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Abstract

The Zagreb indices are important topological tools in mathematical chemistry and network analysis. This
article presents a novel extension of the second Zagreb index to the domain of bipolar fuzzy graphs, a powerful
structure for modeling systems with opposing or ambivalent interactions. We formally define the bipolar
second Zagreb index and explore its theoretical foundations by calculating its values and bounds for standard
bipolar fuzzy graphs like paths, cycles, and stars. We get the bounds for this index under complex graph
operations-Cartesian product, composition, join, and union-which are essential for constructing sophisticated
network models. This work not only enriches fuzzy graph theory but also provides a foundational tool for
quantitatively analyzing bipolarity social. Finally, we present on Application of second Zagreb index to find
the most suitable place to build a hospital.
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1. Introduction

1.1. Research background

In 1965, fuzzy set was first introduced by Zadeh in [I5] as a mathematical concept to represent uncer-
tainty in the real world. Rosenfeld in 1975 introduced the concept of fuzzy graph which is a generalization
of crisp graph [4], and due to various applications of fuzzy graph theory (FGT), nowadays a large number
of researchers are working on topological indices. Many fuzzy analogues of graph theory concepts such as
paths, circles, and connections have been explored by them. There are many problems that can be solved
with the help of fuzzy graphs. Although it is very recent, it has been growing rapidly and has numerous
applications in different fields.Investigated the bipolar fuzzy graph [16], generalized multipolar F'G [37],
multipolar FG [I7], soft-fuzzy bipolar graph [33] and cyclic CI [20] of an FG. Borzooei and Rashmanlou
studied domination in vague graphs [10] and product of vague graph [25]. Single-valued neutrosophic graphs
[9, 17, B], Zhang in 1994 [41 13], introduced the concept of bipolar fuzzy sets as a generalization of fuzzy
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sets. Bipolar fuzzy sets are an extension of fuzzy sets whose membership degree ranges from [-1, 1]. In a
bipolar fuzzy set, a membership score of 0 for an element means that the element is irrelevant to the corre-
sponding property, a membership score of (0, 1] for an element means that the element satisfies the property
to some extent, and a membership score of [-1, 0) for an element means that the element satisfies the implied
anti-property to some extent. Although bipolar fuzzy sets and intuitionistic fuzzy sets look similar to each
other, they are fundamentally different sets [9]. In many fields, it is important to be able to handle bipolar
information. Bipolar fuzzy graphs offer a significant advantage over ordinary fuzzy graphs by allowing si-
multaneous representation of positive and negative information within a single framework. While traditional
fuzzy graphs assign only a degree of membership to vertices and edges, bipolar fuzzy graphs incorporate
both a positive membership function- capturing supportive, favorable, or desirable relationships-and a neg-
ative membership function-representing conflicting, adverse, or undesirable relationships. This dual-valued
structure enables more nuanced modeling of real-world systems where interactions are not purely positive
but may include opposition, hesitation, or contradictory influences. As a result, bipolar fuzzy graphs provide
a more expressive and realistic tool for analyzing complex networks such as decision-making systems, social
opinion dynamics, and sentiment-laden interactions than ordinary fuzzy graphs.Topological indices are nu-
merical quantities of a graph that describe its topology. The second ZI for molecular graphs was studied
by Kazemi [26], and Khalifa et al studied the second ZI for some graph operations [22]. Although Zagreb
indices are classical tools in topological graph theory, their relevance to bipolar fuzzy graphs arises from
their ability to quantify structural properties in networks that simultaneously carry positive and negative
information. In bipolar fuzzy graphs, vertices and edges possess dual membership values, reflecting sup-
portive and conflicting interactions within the same system. Zagreb indices, when adapted to this bipolar
setting, aggregate these dual-valued degrees in a way that captures the overall connectivity, intensity, and
balance of positive-negative relationships more effectively than simple degree-based measures. By incor-
porating both the magnitude and distribution of bipolar degrees, these indices provide deeper insight into
how strongly a network is organized, how influence propagates, and where structural irregularities occur.
Compared with other topological indices that may focus only on local measures or ignore polarity, bipolar
Zagreb indices offer a more comprehensive structural descriptor, making them particularly advantageous
for analyzing complex systems with intertwined positive and negative attributes. In this article, the second
Zagreb index for bipolar fuzzy graphs is introduced and some graph operations, which is a more general
explanation of the second Zagreb index for crisp graphs, and is widely used in spectral fuzzy graph theory,
fuzzy graph theory, and many fields of fuzzy mathematics.

1.2. Motwation

In crisp graphs, many results and applications of topological indices are available. However, many
situations cannot be modeled using crisp graphs. In such cases, to deal with such a situation, it is necessary to
introduce these topological indices to define a fuzzy graph. In 2019, Binu et al. Wiener index [21], introduced
connectivity index [I§], connectivity status [19] and cyclic connectivity index [20] for F'G. Motivated by
these articles, Islam and Pal recently studied the Wiener index [36] for F'G and introduced hype - Wiener
index [35], first Zagreb index [32] hype - connectivity index [34], and F' - index [3I), B3] for FGs. Studied
the RSM index in fuzzy graph. They studied a specific index [26], the absolute Wiener index [29] and the
Randek index [30] for bipolar fuzzy graphs. In [27] Kalathian et al. also presented several topological indices
for fuzzy graphs. Based on those papers, in this paper we introduce second Zagreb index on bipolar fuzzy
graphs, and Boundaries of the Second Zagreb Indices for Fuzzy Bipolar Graphs During Operations such as
the Cartesian product (Gi x Gz), the composition (G; [Gz]), the join (G1 + G2), and union (G; U Ga), of
two bipolar fuzzy graphs.

1.3. Significance and objective of the article

Topological indices play a vital role in wide and profound applications in everyday life and modern
technology , spectral graph, molecular chemistry, network theory, BF'G theory, etc. Zagreb Index are degree-
dependent topological descriptions, applies to the role of hospitals in improving public health by providing
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comprehensive healthcare services to individuals within communities.Previous work on fuzzy graphs has
employed classical indices such as the Wiener index, the Randi¢ index, and the first Zagreb index to capture
distance-based properties, branching behavior, and degree-related structure. However, these measures were
developed for set tings where relationships carry only a single (positive) membership value, limiting their
ability to fully describe systems with dual polarity. Introducing the second Zagreb index for bipolar fuzzy
graphs addresses this gap by incorporating both positive and negative degrees into a unified structural
descriptor. Unlike the first Zagreb index, which focuses primarily on the squared degrees of individual
vertices, the second Zagreb index emphasizes interactions between adjacent vertices, enabling a deeper
examination of how positive and negative influences are distributed across connected pairs. This provides
new analytical capabilities for understanding balance, conflict, and cohesion in networks where relationships
may reinforce or oppose one another. Consequently, the second Zagreb index enhances structural analysis
beyond what earlier fuzzy-graph indices can offer, making it a valuable tool for studying complex bipolar
systems.
The second Z1 of BFG is studied here. The main results are as follows:

(i) In Part 2, some basic notations and definitions are given. In Part 3, some theoretical developments
of this indicator are investigated here, i.e., the limits of this indicator are calculated for several BFG:
path, cycle, star, complete BFG, PBFSG, etc. For symmetric BFG, it is shown that the value of this
indicator is the same. In Part 4, the bounds of this index for some bipolar fuzzy graph operations
have been studied.

(ii) In the part 5, the application of the second Zagreb Index to select the most suitable site for building
a hospital was studied. Four cities from Mazandaran province were selected to determine the most
important city for building a hospital based on population density and the area of land suitable for
building a hospital.

2. Preliminaries

Some essential definitions and theorems which are needed to develop our results are given, most of them
one can be found in [32] B31].

For a universal set X, a fuzzy set is a pair S = (X, 2) where € is called membership function of S whose
domain is X and co-domain is [0,1].

Table 1: The list of abbreviation.

Abbreviation Meaning
FS Fuzzy set
FSS Fuzzy subset
FG Fuzzy graph
FSG Fuzzy subgraph
PFSG Partial fuzzy subgraph
PBFSG partial Bipolar fuzzy subgraph
BFG Bipolar fuzzy graph
BFSG Bipolar fuzzy subgraph
CBFG complete Bipolar fuzzy graph
TI Topological index
71 Zagreb index
MV Membership value
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Definition 2.1. An FG is a triplet, G = (X,3,Q), where X is called vertex set of G with vertex
membership function f : X — [0,1] and membership function of edges Q : X x X — [0, 1] satisfying
B(u,v) < min{f(u), B(v)}.The edge set is defined as E = {(u,v) : Q(u,v) > 0}.

Definition 2.2. Let X be a nonempty set. Then we call a mapping 3 = (Mg, uﬁ) : X — [-1,0] x [0,1]a
bipolar fuzzy set on X such that ug(u, v) € [0,1] and ug(u, v) € [-1,0].

Definition 2.3. A bipolar fuzzy graph G is triplet G = (X, 3,Q) such that X is a non-empty set, [ is
a bipolar fuzzy set of X and § is a bipolar fuzzy set of X x X satisfying pf(u,v) < ,u,g (u) A ug (v) and
) (,) > i () V g ().

Definition 2.4. Let G = (X, 3,Q) be a BFG, For a vertex u € X the degree of u is defined as

d(u) = (@ (u), d" (u)) = (Z phuv), 37 ) <uv>) .

uveX uveX

Also, we define

AP = v{dP(u)|ue X}, 60 = A{dP(u) |ue X}, AN = A{dV(u) |ue X}, 6N = v{dV¥(u)|ue X}

Throughout this article, the BFG,G1 = (X1, 81,Q1) as nj— vertices, m1 — edges, edge set By and Gy =

(X2, B2, Q2) has no— vertices, mo— edges, edge set Fo and AP =V {dp ) |ue Xl} 0P = A {dP ) ue X1}

A§_v{dp( ) lue X}, 5P_/\{dp Vlue Xob LAY =

AdN(u) [ue Xq}, 0 =v{dV(u) |ue X1}, AY =A{dV(u)|ue Xo},6) = v {dV(u)|ue Xz}
Now, Cartesian product, composition, join and union of two BFGs are defined below.

Definition 2.5. Two BFG G; = (X1, 61,1) and BFG Gy = (Xo, 52,) are called isomorphic if there
exist a bijective map « : X7 — Xy, which satisfies the following conditions:
(i) ph, (u1) = pfy, (o (ur)), pf; (ur) = pg, (a (ur))
(i) pé,s (w1, v1) = ph, (o (u), a(vr)), md, (u1,01) = pf, (@ (ur), o (v1))
For all uy, vy € X1, u1v) € Q4.
Definition 2.6. Let G; = (X1, 81,1), Go = (X2, 82,Q2) be two BFG. Then the Cartesian product of G;
and Gg is an BFGGy x Gy = (X, 3,9Q), where X = X; x Xg,ug(u,fu) = /\{ugl(u),uf;(v)} ,ug(u,v) =

v {ué\i (u),,ufg\;(fu)}, for all (u,v) € X and

( A ugl (uq) ,u& (’1)1,’[)2)} if up = ug,v1v9 € By
pé ((ur,01) s (ug,02)) = 4 A /‘1632 (v1) iy, (Ul,UQ)} if ujus € E1,v1 = v
[ 0 otherwise.
(v ,uévl (uq) ,,qu (v1,v2) ¢ if up = ug,v1v9 € Ey
Pg ((u1,v1), (ug,v2)) = v ,uéVQ (v1) ,,ugl (uy,uz) ¢ if ujug € Ey,v1 = vy
0 otherwise.

Definition 2.7. Let G = (X1,1,Q1),G2 = (X2,02,Q2) be two BFG. Then the composition of G;
and Gy is an BFGG, [Ge] = (X, 5,9Q) where X = X;x Xg,,ug(u,v) = /\{ugl(u),ug(v)},uév(u,v) =

Y {ué\i (u),,ué\g(v)}, all for (u,v) € X and

A ugl (uq) ,u& (vl,vz)} if up = ug,v1v9 € Fy
P
1279) ((ulﬂ Ul) (ug,v2)) = A ugz (v1) ,ugl (ul,uQ)} if uiug € Eq

0 otherwise .
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v N/jgvl (u1) , iy, (v1,v2) ¢ if g = ug, v109 € Ey
N
po ((u1,v1), (uz,v2)) =< v MéVQ (v1) ,Mgl (uy,ug) ¢ if ujug € B4
0 otherwise.

Definition 2.8. Let G; = (X1, 51,1), G2 = (Xa, f2,2) be two BFG such that X; N Xo = (). The Join
of G; and Gg the BFG is G1 + Gy = (X, 3,Q), where X = X; U Xy,

(Ng(u),uév(u)) = N%} (u)’ujﬁvl (u)), %fu € X
Mﬁz(u)vﬂé\g u)), ifue Xy
A {Ng (U)aﬂgz(v)} ifue Xy, and v € Xo
B (u,0) = 1o, (u,v) if uw € By |
:“52 (u,v) if uv € Ey

\% {ug(u),ué\;(v)} ifue X and v e Xo
pd (u,v) if uv € By

i, (u,v) if uv € Ey

0 otherwise.

Ng(ua U) =

Definition 2.9. Let G; = (X1, 61,Q1) and Go = (Xa, 82,2) be two BFGs.The union of G and Gg is
G1 UGy = (X, 5,9Q), where X = X7 U X,

(u), ifue Xl\XQ

(u), ifue X2\X1

ugl(u),uf;(u)} , ifue XiNXy
(u), ifue Xl\XQ

/’L,JBV(U) = ol (u), ifue XQ\Xl

A ugl(u),,uévz(u)} ,ifue XinNXs

I

=
SRR

pf (u) =

<

=

And

( ”51 (u,v) if uv € E1\E>

ph (u,v) if uwv € Ex\Ey

Y ,ugl(u, v),ug(u, v)} if (u,v) € E1 N Ey
| 0 otherwise.

pd (u,v) if uv € Ey\Fy

Lo, (u,v) if uv € Ex\Eq

A 0), 1B, (w,0) | iF (u,0) € By By
[ 0 otherwise.

11 (u, )

py (u, ) =

3. Second Zagreb index of Bipolar fuzzy graphs

Topological indices have an important character in chemical graph, spectral graph theory, network theory,
molecular chemistry, BFG theory, etc. In 1972, Gutman and Trinajstic [12] introduced the second ZI of a
crisp graph as:
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Definition 3.1. [12] Suppose G = (X, E) is a crisp graph. The second ZI of G is defined by:

ZD(G) = ) d(u)d(v)

wel
Recently, Kalathian et al. [27] introduced second ZI for a F'G.

Definition 3.2. [27] Suppose G = (X, 3,2) be an F'G. The second ZI of G is defined by:

M*(G) =Y us(uw)d(u)us(v)d(v).

uveR

Definition 3.3. Suppose G = (X, 3,) is BFG.The second ZI of of the BFGG is defined by:

Ma(G) = (M3 (G), M3 (G)) = (Z ufy (w)d” (wypfy (0)d" (v), ug(u)dN(U)uéV(v)dN(v)) -

uveR uveER

Example 3.4. Suppose G is a crisp graph, fuzzy graph and bipolar fuzzy graph shown in Figure [I] with

vertex set X = {uy,ug,us}. We find Ma(G), M5 (G), M*(G)

Uy U, Usg u, =03 u, = 0.7 u; =05
. e, . e, . . 0.2 . 0.4 .
Crisp graph Fuzzy graph
u, =(0.3,-0.5) wu,=(0.7,-0.4) wu;=(0.5,-0.3)
(0.2,-0.1) (0.4,-0.2)
Bipolar fuzzy graph

Figure 1: Fuzzy graph and bipolar fuzzy graph G = P

My(G) =" d(u)d(v) =[x 2 +[2x1] =4

uwel
M*(G) = Z pa(uw)d(u)pg(v)d(v) =[0.3 x 0.2 x 0.7 x 0.6] +[0.7 x 0.6 x 0.5 x 0.4] = 0.1092
uwveE
My (G) = (M3 (G), M3 (G)) = (Z ug (w)d” (w)pf (0)d” (0), Y uéV(U)dN(U)MéV(U)dN(v)>
weE IS

ML (G)=10.3x0.2x0.7x0.6] +[0.7 x 0.6 x 0.5 x 0.4] = 0.1092
MYN(G) =[-0.5 x —0.1 x —=0.4 x —0.3] + [-0.4 x —0.3 x —0.3 x —0.2] = 0.0132.

Table 2: Values second ZI for three types of graphs.

Type of Graphs | crisp graph | Fuzzy graph | Bipolar fuzzy graph
The second Z1 4 0.1092 (0.1092,0.0132)
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In the next theorem, an upper bound of this index is provided.

Theorem 3.5. Suppose G = (X, 3,9) is a BFG having n vertices and m edges. Then
ME(G) <m(n—1)%, MY (G) < m(n—1)>

Proof. As 0 < ug(v) <land -1< ug(v) < 0, then

MP(G) = Y pFd” (pf)d" () < Y (AF) = m (A7) <m(n—1)?,

uwveE uveFE
MY (@) = 3wy (™ (w)pd (0)dV () < 3 dV(wdV(w) < Y (AN) = m (AY)® < m(n - 12
uwveE uveR uwveE

u,(0.4,-0.6)  (0.1,-0.2)  u,(0.2,—0.3)

(0.2,—0.1) (0.2,—0.3)

u5(0.2, —0.4). (0.1,—0.3) .u4(0.7, —0.5)

Figure 2: ABFG with (M3 (G), M3’ (G)) = (0.0396,0.1488).
O

Example 3.6. Suppose G = (X, 3,Q) is a BFG shown in Figure 2| with vertex set X = {u1,u2,us, us},

and F = {ujug, ujus, uguy, uguy} such that

X ul Uus us U4 FE UiUu2 | U1U3 | U2U4 | U3U4
pg | 04 102]02]07 p, | 01 [ 02 ] 02 | 0.1
pg | 0.6 -03]-04]-05 g, | 02 [ 0.1 | -0.3 | -0.3
The degree of the vertices X
X Uy U us Ug
d? 103103037103
d¥1-03]-05]-04]-06
Then
My(G) = (M3 (G), M3 (G)) = (Z uf (u)d” ()t (0)d" (v), u,éV(U)dN(U)uéV(v)dN(v)>
uveE weE

MF(G) =104 x0.3x0.2x0.3] 4 [0.4 x 0.3 x 0.2 x 0.3]
+[0.2 x 0.3 x 0.7 x 0.3] +[0.2 x 0.3 x 0.7 x 0.3] = 0.0396
MY =1-0.6 x —0.3 x —0.3 x —0.5] + [<0.6 x —0.3 x —0.4 x —0.4]
+[-0.3 x —=0.5 x —0.5 x —0.6] + [-0.4 x —0.4 x —0.5 x —0.6] = 0.1488

Example [3.6] shows Theorem [3.5] is satisfied for the BFGG in Figure 2l Also, the value of this index for an
BFSG is less than the original BF'G, as shown in the example below.
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u,(0.4,—0.6)

(0.1,—0.2) (0.2,—0.1)

u,(0.2,-0.3)  (0.1,—0.3)  u3(0.2,—0.4)
Figure 3: A BFG with My (G') = (M£ (G'), MY (G")) = (0.0168,0.0798).

Example 3.7. Suppose, G is a BFG and G’ be its BFSG (Figure 3|) gain by removing us.Then the degree

of the vertices X_,,

X,u4 (75} u9 us
a 1 03] 02103
a¥ 1-031-05]-04

My (G') = (MF (G"), MY (G')) = (Z ) (w)d” () (0)d" ), 3l () ()l <v>dN<v>>

uwveE uwveE
MF (G') =[0.4 % 0.3 x 0.2 x 0.3] + [0.4 x 0.3 x 0.2 x 0.3] 4+ [0.2 x 0.2 x 0.2 x 0.3] = 0.0168
M3 (G') = [-0.6 x —0.3 x —0.3 x —0.5] + [0.6 x —0.3 x —0.4 x —0.4] + [-0.3 x —0.5 x —0.4 x —0.4] = 0.0798.

Note that, from Examples |3.6{and we get My (G') < Ms(G). In the next proposition we proved the fact
in general.

Proposition 3.8. Let G' = (X', 3',Q)) be a PBFSG of a BFG G = (X, 3,Q). Then

My (G') < M3 (G), My' (G') < M3'(G).
Proof. Since G’ is a PBFSG of G then for any u,v € X’,,ug,(u) < ug(u), pb (u,v) < pf(u,v) and ,ug(u) >
Y (), i ,0) 2 (). So,

dP, Z ,LLQ/ u, U Z Mg/(uy/v) S Z /’Lg(u7 U) = dg(“)’

veX’ veX’ veEX
N = 3 i) = 3w o) = 3 il (u,0) = d¥(u).  Therefore |
veX’ veX’ veEX
= > uf g () )dG () < D pf (w)dg (u)uf (v)dG(v) = M3 (G),
weE’ uwwelb
Z MB dG/ dG/ Z /,LB dG/ ('U)dg/(v)
uve R’ uve R’
<Y pg (wdg (u)ph (v)dg (v) = MY (G).
uwveE

Let G = (X, 3,Q) be a BFG. For any (r,t) € [-1,0] x [0,1], we define BFG G(.;y = (X', #/,Q') such that,

X' = {u € X | pf(u) <ty (u) > r} and puf (u) = pg (u), pup (u) = pf (), p (w) = ph (), pg (uv) =

1 (wv),for al u,v € X'. O
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Corollary 3.9. Suppose G = (X, 3,Q) is a BFG and let 0 <r; <ry <1 and =1 <71} <7y, <0 Then
My (Gr,) < My (G, y) <+ < My (Gry) < My (Gr)
MY (Goy) < MY (G ) <o < MY (Gy) < MY (Gy)
In the next theorem, second Z1 of a bipolar path is discussed.
Theorem 3.10. Suppose P = (X, 3,Q) is a bipolar path having n vertices. Then
My (P) < 4(n —2), M3" (P) < 4(n - 2).

Proof. Suppose P (v1, v, -+ ,vy,) is an n-vertex bipolar path. Then d (v1) = (d¥ (v1),d" (vl)) = (u (v1
Ng (Ulv2)) yd(vy) = (dP (vn) adN (Un)) = (N(I; (Vn—1vn) ,Ng (Unflvn)) and d(v;) = ( (vi) . d ( i)
(1h (vic1vy) 1y (vicqvi)) + (pd (vvic1) , 1l (vivie1)) for i = 1,2, ,n — 1. Therefore,

2)

)

Ms(P) = (M3 (P), M3' (P)) = (Z ph (w)d” (u) v), Y wp (u pg (0)d" (v ))
uveEE uwveE
= > uf(u pf ()d" (v) = pf (v1) pf (v2) gy (viv2) (g (V1va) + ph (v2v3))
weE
+ #5 (Un-1) N]ﬁj (vn) MSI; (Un—10n) (NS (Un—1vn) + ,Ug (Un—ZUn))
n—2
+ ) uf (0) pf (ie1) (u (ic1v) + ph (vivier))
i=2
n—2 n—2
<242 2(ph (vivig1) + ph (Vit1vir2)) <2+2+ ) (242) =4(n —2)
i=2 1=2
Similarly, we get MY (P) < 4(n — 2).
Now second ZI of a bipolar cycle is studied here. O

Theorem 3.11. Suppose C = (X, 3,Q) is a bipolar cycle having n-vertices. Then
ME(C) < 4n, MY (C) < 4n.

Proof. Suppose C (v1,va,--- ,v,) is n-vertex bipolar cycle, then d (vy)
ugy (v1v2)) + (uf (viva) s p (Ulvn)) yd (v) = (a7 (i), dY (vi) = (g (vivie1) s gy (vivie
1 (vig1vy)) fori=2,--- ;n—1 and d (vs) = (d (vn),d™ (vn)) = (pd (Vivn), 1 (vive)) + (1 (Vn—1vn

(18 (vn—1vp)). Therefore,

Ma(C) = (M3 (C), M3' (C)) = (Z pp (w)d” (w)pf (0)d” (0), Y uéV(U)dN(U)ug(v)dN(v))

uveE uveE
= uf(u pf (v)d" (v)
uwveE
=i (v1) iy (v2) (G (v1on) + pg (v1v2)) (G (viv2) + pg (vavs))
gy (01) i (vn) (16 (01v2) + gy (V1vn)) (16 (Vn—10n) + 116y (V102))
n—1
+ >l (vi) el (vig) (pd (vieavi) + s (Vivig)) (ph (Vivigr) + pl (Vi1vig2))
=2
n—1
<444+ ) d=4dn
=2

Similarity, we obtain M&¥(C) < 4n. O
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Theorem 3.12. Suppose S is a bipolar star having n + 1 vertices. Then
ML (S) < n? MY(S) <n?

Proof. Suppose S (vg, vy : ve, -+ ,vy,) is a bipolar star having (n + 1) vertices with center v, then

d(’Uo) = (dP (’Uo) ,dN (’UO)) = (Z ,Ug (vovl ,Z,u Uovz )
=1 =1

and d (v;) = (d¥ (v;),d™ (v;)) = (d; (vovs) , ) (vov;)) for i =1,2,---  n. Therefore,

My(S) = (M3 (S), M3 (S)) = (Z s (w)d” (uwpfy (v)d" (v), Mév(u}dN(U)ﬂéV(v)dN(v)>

uwveE uwweER

=" b (vo)d” (vo) ps (vi) d” (v5) = s (vo) (Z gy (vovs) ) >l (vi) pdy (vovi) < m
=1

=1

= > pg (o) d™ (vo) g (vi) @™ (vi) = g (vo) (Z pey (Uovz’)> > g (i) py (vovs)
=1

)

u,(0.1,—0.3)

(0.1,-0.2) (0.1,-0.3)

u,(0.4,—0.2) (0.2,-0.2)  44(0.2,-0.4)
Figure 4: A complete BFG with M(G) = (M{'(G), MY (G)) = (2.0024, 4.6).
Second Z1I of the complete BF'G depicted in Figure [4] is evaluated below. O

Example 3.13. Suppose G is a complete bipolar fuzzy graph depicted in Figure 4 with X = {uq, ug, us} is
a vertex set and Ey = {ujug, ujus, ugus} such that

X Ul U U3 E | uquo | uiug | usus
ph [ 01104 ] 02 py, | 0.1 [ 01 | 0.2
pg |03 1-02]-04 o, | -02 [ -0.3 | -0.2

Then the degree of the vertices X

d¥ 1-051-041-05
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M (G) = (M3 (G), M3 (G)) = (Z uf (w)d” (w)pf (0)d" (v), Y uéV(U)dN(U)uéV(v)dN(v)>

weE uveE
M$(G) =10.1x0.2x0.4x0.3]+[0.1 x 0.2 x 0.2 x 0.3] +[0.4 x 0.3 x 0.2 x 0.3] = 2.0024

MY (G) =[-0.3 x —0.5 x —0.2 x —0.4] + [-0.3 x —0.5 x —0.4 x —0.5]
+[-0.2 x —0.4 x —0.4 x —0.5] = 4.6.

Theorem 3.14. Suppose G = (X, 3,Q) is a CBFG with verter set X = {vi,ve,- -,v,}. Then

n(n —1)3 n(n —1)»
(M§1)4 <MP@G) < (21) (H}ﬁ:n)4 < (21)7

n(n —1)3 nln —1)3
(Mg)4§M§V(G)§(21)(Mé\ZL)4S(21)

n(n —1)3
< AN 7T
0= 2
n(n —1)3
0< ———
- 2
Where

(5. 15) (v) = (b, pf) and pf, < pfy, <o < pufy iy < ph, <0 <
Mg; fori=1,2,---'n

Proof. As G be a CBFG, and (ug,ué,v) (v;) = (“,i’#]ﬁv,.) and ,ugl < #52 <...< /‘,]Bjn fori=1,2,---,n, so
d(vi) = (n— i)ug + Z;;ll ng. Therefore

i—1 j—1
ME@) = X i@ @) = Y { [<n i+ zﬂgk] [m i+ zugk] }
k=1

uveE 1<i<j<n k=1

i1 j—1
S AR {ITER D A | e oA )
1<i<j<n k=1 k=1
nn — 3
= (uh)' Y iUl i1 =" ey
1<i<j<n
i1 j—1
M) = Y i a0 ) = Y il { [m i+ zugk] [m o+ zugi] }
uveR 1<i<j<n k=1 k=1
i1 j—1
<Y W) { [m o e [<n L zygn] }
1<i<j<n k=1 k=1
nn — 3
=)' Y (i i)+ -1 =" )t

1<i<j<n

We can prove other inequalities similarly.
Let G = (X, 8,Q) be a BEG. Now we construct the BFGC[G] = (X, ,9°) with (u§ (uv))® = A {,ug(u), Mg(v)}

and (ud(uv))® = v {uév(u),uév(v)} We called the BFG is completion bipolar fuzzy graph of the
BFGG. O

Theorem 3.15. Let G = (X, 3,Q2) be a BFG. Then
My (G) < M3 (C[G)), M3'(G) < My (C[G)).

Proof. As C[G] is completion BFG of G, then ¥(u,v) € E, iy (u,v) < pbe(u,v) and pf (u,v) > ple (u,v).
So, G is bipolar partial fuzzy subgraph of C[G]. Therefore, the result follows by Proposition O
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Corollary 3.16. Let G = (X, 3,9) be a BFG with n vertices. Then

_1)3
M andMQN(G) > —

My(G) <
Second Z1 is discussed for isomorphic BFGs in the next theorem.
Theorem 3.17. Suppose G1 = (X1, 81,1) and G2 = (Xo, B2, Q2) are isomorphic BFGs. Then Ms (G1) =
Ms (G3).
Proof. There exists a bijective mapping a : X; — Xo such that , <M§1 (v),u]ﬂv1 (v)) = (,ug2 (a(v)),u]ﬁ\g(a(v)))

and (,ug1 (u,v),ugl (u,v)) = (,ugz(oz(u),oz(v)) u&(a(u),a(v))) for any u,v € Xy. Then

G, (u) = D (ph, (u,0)) = D ph,(a V)= Y b, (a(u),av) = dg, (e(u).
ueX ueXy a(u)eXo
Aoy () = > (uf, (w,0)) = >, (a V)= Y ud,(e(u),av) = dy,(e(uw).
ueXq ueXq a(u)eXea
Therefore,
M2P (G1) = Z Mgl Mﬁl dG1 Z M,BQ dG2 a(u ))u§2(a(v))d§2( (v))
uveE; uwvEE]

= > uh(a()dg,(@(w)uf,(@(v)dg, (a(v) = My (Gs).

a(u)a(v)EEs
My (Gh) = Y ph (wdg, (wpd, (0)dg, (v) = Y phy (elw))dgs, (a(u)) g, () dE, (a(v))

uveE; uveE;

= Y uh(a)dd,(a(w)uh,(a(v)dd, (a(v) = My' (Gs).

o(u)a(v)EE:

Theorem 3.18. Let G = (X, 3,Q) be an BFG having n vertices and m edges. Then

4
(5:;) < MF(@) §m(AP)2 and(é;\;) < MM @G) Sm(AN)z.

Proof. We have 6 < dP(v) < m(ug(v)) and 0V > dV(v) > m(,uév(v)) for any v € X. Therefore,
pE(v) > & and p} (v) < &-. Now,

My (@) = (MF(G), M. ( > s s "), 3 )" o <v>dN<v>>
Z@E“ﬁ Wb (v iP() < (AP)2 ZE [ugwg& <m(a").
= Z Y () () (0)d (v) < (AN);UZE [ (il ()] < m (AV).
pgsin, ) 6= 3wt i o) o ' > (57)° > [ )]
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4. Bounds of second Zagreb indices for bipolar fuzzy graphs during operations
Some relations of second ZI are discussed during some BF'G operations here.
Theorem 4.1. For tow BFG;G1 = (X1, 81,1) and G2 = (X2, 52,€2) we have
MY (Gy x Go) <maME (G1) + miML (G) + noM{L (G1) + niME (Gy) + 2AT AL (nymso + ngmy) and
MY (G x Go) >maMY (G1) + mi MY (Go) + no MY (Gr) + ni MY (Gy) + 2ANAY (nymg + ngmy) .

Proof. Since G1 x G is the Cartesian product of G; and G, then for (u,v), (u1,v1) € X7 x Xo, ug(u,v) =

A b )b, )} (w0) = v {5 (w), 55 (0) } and

A “61 M92 } if u=wuq,vv1 € Ey

Hg ((u,v), (u1,v1)) = A MBZ( “Ql } if uug € E1,v =11
0 otherwise.

( Vv “61 } if u=wuy,vv1 € Ey

ug ((w,v), (u1,v1)) =< v ”ﬁz( qu } if uuy € E1,v =1
[ 0 otherwise.

Then

dglng(u,v): Z :U’g{(u7v)7(uvvi)}+ Z :U’g{(u7v)7(uivv)}

v;vEFo u;ue
= Z /\{Mﬁﬁ MQz CER) }+ Z /\{/%’2 HQI (u ul)}
v;veEFy u;u€
P P P P
S Z :LLQQ (U’ ,Ui) + Z MQl (U’7 ul) = dG1 (U) + ng ('U),
v;vEF> u;u€ kb
dngG2(u,’U) = Z Mg{(uvv)7(uvvi)} + Z Mg{(uvv)7(ui7v)}
v;vE Ko u;u€FEq
= > VA @, pg, o))+ Y Vg (0), 68, (wu)}
v;vE g u;u€ Ky
N N N N
2 Z ILLQQ (U7 'Ui) + Z /’Lﬂl ('LL, ul) = dG1 (U) + dGQ ('U)
v;VEFg u;u€ Fq

Then second Z1I of G1 x (G5 is:

My (G x G) = > ph (wr,0) pf (ug, v2) dG, g, (w1,v1) A6y, (u2, v2)
(u1,v1)(u2,v2)EE(G1 xGg)

P P P P
= Z Mﬁ (U,'Ul),dﬁ (u,'l)Q) dG1><G2 (U7'U1) dG1><G2 ('LL, 'UQ)
u€X1,v1v2€E

_l’_

(]

,Ug (u1,v) :ulﬁj (uz,v) dglez (u1,v) dgleQ (u2,v) = Kf + Kf,
vEXa,uiu2€k;
N
M3 (G1 x Ga) = > pg (ur,01) i (ug, v2) A& i, (w1, 01) A& i, (U2, v2)
(u1,v1)(u2,v2)EE(G1 xG2)

N N N N
= Z Hg (uvvl):uﬁ (u, v2) dgy x g, (U, 01) A,y (U5 v2)
u€X1,v1v2€E2
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+ Z ,u,]BV (u1,v) MJBV (ug,v) dﬁleQ (u1,v) dngQQ (ug,v) = K&V + K& where
veEX2,uju2€E

P P P P P
K" = Z 13 (u,v1) s (u,v2) dg, xq, (U, v1) diy xy (U, 02)
u€X1,v1v2€E
KN = 3l (o)l (u,02) A, (w01) 48 g, (u,v2) and
ueX1,v1v2€E
K" = ST (un,v) pf (ug,0) G g, (u1,0) A6, g, (u2,0)
veEX2,uru2€ky
N N N N N
BN = Y (w,0) i (ug,0) dE ca, (01,0) A xay (ug, v) -
veEX2,uru2€ky
P P P P P
K= Z g (u,v1) pg (u,v2) dey xa, (U,01) dey <y (4, 02)

ueX1,v1v2€E

< Y ek dE, () + ub, (1) dg, (01)] [1f, (w)dE, (u)
ueX1,v1v2€E

Yo h@db @)+ Y ub (v)dE, (o) b, (v02) dE, (v2)

ueX1,v1v2€E u€EX1,v1v2€E2

+ ) ufwdg, (w) {ph, (v1)dE, (v1) + uf, (v2) dE, (v2) }
u€X1,v1v2€E2

< > MP(G)+ D MP(Gy)+287AF > 1
vive€E2 ucXy ucX1,v1v2€E2

_ P P P AP

= mng (Gl) + n1M2 (Gg) + 2n1m2A1 AQ .

So, Klp < mQMlp (Gl) + nlMQP (GQ) + 2n1mgA{)A§.
Similarly, one can get KT < miM{ (G2) + noME (G1) + 2nami AT AL,
Therefore, MQP (G1 X Gg) < K1P + KQP < mQMlp (Gl) + mleD (GQ) + n2M2P (Gl) + nlMéD (Gg)
+ QA{DAg (n1m2 + ’I’Lgml).

N N N N N
Ky = Z pp (w,v1) pg (u,v2) dg, xa, (v, 01) dg, xa, (1, v2)
ucX1,v1v2€E2

> > [ dd, (u) + pg, (v1) dE, (01)] [ (w)de, (u)
u€X1,v1v2€E,

= Y Y @dd P+ S ) (o) dl, (1) i (v2) dY, (v2)

u€EX1,v1v2€E u€X,v1v2€E

= Y uy(wdg, () {ug], (1) dd, (v1) + g, (v2) deY, (v2) }
u€X1,v1v2€E,

> > MN(G)+ Y MY (Gy)+2aVAY YT

v1v2€E2 u€X1 u€X1,v1v2€E2
= m2M1N (G1) + n1M2N (Gg) + 2n1m2A]1VA§V.
So, K{V > mngN (Gl) + TL1M2N (GQ) + 2n1m2A{VAé\7.
Similarly, one can get Ko™ > mi M (Ga) + na MY (G1) + 2nami AN AY.

Therefore, MQN (G1 X Gg) > KlN + KQN > mngN (Gl) + mlMlN (Gz)—l— TLQM2N (Gl) + nlMéV (Gg) +
2AN AY (nymg + namy). a

Example 4.2. Suppose G = (X1, 81,Q1) and G2 = (X2, 52,2) are a BF'G shown in figure. 5 with vertex
set X1 = {ug,u2}, 1 = {ujua}, Xo = {v1,v2,v3}, E1 = {v1v2,v103, v2v3}, Such that



Z.-A. M. Lafta, A. Talebi, Journal of Prime Research in Mathematics, 22(2), (2026), 125-150

139

u,(0.3,—0.4) u,(0.2,—0.5)
® o

(0-1,-0.2) v,(0.2,—0.4)  (0.1,-0.2) v3(0.4,—0.6)
G,

Gy
Uy, Uy (0.2, _0.5)

uy,v41(0.3,—0.4) (0.1,—0.2)

(0.1,—0.2)
(0.1,—0.2)
Uy, 15(0.2, —0.4) (0.1,—0.2) Uy, 15(0.2, —0.4)
Gq1 X Gy
Figure 5: The Cartesian product of two BFG G and Ga.
X1 U1l U9 Xo U1 U2 U3
ph | 03102 ph, | 030204
pp |04 1-05 pp, | 0.7 1-041-0.6
Ey | ujus Ey | vivg | vivs | vous
1, | 0.1 ph, | 01 ] 02 ] 01
pgy, | -0.2 fgy, | -0.2 | -0.5 | -0.2
Hence the following tables give G1 X Go
X1 x Xo | ui,v1 | ui,v2 | u1,v3 | u2,v1 | u2,V2 | u2,v3
ph o xph | 03 ] 02 | 02 | 02 | 01 | 0.2
pp X pg, | -04 [ -04 | -04 | 05 | 02 | -0.5
By x By (ur,v1) | (u1,v1) | (u1,v1) | (u1,02) | (u1,vs) | (ur,v2) | (u2,v3) | (u2,v3) | (uz,v1)
(ug,v1) | (u1,v2) | (u1,v3) | (u1,v3) | (u2,v3) | (u2,v3) | (uz,v1) | (u2,v2) | (u2,v2)
g, X ph, | 01 0.1 0.2 0.1 0.1 0.1 0.2 0.2 0.1
pgy, X pgy, | 0.2 -0.2 -0.4 -0.2 -0.2 -0.2 -0.5 -0.4 -0.2

Therefore, the degree is all vertices G1 x Go

Then

d(X1 x Xo) | ur,v1 | ug,v2 | ui,vs | ug,v1 | u2,v2 | ug,vs
ar 0.4 0.3 0.4 0.4 0.3 0.4
alv 0.8 | -06 | -0.8 | -09 | -06 | -0.9

Mg (Gl X GQ) = (MQP (G1 X Gz) ,MQN (Gl X GQ))

= (Z pf (w)d” (w)pf (0)d" (0), Y pf (w)d™ (w)pf (v)d™ (’v)>

uveR uveE
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M3 (Gy x Ga) =[0.3 x 0.4 x 0.2 x 0.4] 4+ [0.3 x 0.4 x 0.3 x 0.4] +[0.3 x 0.4 x 0.2 x 0.3]

+ (0.2 x 0.3 x 0.3 x 0.4] +[0.2 X 0.3 x 0.2 x 0.3] 4+ [0.3 x 0.4 x 0.2 x 0.4]

+[0.2x 0.4 x 0.2 x 0.4] +[0.2 x 0.4 x 0.2 x 0.3] 4+ [0.2 x 0.3 x 0.2 x 0.4] = 0.0676
MY (G x Gg) = [-0.4 x —0.8 x —0.5 x —0.9] + [~0.4 x —0.8 x —0.4 x —0.6]

+[—0.4 x —0.8 x —0.3 x —0.8] +[-0.4 x —0.8 x —0.4 x —0.§]

+[—0.4 x —0.8 x —0.5 x —0.9] + [-0.4 x —0.6 x —0.4 x —0.6]

+[—0.5 x —0.9 x —0.5 x —0.9] + [-0.5 x —0.9 x —0.4 x —0.6]

+[—0.4 x —0.6 x —0.5 x —0.9] = 1.0201

Hence the result.
Corollary 4.3. (i) ML (Gy x G3) < (nyma + namy) (Af + A§)2, MY (G x Ga) > (nyma + namy)
(AN +AY)?,
(ZZ) M2P (Gl X Gg) < (n1m2 + ’I’Lgml) (n1 + no — 2)2 MQN (Gl X GQ) > (n1m2 + ngml) (n1 —+ ng — 2)2 and

(iii) M3 (G x Ga) < d4minmo+dmingmi+ming (nq — 1)° + mong (ng — 1)°+2 (ng — 1) (np — 1) (nyma + namy),
MY (G1 x Ga) > 4m2n3ma+4m3n3my+ming (ng — 1)2 + mony (ng — 1)2+2 (n1 — 1) (ng — 1) (n1ma + namy).

Theorem 4.4. MJ (G1 [Ga]) < ndmaM{ (G1)+n3MT (G1)+(mi+ ni) ME (G2)42ns (nimg + myn3) AT AL+

mi (ng —ma) (AL)?, MY (G1 [Ga)) > n2maMN (G)+ndMY (G1)+(m1 +n1) MY (Ga) + 2ng (nama + mind)

AVAY +my (n3 —mg) (Aév)2.

Proof. As G [G2] is the composition graph of G; and G, then for (u,v), (ui,v1) € X, ,ug(u, v)

=n{ubw), wf @} and pY ) = v {ud (w), u}(0)} and

A /‘51 (u),ug2 (le)} if u=wuy,vv1 € Eo

P
pe ((w,v), (ur,v1)) = ¢ A ,u]BDQ (v),,ug2 (v1) ’“51 (uul)} if uuy € Eq,
0 otherwise.

v {M/g]}fl (u), ugy, (le)} if u=wup,vv € Ey

N _ .
pe ((u,v), (ur,v1)) =g v {ué\g(v),u[i (v1) ,,ugl (uul)} it wuy € Ey,
0 otherwise.

Then,

déﬂGg](“? U) = Z :U’g {(u7 ’U), (u’ Ul)} + Z :U’g {(u7 U)v (uiv U,)}

v, vEFo u;u€E,v;€Xo
P
= > Mug@.ug, o)+ Y A{pg(0),ub, (), (ww) )
v, VEFo uuEl,v;eXs
SToph, o)+ > ph, (uw)
v, VEFg uu€E b, v;eXa

— o (u) + d, (v),
dgl[Gz](uvv) = Z :uf]\l[{(uvv)’(u7vi)} + Z N(Z\lf{(uv U)7(ui7vi)}

v;vEE, uuE B, v;€Xo

= Z V{Mﬁﬁ MQz UU% }+ Z v{uﬁ2 uﬁz (UZ) 'ugl (uuz)}

v;v€EE, uu€ b, v;eXs
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> > uh, e+ D, (uw) = nadgl, (u) + dg, (v).
v;vEFS uz‘ueEl,'UjEXQ

Then second ZI of G [G2] is:
M3 (G1[Gs)) = > p (ur,v1) pfy (s, va) dgl[c;g} (ur,v1) dél[GQ] (uz2,v2)
(u1,v1) (u2,02) €E(G1[G2])

= Z uf? (u,v1) u§ (u, v2) dgl[GQ] (u,v1) d&[g2] (u, v2)
u€eX1,v1v2€E2

+ > ph (ur,v1) pf (w2, 09) dg, g1 (u1,v1) dGy gy (w2, 02) = K + K3,
v1,v2€X2,u1u2€E,
M3 (G [Ga]) = > pf (ur,v1) pf (ug, v2) d, ) (w1, 01) A3y, ) (U2, v2)

(u1,01)(u2,v2)€E(G1[G2])

= Z /Jfav (u,v1) M,JBV (u, v2) dgl [Ga)] (u,v1) dgl [Ga] (u, v2)
ueX1,v1v2€E

+ Z M/JBV (uy,v1) ,ujﬁv (ug,v2) dgl[GQ} (ug,v1) dgl[@] (ug,v2) = K{V + KQN, where
v1,v2€X2,urus€Es
Klp = Z Iu,g (U, 'Ul) ,ug (U, 'UZ) dgl[GZ] (U, 'Ul) dgl[Gﬂ (’LL7 ’1}2) ,
u€EX1,v1v2€E2
KN = Z ,ufgv (u,v1) u]ﬁv (u,v2) dgl[G2] (u,v1) dgl[GQ] (u,v9) and
u€X1,v1v2€E2
Kép = Z ,ug (uy,v1) ,ug (ug,v2) dgl[GZ] (uy,v1) dgl[Gz} (ug,v2)
v1,v2€X2,u1u2€E:
Kév = Z ,Uf]BV (uly Ul) /j/g (UQ, 112) dgl [Ga] (Ul, Ul) dgl [Ga) (Ug, U2> .

v1,v2€X2,u1u2€Es

Now

K{D = Z N,g (U, 'Ul) Hg (U, 'UQ) dgl[GQ] (U, ’Ul) dgl[G2] (’LL7 ’1)2)
ucX1,v1v2€E2

< > [neph (wdE, () + pf, (v1) dE, (v1)] [nepf, (w)dE, ()
u€X1,v1v2€Ey

=n3 > bwdb Y b () dE, (v1) b, (v2) dE, (v2)

u€X1,01v2€E2 ucX1,v1v2€E2

+ny > ph(wdg, (w) {ph, () dE, (v1) + pk, (v2) dE, (v2)}
ueX1,v1v2€E

<n3 > M{(G)+ > My (Gy)+2mATAY Y1

v1v2€E2 ueXy u€X1,v1v2€Ey
= n%mngp (Gl) + nlMQP (Gz) + 2n1n2m2AfA§.
KT <nlmoM? (G1) + niME (Gy) + 2n1noma AT AP,
= > (wvn) ) (u,v0) dE, [Ga] (u,v1) dgY, [Ga] (u, va)

ucX1,v1v2€E2

> > [nepf (wdd, (u) + p, (v1) dgy, (v1)] [nepg, (w)dg, ()
u€X1,v1v2€E,

=nd > N wdd @)Y il (o) dY, (o) il (v2) dY, (v2)

u€X1,v1v2€E2 u€Xy,v1v2€E2
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te Y W ()d, () () (00) d, (00) + ] (v2) dF, (v2)
ueX1,v1v2€E

>n3 Y MY (G + Y M (Go) +2mAYAY YT

viv2€Eg ueXq u€X1,v1v2€Ey
2 N N N AN
= n2m2M1 (Gl) + TL1M2 (Gg) + 2n1n2m2A1 AQ .

So, K{V > n%mngN (Gy) + nlMQN (Ga) + 2n1n2m2A{VA§V.

Now
K" = > ph (ur,v1) pf (uz, v9) dg, [Ga) (w1, 01) di, ) (w2, v2)
v1v2€Xo,uiug €l
< Y [ (w)dB, () + b, (v1) dB, (1)] [nap (u2) d, (u2) + i, (v2) dE, (v2)]
v1v2€ X9, utus €L
=nj > ph (ur) di, (ur) + ph (u2)d, (uz) + > 1ih, (v1) dg, (v1) p, (v2) dg, (v2)
v1v2€ X2, uru2 €Ly viva€Xo,urus€ky
12 > 16, (w1) dE, () pfs, (v2) A, (v2)
v1ve€Xo,u1u2€ky
= nj b (u1) dé, () ph, (ug) dg, (u2) + 5, (v1)dg, (v1) uf, (v2) dg, (v2)
ny Hg, \U1) Agy (U1) fg, \U2) dg, (U2 Mg, (V1) GG, (V1) fg, (V2) GG, (V2
v1v2€X2,urus €Ly v1v2€X2,urus €k,
+ > 115, (v1) dé, (v1) gy, (v2) s, (v2) + > [, (w1) dE, (ur) pfy, (v2) dé, (v2)
(viv2)EX2x X2 /Eo,u1u2€E v1v2€ X2, utu2€E
2
b, (u2)dG, (up) ph, (1) dE, ()] + D > Y (AD) +na+ > 2APAL

v1v2€X2 MP (G1)+ v1uz€Ey vive€X2,u1u2 €k

=n3Mj (G1) +miMj (G2) +mi (n —m2) A3 + 2n3mi AT AL

So, KQP < R%MQP (Gl) + mlMQP (GQ) + m (n% — m2) A% + 2n%m1AfA§

KN = > iy (un, o) i (w2, v2) gy i) (un, 1) A, gy (u2, v2)
v1v2€X2,uius €l
> > [nops, (u1)dgy, (u1) +ug, (v1) dey, (v1)] [naps, (u2) dg, (u2) + g, (v2) dgy, (v2)]
v1v2€ X2, uiuz €l
= nj > B (u1) dyy (ur) + i (ug) dgy, (ug) + 5 (v1) dgy, (v1) p, (v2) dgy, (v2)
2 Mg, \U1) g, (U1 Mg, \U2) g, (U2 g, (V1) dg, (V1) pg, \V2) G, (V2
v1v2€X2,u1u2€ky v1ve€X2,u1u2 €k
+ n2 > (16, (w1) dg, (un) s, (v2) A&, (v2) +pg; (u2) gy, (us) pf, (v1) A, (v1)]
v1v2€X2,uus€Ey
=nj > iy, (un) dgy, (uy) i, (uz) dgy, (uz) + > 1, (v1) dy, (vi) g, (v2) dgy, (v2)
v1v2€X2,u1uz €l v1ve€Xo,u1u2€ky
+ > ps, (v1) dgy, (v1) pf, (v2) dgy, (va) + > [ (1) dgy, (wr) iy, (v2) dgy, (v2)
(U1U2)€X2><X2/E2,U1UQGE1 vive€X2,u1u2€E]
i, (uz) dgy, (uz) iy, (v1) dy, (v1)]
2
>ny Y My (GO + Y. My (Gy)+ > (AN +no+ > 2ANAY
v1v2E€ X2 uiuz€EL (v1v2)EX2x X2 /Eg,uius€Eq v1v2€ X2, u1u2€E

* 2
= ng MY (G1) + myM*™N (Go) +my (n% —ma) (Aév) + 2n3ma AN AY.
So, KQN = R%Mé\f (Gl) + m1M2N (GQ) + m (n% — mz) (Aév)2 + 2n§’m1A{VA$].
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Therefore,
MY (G1[Ga)) = KT + KT < n3maME (G1) + naME (G1) + (my +ny) ME (Go)
+ 2n9 (n1m2 + m1n2) APA2 +mq (n% 2) (A§)2 .
2 (G1[Ga)) = KT + K3 = n3maM (G1) +n3My' (G1) + (m1 +n1) My (Ga)
+ 2n9 (n1m2 + mln%) A{VAQV +my (n% — mz) (Aév)2 .
O

Corollary 4.5.

(1) My (G1[Ga]) <3 (n1 — 1)* (nama +man3) ,
> — (n1 +1)2 (n1m2 + mlng) ,

(44) MQP (G1[Gq]) < 4m%n — mm% + mlng (ng — 1)2 + ma (m1 4+ n1) (ng — 1)2 +2n9 (n2 — 1) (ng — 1)

(n1m2 + mm%) +my (ng — 1)2 (”% - m2)

MY (G [Gs]) > — (4m%n —myn2 +mini (n1 — 1)% +ma (my +ny)

(Tlg - 1)2 + 2n9 (ng — 1) (77,2 — 1) (n1m2 + mlng) +mq (nQ — 1)2 (n% — mg)) .

Theorem 4.6.

My (Gh) + My (Ga) < My (G1+ G2) < My (Gh) + My (G2)

+ mang (2A7 + ng) + nimg (288 + n1) 4+ nang (A +n2) (A5 +n1),
and

My (Gh) + My (G2) > MY (G1 + G2) > My (Gh) + My (Go)

+ ming (QA{V + ng) + nimy (ZAQI + nl) + ning (A{V + ng) (Aév + nl)
Proof. As G1 + G is the join graph of G; and Ga, then for u,v,ui,v; € X,

and

A{/,Lgl(u),ﬂgz(u)} uwe Xy and v € Xy
P
uE (uv) = Ly, (uv) wv € By
u&(uv) uv € Ey
0 otherwise.
\/{u%(u),uévz(u)} u€ X1 and v € Xy
N
Y (uv) = pg, (uv) uwv € By
,qu (uv) uv € Ey
0 otherwise.
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Then,
dg (w) + D AMub, () n (0)} we X
dg 16y (1) = =
He TN an w4 Y A ). ) ve X
veEX]
dgy, (w) + D v {uh, (u), i, (0) ) we X
A, (0) = X , (4.1)
o dg, (u) + ZV{MﬁQ s (0)}, ue Xy
\ veEX]
Hence
G1+G2 dgz(u), = X27
ay (u) u € Xy
d¥ oo(u) <Gl (4.2)
G1+Ge {dgz (u), u€ Xo.
Also, from Equation (4.1)), we get
dgl (u) + Z ugl(u), u € Xy
dg +an(u) < E2S
r dg, (u) + Z ph,(u), u€ Xo
\ ’UGXl
dgl(u) + Z ufgvl(u), u€ X
A+, (1) > = (4.3)
1o @y, (u) + Z [y, (w), u€ Xy
veEX]
So
dl (u) + nopk (u), ue Xy
dG1+G2 (u) S dIGDI ?31
G, (W) +napg (u), u€ X
d¥ (u) + noph (u), uwe Xy
dN > G1 B1 ’ 4.4
S = { G5 Fnupd) (), ue X, (44)

Then second Z1I of G1 + G is:

D

My (G1+Go) = uf (W)ph (0)dG, 16, (WG, 1, (v) = D il (WpE (0)dE, 46, (WG, 46, ()

quE(G1+G’2) uwvEF,
+ Z luﬁ dG1+G2( )dg1+G2(U) + Z Hg(u)ug(v)dg1+G2(u)dgl—l-GQ(v)
uveFo uEXl,’UEXz
Z b, (w)pify, (0)dE, (w)dé, (v Z 1, (w)ph, (v)dE, (u)dé, (v)
uwve Fq uv€E FEo

> M2P (G1) + M; (G2)
My (Gi+Ga) = Y
quE(G1+G2)

+ Y up (wph (v)dg

N
G1+Go (u)dGl—‘rGg (U) +
uve Fo

dG1+G2 ( )dgl—i—GQ (’U)

Z“ﬁ

uve

N/g (u):u,]@v (U)dgl—i—Gz ( )dG1+G2

lu’]ﬁv (U)Hg] ('U) dgl +Go (U)dgl +Go (’U)

2.

ueX1,vEX2
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Z (i, (W), (v)dgy, (w)dgy, (v Z 1, (W), (0)dey, (w)dey, (v) < My (G1) + My (Ga)
uve FEq uv€ FEo
Again,
MY (Gi+Go) = > pfWpf(0)de, e, (Wde, va,(0) = Dl (wph (0)dE, 46, (WdE, 1, ()
quE(G’1+G2) uwveF
+ Z /"Lﬁ dG1+G2( )dgl+G2(U)+ Z lug(u)lu’g(v)dgl+G2(u)dgl+G2(U)
uv€ Fo ueXl,UGXQ
Z Mﬁl Mﬁl {dGl +n2uﬁ1 }{dGl +n2'uf31( )}
uveFq
+ 37 b b, (0) {45, () + nupdy ()} {dE, ()b, (0)}  (by@A))
uv€ FEo
+ Z Hﬁl( MBQ {dGl + n2“51 } {dGl + nl'u’51 )} = Kf + KéD + Kﬁf’
u€X1,v€X2
M2]V (Gl + G2) = Z /,LéV(U)IU/IJBV(’U)dgl_’_GQ( )dG1+G2 Z /’LB dG1+G2( )dgl"rGQ (U>
uUGE(G1+G2) uve b
+ Z /’Lﬁ dG1+G2( )dg1+G2(v)+ Z lu’]ﬂv(u)ug(v)dg1+G2(u)dgl—‘rGg(U)
uve o ueX1,veEX2
Z Mﬁ1 Mﬁ1 {dG1 + ng”ﬁl } {dG1 + n2u,6’1( )}
uve by
+ Y by (Wi, (0) {dg, (u) +naph, (w) } {dg, (v) +nupf, (v)}
uve Fo
+ Z 'uﬂl( 'uﬂ2 {dGl +n2“51 }{dGl +n1'u/31( )}
ueX1,veEX2
= K{V + KY + K where
Z 'uﬁl Mﬁl {d +n2'u51 }{dG1 +n2“51( )}
uve k1
= D ub Wk, () {dG, () + niuf, () } {dG, (v) + nipf,(0)}
uv€ o
Ké) = Z Mﬁl( Mﬁz {dG1 +n2“ﬁ1 }{dG1 +n1'uﬂ1( )}
ueX1,v€X2
And
= D uh (W (v) {d&, (w) + napf (u) } {dF, (0) +naph (v) )
uveFq
Z M52 Mﬁz {dGz + nluﬁz } {dGz + nlluﬁz( )}
uve o
Kév = Z luﬂl( :uGQ {dG1 + n2luG1 } {dGl + nlluﬂl( )} .
uEXl,’UEXQ
Now

K =Y ub (w)ph, (v) {d&, (u) + naph, (u)} {dE, (v) + napfy (v) }
uwveFy
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= Y uh Wk, (v) [d&, (wdE, (v) +ng {uf, (w)dE, (v) + ph, (V)dG, ()} + n3uf (Wuf, (v)]
uwve€ Fq
< MQP (Gl) + 2m1n2Af + mlng.
K{V - Z 'uﬁl 'u/31 {dG1 + n2'u/31 } {dG1 + nQ'uﬁl( )}
uwveF}
= Y ph (wpd (v) [d, (Wdg, (v) +ng {pf; (w)dE, (0) + pf ()dg, (u)} +n3ps (wug; (v)]
uwveFq
> MY (G1) 4 2mine AY + myn3.
So k¥ < MF (G1) + 2mane AY + myn3, kY > MY (G1) + 2minaAY + min3. Similarly, k' < MF (Gs) +
2m2n2A§ + an%,kéV > MQN (Ga) + 2m2n2A§V + mon?, and kf < ning (Af—i—ng) (A§+n1) ,kév >
n1no (A]lv + ng) (Aév + nl) . Therefore, MY (G1 + G2) < kf+k§+k3p < MF (G1)+M{ (G2)+ming (ZA{D + n2)+
nimso (2A§ + nl) + ning (A{D + ng) (Ag + nl) ,MQN (G1 + GQ) < k{v + kév + kév > MQN (Gl) + MQN (GQ) +
ming (QA{V + nz) + nime (QAév + nl) + ning (A{V + ’rlz) (Aév + nl) . O

,(0.3,—0.4) 4,(0.2,—0.5) ,(0.5,-0.4) v,(0.3,0.6)
® (0.1,-0.2) ® o (0.2,—0.3) ®
Gy G,
(0.3, —0.4) (0.1,-0.2) 4,(0.2,-0.5)
(0.3,-0.4) (0.2,-0.5)
,(0.5,—0.4) (0.2,—0.3) v2(0.3,-0.6)
G, + G,

Figure 6: The join of two BFGG1 and Gbs.

Example 4.7. Suppose G1 = (X1, 81, Q1) and G2 = (X2, 82, Q2) are a BFG shown in figure. [0 with vertex
set X1 = {ul,u2} y E1 = {U1UQ} ,X2 = {Ul, ’UQ} ,El == {Ulvg} ,X1 + X2 = {Ul, ug, 1)1,’02} Such that

X1 | ur | ue Xo | m V9
P T

iy | 0302 i | 05103
Wy [-04]-05 Wy 1-04]-06

Hence the following tables give G1 + Gs.

X1 + X2 U1 (5] (%1 V2
ph +ub 103020503
ph +ph 1-041-05]-041-0.6

E1 + E2 uiLu u1v1 U1V ugV1 U2V V102
ph +ph, 01 10303 02]02]02
p +pd, [ -02]1-04]-04]-04]-05]-03

Er | uqug Es | vive
P P

,u%l 0.1 ,u%z 0.2

,Ule _0.2 IU’QQ _03
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Therefore, the degree is all vertices G1 + Go

d(Xl +X2) Ul U9 U1 V2
dar 0710507107
aN 1 |-11l-11]-12

My (G1 + Ga) = (ME (G1 + Go) , MY (G1 + G))

— (Z ,ug(u)dp(u Z Nﬁ ( )dN( ))

uwveE wveE
ME (G1+ G2) =[0.3x0.7%x0.2x0.5]+[0.3x0.7x 0.5 x0.7] +[0.3 x 0.7 x 0.3 x 0.7] 4+ [0.2 x 0.5 x 0.5 x 0.7]
+[0.2 x 0.5 x 0.3 x 0.7] 4+ [0.5 x 0.7 x 0.3 x 0.7] = 4.978
MY (G +Gy) =[-04x -1 x —0.5 x —=1.1] 4+ [-0.4 x —1 x —0.4 x —1.1]
+[-0.4 x =1 x =0.6 x —1.2] + [-0.5 x —1.1 x —0.4 x —1.1]
+[—0.5 x —1.1 x —0.6 x —1.2] + [-0.4 x —1.1 x —0.6 x —1.2] = 1.6388.

Corollary 4.8.

(i) M¥ (G1 + Ga) < (m1 4+ mg + ning) (ng +ng — 1),
M, (G1 + GQ) > (TR1 + mo + nlng) (n1 + ng — 1)2

and

(17) sz (G1+ G2) <my(n1—1) 2 4 ma (ng — 1)2 + ming (2n1 +ng — 1)
+mang (ny + 2n — 1) + ning (n1 +na — 1)%,

N(G1+ Go) > mi (ny —1)* +my (ng — 1) + myng (201 +ny — 1)
+ many (n1 + 2ng — 1) + ning (ng +ng — 1)2.

Theorem 4.9. MY (G U Gq) > MY (G1)+ MY (Gy) — kP (AP)Q, MY (G1UGs) < MY (G1)+ MY (Gs) -
KN (AN)?

where v = |Ey N By|, AT = max { AT, A} AN = min {A], A}

Proof. As G1 U G4 is union BFG of Gy and Gs, then

dgl (u) ifue Vl\VQ
dg]_UGQ (U) = d52 (U) if u S V2\V1
max {dg1 (u),dgl(u)} ifueVinhs
dgl (u) if ue V1\Va
A ue,(w) = ¢ dX, (u) if u € Vo\W
min {dY (u),dy (u)} fueVinVy

Then
(GLUGe) = Y (wuf ()6, v, (WG e, (0) = D ph (W)l (0)dG, e, (WdE, ua, (v)
weE weE;
+ Z /’LIB dG1UG2( )dglUGQ(v) - Z Mg(u)ug(v)dg1UG2(u)dglLJGQ(U)
wv€EFEy wweFk1NEy

> M (Gy) + ME (Ga) — 7 (AP)
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Gl UG2 Z /’LB dGlLJGQ( )dG1UG2 Z lu’ﬁ dG1UG2( )dglLJGQ ('U)
weE weE k]
+ Z lUJﬁ dG1UG2( )dglu(;g (U) - Z Mév(u)uév(v)dgﬂJGg(u)dglLJGg (U)
uv€ FEao uwveFE1NEsy

> MY (Gy) + MY (Ga) —r (AN)?.

O
5. Application of second Zagreb index to find the most suitable place to build a hospital

Hospitals play a crucial role in improving public health by providing comprehensive healthcare services
to individuals within communities. The importance of hospitals goes beyond treating illnesses and injuries.
They also focus on preventive care, health education, and disease management to enhance the overall well-
being of the public. Through their specialized health care professionals and advanced facilities, hospitals
significantly contribute to disease prevention, early diagnosis, and timely treatment, thereby reducing the
disease burden on society. In addition, hospitals serve as vital hubs for research, innovation, and public
health initiatives, working in collaboration with various stakeholders to address healthcare challenges and
promote healthy lifestyles. By offering a wide range of medical services, including primary care, specialized
care, diagnostic procedures, and therapeutic treatments, hospitals meet the diverse healthcare needs of
individuals across different age groups and backgrounds. Overall, the role of hospitals in advancing public
heath cannot be overstated public health cannot be overstated, as they remain at the forefront of efforts to
improve health outcomes and the quality of life for entire communities. Therefore,
considering the importance of building a hospital between four cities of Mazandaran province, namely Sari
(AS), Neka (Ne), Behshahr (Be), and Qaimshahr (Qa), we went to determine the best place to build it.

(i) Sari is located in the center of the province and is at the highest level in terms of population and area.

(ii) Qaimshahr is superior to Neka both in terms of population and geographical area and is located in
the southern part of the province.

(iii) Neka and Behshahr are located in the east of the prorince. Behshahr is superior to Neka. Consider
the Bipolar fuzzy graph in Figure [/l The nodes shows the cities and the edges represent the amount
of intercity traffic during a day. The population and area of each city are listed in Table ?77?.

Be (0.2,—0.3) (0.2,-0.1) SA (0.4,-0.1)
(0.1,-0.2) (0.3,-0.1)
Ne (0.1,-0.2) (0.1,-0.2) Qa (0.3,-0.2)

Figure 7: The join of two BFGG1 and Gbs.

Table 3: Name of cities and their population and area.

City Population | Area

Sari (SA) 504298 30744
Behshahr (Be) 168769 141627
Neka (Ne) 119511 | 13588
Qaomshahr (Qa) 309199 54585

The Weight of nodes in G

>

SA | Be | Ne | Qa
04021 01 |03
-0.1 ] -0.3]-0.2]-0.2

=

=
ey
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Therefore, the degree is all vertices G

da | SA | Be | Ne | Qa
d1051]03][02]04
dV]-02]-03|-04]-03

Mz (G) = (M3 (G), My (G)) = <Z ph (w)d” (w)ufy v), D uh (u pi (0)d™ (v ))

uveE uveR

ME(G) =102 x 0.3 x 0.4 x 0.5 + [0.4 x 0.5 x 0.3 x 0.4] + [0.3 x 0.4 x 0.1 x 0.2] +[0.1 x 0.2 x 0.2 x 0.3] = 0.0396
MY(G) = [~0.3 x —0.3 x —0.1 x —0.2] + [-0.1 x —0.2 x —0.2 x —0.3]
+[—0.2 x —0.3 x —0.2 x —0.4] + [-0.2 x —0.4 x —0.3 x —0.3]

Now we want to check the effect of removing each of the vertices on the amount of Zagreb index , so

have E | BeSA | SA Qa | Ne Qa | Be Ne
ph 1 0.2 0.3 0.1 0.1
py 1 -0.1 -0.1 -02 | -02
MY (G_pe) =[0.4 0.5 x 0.3 x 0.4] 4 [0.3 x 0.4 x 0.1 x 0.2] = 0.0264,
MY (G_ge) =[-0.1 x —0.2 x —=0.2 x —0.3] 4+ [-0.2 x —0.3 x —0.2 x —0.4] = 0.006,
ML (G_54) =[0.3x0.4x 0.1 x0.2]+[0.1 x 0.2 x 0.2 x 0.3] = 0.0036,
MY (G_s54) =[-0.2 x —0.3 x —0.2 x —0.4] + [-0.2 x —0.4 x —0.3 x —0.3] = 0.012,
MF (G_ga) = [0.2 x 0.3 x 0.4 x 0.5] +[0.1 x 0.2 x 0.2 x 0.3] = 0.0132
MY (G_ga) = [-0.3 x —0.3 x —0.1 x —0.2] + [-0.2 x —0.4 x —0.3 x —0.3] = 0.009,
ML (G_ne) =1[0.2 x 0.3 x 0.4 x 0.5] 4 [0.4 x 0.5 x 0.3 x 0.4] = 0.036,
MY (G_ne) = [-0.3 x —=0.3 x —0.1 x —0.2] + [<0.1 x —0.2 x —0.2 x —0.3] = 0.003

As we can see in the calculation above, by removing the city of Sary the positive membership degree
of the Zagreb index decreased drastically, so it can be concluded that the city of Sari is the most suitable
place to build a hospital because, firstly, it has the largest population among other cities, secondly, the area
of land suitable for building a hospital in the Sari city is more.
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