V(G) is the vertex set, with the requirement that for each vertex v with
z(v) = 0, there exists an adjacent vertex u such that z(u) = 2. The Roman domination number (RDN)
denoted as ζR(G) and represents as the minimum total weight of all vertices under an RDF, and it plays a
significant role in network analysis. In this paper, we present a new lower bound for the HZ1(T ) for trees
T with order n and ζR(T ). These findings enhance our understanding of tree structures, providing chemists
with a valuable tool for analyzing molecular stability and reactivity. By establishing mathematical bounds
on the HZ1(T ), this research supports more precise predictions of molecular properties and aids in efficient
experimental planning in chemical graph theory.
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1. Introduction

The focus of this work is on graphs that are simple, undirected, and connected. Let us represent such a
graph as G = (V, E) in which the variables V and E , respectively, represent the sets of vertices and edges.
The collection of vertices connected to a vertex u by an edge is called the open neighborhood of that vertex,
and it is represented by the notation N(v) = u ∈ V | uv ∈ E for every vertex u ∈ V. The number of edges
that interact with vertex u in the graph G is the degree of that vertex, represented by ηT (u). A pendant
vertex is a vertex u in G with ηT (u) = 1.

The longest path connecting any two leaves on a tree is its diameter. To describe the tree derived from
T , we remove the vertices v1, . . . , vk. We do this by using the notation T − {v1, . . . , vk}. To indicate the
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path with n vertices, use the symbol Pn. The reference book [13] should be consulted for any definitions of
graph theory notations or terms not included here.

A chemical molecule can be seen as a graph, with the edges representing the bonds of chemicals between
the atoms and the vertices representing the atoms. This model makes it possible to analyze molecular struc-
tures and characteristics using principles from graph theory. Chemist uses the HM1(G), as a topological
metric to measure how connected atoms and bonds are within a molecule. Understanding the structure and
characteristics of molecules is made easier with the use of this index, particularly when studying chemical
reactions and molecular interactions. Topological indices (TIs) serve as mathematical parameters for an-
alyzing different properties of these molecules. Among these indices, degree-based ones like the HM1(G)
have garnered significant attention. The HM1(G) was introduced by Shirdel et al. [25] in 2013. HM1(G) is
defined as follows:

HM1(G) =
∑

uv∈E(G)

(ηG(u) + ηG(v))2.

For more in-depth exploration of the Hyper-Zagreb indices, refer to [23, 26, 11, 14, 8].
Suppose we have an undirected graph G = (V, E), where the collection of vertices is V, and the set of

edges is E . If every vertex u in V is either a part of D or related to a vertex in D, then that subset D ⊆ V
is called a dominance set. Stated differently, any vertex u ∈ V must either be an adjacent vertex v in D or
belong to D, which implies the existence of an edge uv ∈ E . Within graph theory, the study of domination
in graphs has been a busy field of study [13].

For any vertex v ∈ V for which z(v) = 0 has at least one nearby vertex u ∈ N(v) with z(u) = 2, the
function z : V → {0, 1, 2} is referred to as a RDF. The weight of z is defined as the sum z(V) =

∑
v∈V z(v).

The RDN and denoted as ζR(G) of a graph G is the minimum weight of a RDN on V. This concept ensures
that all undefended vertex is protected by a strongly defended neighboring vertex.

Research on the relationships between TIs and domination numbers in graphs has been extensive and
remains an active area of study [4, 5, 7, 20, 3]. For instance, Borovićanin and Furtula examined extremal
Zagreb indices (ZI) of T for specific DNs [5]. Maximum value on ZI for T , uni-cycle (UC), and bi-cycle
(BC) graphs with particular TDN were derived by Mojdeh et al. [20]. Maitreyi et al. [19] established upper
bounds for the atom-bond sum-connectivity (ABS) index in trees of fixed order with a given maximum
degree, addressing an open problem by Hussain, Liu, and Hua. Li et al. [15] identified extremal graphs
maximizing the ABS index under constraints such as clique and chromatic numbers, while Noureen et al.
[22] extended this analysis to tricyclic graphs. Wang and Zhou [27] examined unicyclic graphs, deriving the
ABS index maximum for a fixed diameter. Beyond ABS, Zou and Zhong [30] established a lower bound for
the modified Randić index in line graphs of trees, generalizing results from Wang et al. [30] and Zhang and
Wu, thereby refining inequalities in topological indices.

Further investigations by Du examined the maximal ZI1 for trees with a specified RDN, focusing on
connections between the RDN and the ZI1 a research theme spanning five decades [9]. Studies on the Randić
index by Hasni et al. provided an upper bound for trees based on their number of vertices with TDN and
identified extremal trees within this context [12]. Shahid Zaman et al. [29] examined M-polynomials’
coindices, linking topological indices to antiviral drugs’ properties using quadratic regression. Similarly,
Shahid Zaman [28] employed QSPR modeling to correlate anticancer drugs’ molecular descriptors with their
physicochemical attributes. Additionally, extremal graphs were characterized, with upper bounds identified
for the ZI of UC and BC graphs with assigned RDNs, furthering insights into extremal behaviors within
these indices. Recently, Ali et al. [1] derived lower bounds for HZ2 in terms of graph order and the
RDN. Liu et al. investigate extremal values of ZI in Eulerian graphs, analyze TIs in random pentagonal
chain networks, and explore minimization of the Kirchhoff index in graphs with fixed vertex bipartiteness,
identifying key structural properties across these studies [17, 18, 16, 21, 10, 24, 2].

A significant gap exists in the literature regarding minimum values for the HZ1 of T expressed in terms
of tree vertices and their RDN. Addressing this gap would enhance our comprehension of the structural
properties linking the Hyper-Zagreb index with domination-related parameters.
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This research contributes to advancing theoretical understanding in graph theory, particularly benefiting
applications in chemical graph theory by providing insights into TIs based on Roman domination. The
findings will offer valuable tools for studying molecular stability and electronic properties in chemistry,
where understanding these graph indices is crucial.

2. A lower bound for the trees with a particular Roman dominance number in the first Hyper-
Zagreb index

First, we present a lemma from the literature that supports our results.

Lemma 2.1. [6] For n ≥ 3, RDN of Pn is ζR(Pn) = d2n3 e.

We establish new lower bounds for the HM1(T ) index, derived in terms of the RDN and the order of the
graph. Let M(n, ζR) represent a proposed lower bound for HM1(T ). We demonstrate that HM1(T ) is
indeed bounded below using Lemma 2.2 and Theorem 2.3. Specifically, we define

M(n, ζR) =
50n

3
− 30− ζR.

In order to prove the main Theorem 2.3, we now show the following lemma.

Lemma 2.2. Suppose T be a tree with order n ≥ 3, Roman domination number ζR, and a vertex u ∈ V(T )
such that ηT (u) = x ≥ 3, N(u) = {b1, b2, . . . , bx}, ηT (bl) = w ≥ 2 and ηT (bk) = 1, ∀ k ∈ {1, 2, . . . , x− 1}. If
we take T ′ = T ′ − b1, and ζR(T ′) = ζR(T ), then HM1(T ) > M(n, ζR).

Proof. Assume that M(n, ζR) = 50n
3 − 30− ζR.

HM1(T ) =HM1(T ′) + (x− 1)(x+ 1)2 + (x+ w)2 − (x− 2)x2 − (x+ w − 1))2,

=HM1(T ′) + 3x2 + x+ 2w − 2,

≥50(m− 1)

3
− 30− ζR(T ) + 3x2 + x+ 2w − 2,

=M(n, ζR) + 3x2 + x+ 2w − 56

3
,

Suppose that z(x,w) = 3x2 + x + 2w − 56
3 , z(x,w) > 0, ∀ x ≥ 3 and w ≥ 2. Therefore, HM1(T ) ≥

M(n, ζR) + z(x,w) > M(n, ζR).

Given a tree with a specified RDN, we establish a lower bound for the first Hyper-Zagreb index as follows.

Theorem 2.3. Let T be a tree graph of order n with Roman domination number ζR. The lower bound of
the HM1(T ) is

HM1(T ) ≥M(n, ζR).

The equality hold if and only if T ∼= Pn where n ≡ 0 (mod 3).

Proof. We start by introducing the order n. For any tree with equality of order n ≥ 4, the outcome is
instantaneous if and only if T = Pn. If n ≥ 5, then any tree T ′ with order h′ < h will have the same result.
Let T represent an order n tree. To start, let ∆(T ) = 2. Afterward, T = Pn. Lemma 2.1 says that if
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n ≡ k (mod 3), then ζR = ζR(Pn) = 2n+k
3 , we obtain:

HM1(Pn) =16n− 30,

=16n− 30− ζR +
2n+ k

3
,

=16n− 30− ζR +
2n

3
+
k

3
,

=
50n

3
− 30− ζR +

k

3
,

≥50n

3
− 30− ζR,

and equality is maintained if and only if n ≡ 0 (mod 3).
Let v1 . . . vd+1 be a diametrical path of T and assume that ∆(T ) ≥ 3 and v1 and vd+1 are obviously pendent
vertices.
Assume that T ′ = T − v1. The relationship between HM1(T ) = HM1(T ′) + 2ηT (v3) + (ηT (v2))

2 +
4ηT (v2) and ζR(T ) − 1 ≤ ζR(T ′) ≤ ζR(T ) is readily apparent. Using the induction hypothesis on T ′,
if max{ηT (v2), ηT (v3)} ≥ 3 or ηT (v2) = ηT (v3) = 2 and ζR(T )− 1 = ζR(T ), then we obtain:

HM1(T ) ≥HM1(T ′) + 2ηT (v3) + (ηT (v2))
2 + 4ηT (v2),

≥50(n− 1)

3
− 30− ζR(T ′) + 2ηT (v3) + (ηT (v2))

2 + 4ηT (v2),

≥50n

3
− 30− ζR(T ) + 2ηT (v3) + (ηT (v2))

2 + 4ηT (v2)−
50

3
,

≥50n

3
− 30− ζR(T ) + 18− 50

3
,

>
50n

3
− 30− ζR(T ) = M(n, ζR).

Therefore, we assume that ζR(T ) = ζR(T ′) and ηT (v2) = ηT (v3) = 2. Then, we need to have z(v1) =
z(v3) = 0 and z(v2) = 2 for every ζR(T )-function z. It is evident that ζR(T ′′) = ζR(T −{v1, v2, v3}) + 2 as a
result. Assume that T ′′ = T − {v1, v2, v3}. Consequently, ζR(T ′′) = ζR(T )− 2. We know that |V (T ′′)| ≥ 3
since ∆(T ) ≥ 3. HM1(T )−HM1(T ′′) ≥ 30 + 4 (ηT (v4))

2 +
∑

v∈N(v4)−{v3} ηT (v) is easily verifiable. Using

the induction hypothesis on T ′′ and the knowledge that ζR(T ′′) = ζR(T )− 2 and max{ηT (v4), ηT (v5)} ≥ 3,
we obtain:

HM1(T ) ≥HM1(T ′′) + 30 + 4(ηT (v4))
2 +

∑
v∈N(v4)−{v3}

ηT (v),

≥50(n− 3)

3
− 30− (ζR(T )− 2) + 30 + 4 (ηT (v4))

2 + (ηT (v5))
2,

≥50n

3
− 30− ζR(T ) + 32 + 4 (ηT (v4))

2 + (ηT (v5))
2 − 150

3
,

≥50n

3
− 30− ζR(T ) + 52− 150

3
,

>
50n

3
− 30− ζR(T ) = M(n, ζR).

Let us assume that γT (v2) = 3. If γT (v3) = 2, we can make use of Lemma 2.2 to obtain the desired
outcome. On the other hand, if γT (v3) = x ≥ 3, let us define N (v2) = {v1, v3, u1} and N (v3) =
{v2, v4, b1, b2, . . . , bx−2}. Here, γT (bl) = kl for l ≤ x − 2, and we set γT (v4) = w. Now consider
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T ′′ = T − {v1, v2, u1}. Under these conditions, we have ζR(T ) = ζR (T ′′) + 2, leading to:

HM1(T ) =HM1(T ′′) + x2 + 8x+ 2w + 40 +

x−1∑
i=1

(x+ ki)−
x−1∑
i=1

(x+ ki − 1),

≥50(n− 3)

3
− 30− (ζR − 2) + x2 + 8x+ 2w + 40 + x− 2,

=M(m, ζR) + x2 + 9x+ 2w − 10.

Suppose β(x,w) = x2 + 9x + 2w − 10 if x ≥ 3, and w ≥ 2, then β(x,w) > 0. So, HM1(T ) ≥ M(n, ζR) +
β(x,w) > M(n, ζR).
Since ηT (v4) = ηT (v5) = 2, we can assume this. Since ∆(T ) ≥ 3, we can infer that ∆(T ′′) ≥ 3. Given the
induction hypothesis for T ′′ and the knowledge that ζR(T ′′) = ζR(T )− 2, we can now calculate:

HM1(T ) ≥HM1(T ′′) + 30 + 4 (ηT (v4))
2 +

∑
v∈N(v4)−{v3}

ηT (v),

≥50(n− 3)

3
− 30− (ζR(T )− 2) + 30 + 4 (ηT (v4))

2 + (ηT (v5))
2,

≥50n

3
− 30− ζR(T ) + 32 + 4 (ηT (v4))

2 + (ηT (v5))
2 − 150

3
,

≥50n

3
− 30− ζR(T ) + 52− 150

3
,

>
50n

3
− 30− ζR(T ) = M(n, ζR).

Hence, the theorem is proved.

3. Conclusion

In this study, we established a new lower bound for the HZ1(T ) in terms of the order and RDN, given
by

M(n, ζR) =
50n

3
− 30− ζR.

This result provides chemists with a valuable tool for predicting molecular properties associated with stability
and reactivity. Since the Hyper-Zagreb index is closely linked to the electronic structure of molecules,
especially in relation to π-electron systems, this lower bound can assist in estimating molecular behavior
without extensive experimental data. By understanding these mathematical bounds, chemists can better
infer molecular characteristics, streamline experimental planning, and support the development of new
compounds in a more efficient and theoretically grounded manner.
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[5] B. Borovićanin and B. Furtula, On extremal zagreb indices of trees with given domination number, Applied Mathe-
matics and Computation, 279 (2016), pp. 208–218. 1

[6] E. J. Cockayne, P. A. Dreyer Jr, S. M. Hedetniemi, and S. T. Hedetniemi, Roman domination in graphs, Discrete
mathematics, 278 (2004), pp. 11–22. 2.1

[7] P. Dankelmann, Average distance and domination number, Discrete Applied Mathematics, 80 (1997), pp. 21–35. 1
[8] N. De, Hyper zagreb index of bridge and chain grpahs, arXiv preprint arXiv:1703.08325, (2017). 1
[9] Z. Du, A. A. S. A. Jamri, R. Hasni, and D. A. Mojdeh, Maximal first zagreb index of trees with given roman domination

number, AIMS Maths., accepted for publication, (2022). 1
[10] A. Fathi, J. S. Vijay, M. N. Husin, and T. Augustine, Valency-based molecular descriptor on structural property

relationship of ni tetrathiafulvalene tetrathionate, Malaysian Journal of Fundamental and Applied Sciences, 20 (2024),
pp. 1398–1409. 1

[11] W. Gao, M. K. Jamil, and M. R. Farahani, The hyper-zagreb index and some graph operations, Journal of Applied
Mathematics and Computing, 54 (2017), pp. 263–275. 1

[12] R. Hasni, A. A. S. Ahmad Jamri, N. E. Arif, and F. N. Harun, The randic index of trees with given total domination
number, Iranian Journal of Mathematical Chemistry, 12 (2021), pp. 225–237. 1

[13] T. W. Haynes, S. T. Hedetniemi, and M. A. Henning, Topics in domination in graphs, vol. 64, Springer, 2020. 1
[14] V. Kulli, Multiplicative hyper-zagreb indices and coindices of graphs: Computing these indices of some nanostructures,

International research journal of pure algebra, 6 (2016), pp. 342–347. 1
[15] F. Li, Q. Ye, and H. Lu, The greatest values for atom-bond sum-connectivity index of graphs with given parameters,

Discrete Applied Mathematics, 344 (2024), pp. 188–196. 1
[16] J. B. Liu and X.-F. Pan, Minimizing kirchhoff index among graphs with a given vertex bipartiteness, Applied mathematics

and computation, 291 (2016), pp. 84–88. 1
[17] J. B. Liu, C. Wang, S. Wang, and B. Wei, Zagreb indices and multiplicative zagreb indices of eulerian graphs, Bulletin

of the Malaysian Mathematical Sciences Society, 42 (2019), pp. 67–78. 1
[18] J. B. Liu, Q. Xie, and J.-J. Gu, Statistical analyses of a class of random pentagonal chain networks with respect to

several topological properties, Journal of Function Spaces, 2023 (2023), p. 6675966. 1
[19] V. Maitreyi, S. Elumalai, A. Ali, S. Balachandran, H. Saber, and A. A. Attiya, On the maximum abs index of

fixed-order trees with a given maximum degree, Mathematics, 12 (2024), p. 2704. 1
[20] D. A. Mojdeh, M. Habibi, L. Badakhshian, and Y. Rao, Zagreb indices of trees, unicyclic and bicyclic graphs with

given (total) domination, IEEE Access, 7 (2019), pp. 94143–94149. 1
[21] M. F. Nadeem, W. Ali, and H. M. A. Siddiqui, Locating number of biswapped networks, International Journal of

Foundations of Computer Science, 33 (2022), pp. 667–690. 1
[22] S. Noureen, R. Batool, A. M. Albalahi, Y. Shang, T. Alraqad, and A. Ali, On tricyclic graphs with maximum

atom–bond sum–connectivity index, Heliyon, 10 (2024). 1
[23] K. Pattabiraman and M. Vijayaragavan, Hyper zagreb indices and its coindices of graphs, Bulletin of the society of

mathematicians banja luka, 7 (2017), pp. 31–41. 1
[24] M. M. Rafiullah, M. N. Husin, et al., Some mathematical properties of sombor indices for regular graphs, Malaysian

Journal of Fundamental and Applied Sciences, 20 (2024), pp. 1392–1397. 1
[25] G. Shirdel, H. Rezapour, and A. Sayadi, The hyper-zagreb index of graph operations, Iranian Journal of Mathematical

Chemistry, (2013). 1
[26] S. Wang, W. Gao, M. K. Jamil, M. R. Farahani, and J.-B. Liu, Bounds of zagreb indices and hyper zagreb indices,

arXiv preprint arXiv:1612.02361, (2016). 1
[27] Z. Wang and K. Zhou, On the maximum atom-bond sum-connectivity index of unicyclic graphs with given diameter,

AIMS Mathematics, 9 (2024), pp. 22239–22250. 1
[28] S. Zaman, Statistical evaluation of cancer drugs by qspr modeling, Nano, (2024), p. 2450115. 1
[29] S. Zaman, S. Rasheed, and A. Alamer, A quadratic regression model to quantify certain latest corona treatment drug

molecules based on coindices of m-polynomial, The Journal of Supercomputing, 80 (2024), pp. 26805–26830. 1
[30] Z. Zou and L. Zhong, A lower bound on the modified randić index of line graphs, Discrete Applied Mathematics, 345
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