Available online at http://jprm.sms.edu.pk/
Journal of Prime Research in Mathematics, 22(1) (2026), 157-165

Journal of Prime Research

in Mathematics

Solvability of Optimization Problems for Nonlinear
Integral Equations with Singularities at the
Boundary of Integration

Akbarov Davlatali?, Nuritdinov Jalolxon®*

?Department of Mathematics, Kokand State University, 150700 Kokand, Uzbekistan.

Abstract

This article investigates an optimization problem for objects described by nonlinear integral equations with a
singularity at the boundary of integration. Within the framework of the theorem, possibly weaker conditions
were imposed, which allow for the verification of the kernel of the integrand and the nonlinear part. The
results obtained enable a direct approximation of the solution to the singular nonlinear integral equation and,
among the set of solutions, the identification of a control that ensures the minimal value of the function.
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1. Introduction

The fundamental principles of optimal control theory were laid down in the 1960s by L.S. Pontrya-
gin and his students [I6], and since then the theory has been actively developed and applied to various
practical problems in science, engineering, and computational technology [7, 10, [I5]. Many natural and
engineered processes are goal-oriented, requiring the effective management of parameters that govern their
dynamics. Mathematical models of such processes are commonly described by differential, integral, and
integro-differential equations, including inequalities and inclusions [2] 3].

Integral equations, particularly those with singularities at the boundary of integration, appear naturally
in boundary value problems, inverse problems, and systems with memory effects. Analytical methods for
studying such equations include fixed-point theorems, regularization techniques, kernel decomposition, and
successive approximations, which help establish existence and uniqueness results for nonlinear and singular

equations [ [5].
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For practical computations, numerical methods have been extensively developed. Quadrature meth-
ods, collocation and projection techniques, B-spline approximations, spectral collocation using Jacobi or
Chebyshev polynomials, and fractional spline methods have been successfully applied to nonlinear Volterra-
Fredholm and Fredholm integral equations with weak or strong singularities [4, [0, 8, [9]. These methods
provide accurate approximations and stable convergence, even in the presence of singular kernels or ill-
posed problems.

This article focuses on the optimization of systems described by nonlinear integral equations with sin-
gularities at the boundary of integration. In particular, it explores both analytical solvability frameworks
and contemporary numerical approaches, providing strategies for handling singular behavior at integration
boundaries and achieving reliable computational solutions.

2. Problem Statement

The following problem is considered:

J (x (t> U (t)) = Hw(t)HLp[a,b] + Hu(t)HLp[a,b] — inf, (21)
b T
e+ [ BT 0 am), () ar = o(0) (22)

a
Here: z(t) € Lpla,b] is the unknown state function of the process, u(t) € Ly[a,b] is the control function,
K(t,7) is a known bounded function, i.e., |K(t,7)| < k = const.
The problem (2.1)), (2.2) can be rewritten in the following form:

T (@(t), u(t)) = [50)1,  + 1O gy — i (2.3
a+te T b T
x(t) + / [i(i’ a)f (r,2(7),u(r))dr + N Ii(i’ a>f (1, 2(7),u(T)) dr = $(t), (2.4)

or equivalently,

a+e T
T @0, u0) = 12Ol oy + 16Oy + 2| [ 2D f (ralr)u(r)dr| > inf, (25)
b T
o)+ [ O ()l dr = 000 (2.6

fa+€ %f (1, 2(7),u(T)) dT) is called a penalty function [10] [15].

a+e T
/ 7)) u(r)) dr

T—a

where the term %
If we assume that

<e? (2.7)

then the problem ([2.1)), (2.2]) becomes equivalent to problem ({2.5)), (2.6)), where € > 0 is a small number and
e — 0.

3. Main Results

For condition (2.7) to hold, the function f(7,z(7),u(7)) must be monotonically decreasing in a small
e-neighborhood of the boundary point a of the integration interval [a, b].
The following theorem holds.
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Theorem 3.1. Let the function f (7,&,&1) satisfy the following conditions:
1) For all T € [a,b] C R and for all (&,&1) = € € Q C R, the inequality

1 p-1
[f(7,&0, &) < g(r) +C (Z gi|> < 00

=0

holds, where g(T) € Lgla,b], % + é = 1, with natural numbers p,q > 1, and C = const;

2) The function is uniformly continuous with respect to the variables (£&9,&1) = &€ € Q C R?;

3) The function is monotonically decreasing in a small e-neighborhood of the boundary point a of the
integration domain [a,b], furthermore, for all 11,72 € |a,a + €] satisfying 71 > T2, the following holds

|f(71,&0,&1) — f(ma,€0,&1)| < €%, V(&o, &) = € € Q C R

4) For all 71,79 € [a + €,b], with fized variable &1, and for all §0 ,5(2) € R, the function satisfies the
condition

£, &8 60 = flra, €2 60 < el — P, where 0 < o < 1.

Then,
a) The mapping F(z,u) = f(7,2(7),u(7)) : Ly[a,b] x Lyla,b] — Lg4a,b;
b) It possesses the properties of continuity and boundedness with respect to the functions x(1) and u(T);
c¢) The equation (@ has a solution for every fized u(T), and this solution is unique;
d) The problem , (@ s solvable, and its solution is equivalent to the solution of the original
problem , under the conditions of the theorem.

Proof. Part a) of the theorem is proved as follows.
If condition 4) is satisfied, then

b

b
/ f(ra() ur)dr < | [ 1(ratr),u(riar <

/ |f(r,2(7),u(r))|%dr <

/]g |da+C/ |2 (7)| P~ 1da—f—C’/ lu(7)| P~ Vdr = (3.1)

- (/ |g(7’)|qd7'> +C </a |x(7)|PdT+/a |u(7)|PdT> — const < oo,

where we used the identity 1 + % =1, or equivalently, (p — 1)g=p

From inequality (3.1), it follows that the following relations hold: f (7, z(7), u(7)) € Lg[a,b] and in oper-
ator form:F'(x,u) = f(r,2z(7),u(r)) : Lpla,b] X Lyla,b] = Lg|a, b].

Now we proceed to the proof of part b) of the statement, i.e., the continuity of this mapping.

Thus, under condition 2), i.e., from the uniform continuity of the function f(7,&o,&1), it follows that for
all €D £?) € [a,b] x [a,b] = © C R2, satisfying the conditions |&” — &P < 6 and |V — | < 5,
with ¢ = min{do,d1}, there exists a sufficiently small number e(5) > 0 such that the following inequality
holds: | f(r, fél),fgl)) — f(m 5(()2),552)” < . From this property of uniform continuity, the continuity of
the operator F'(-,-) : Lpla,b] x Lyla,b] — Lg[a,b] follows: for every small number ¢ > 0, there exists
a number ¢ > 0 such that for all functions z1(7), z2(7), u1(7),u2(7) € Lpla,b], satistying the conditions
lz1(7) = 22(T) | 1,0 <01 and  [ui(7) — u2(7)| 1, [ap < 02, the following inequality holds:

| F(z1,u1) — F(z2, w2 Lfap) = 1 (7, 21(7), ua (7)) — f(7,22(7), u2 (7)) | Ly fap) < & (3.2)

for all 1, g, u1,uz € Lyla,b] such that [|[21(7) — z2(7)[|L, [y <0 and [lui(T) — ua(7)| 1 [ap < 6, where
0 = min{dyp, 41 }. This proves the continuity of the operator.
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The boundedness of this operator follows directly from relation . It is noted that the mapping
F(-,-) : Lpla,b] x Lyla,b] — Lga, b] is called bounded if it maps a bounded set in the space Ly[a, b] x Ly[a, b]
to a bounded set in the space Lga, b].

Since f(7,z(7),u(T)) € Lqla, b], then for any bounded functions z1(7), z2(7), u1(7), uz(7) € Lpla, b], the
difference f(7,21(7),u1(7)) — f(7,22(7), u2(7)) € Ly[a,b], and the relation

b
/ [f (7 21(7), ua (7)) = f(7,21(7), ua(7)) [ dr <

< /ab lg(r)|dr + C (/b [21(r) — a(7)Pdr + /ab fua(r) — uQ(T)\pdr) — const < o0

holds. Thus, part b) of the theorem is completely proven.
Now we proceed to the proof of part ¢) of the theorem - the existence and uniqueness of the solution.
If for some fixed control function v = u(t) € U C L,[a,b], where U is a bounded set, and there is an
initial condition x(tg) = x¢ = z(t), then from equality we compute

a+te b
RO b s uryar— [ BT
T—a ate T— G

21 (t) = (1) — / F(r 2(70), u(r)) dr,

or, according to equality (2.6]), we compute

bOK(t,T)

ate T —0Q

z1(t) = ¢(t) — f(7,2(70), u(r)) dr.

Subsequent states are computed using recurrence relations, i.e.,

a+te - b e
s =ot) = [ T framamyar = [ EED fra e umyan 6
or b
wi(t) = 0(t) = | [i(:)f(r,xn(f),u(f))dr, n=0,1,2.... (3.4)

Hence, for all ¢,7 € [a, b], the following difference holds

’xn+1(t) - xm—i—l(t)‘ =

a+te T b T
:‘w)— [ B e utrar - [ D

T—a ate T—0Q

a+te b
—¢(t)+/ " K(t’;)f(f,xm(f),u(f))dm K(t,7)

T — ate T — QA

f(ryzn (1), u(r))dr—

f(7sam(T),u(r)) dr

a+e T
| [ D (Grsalr).ul)  Fron (o), utr) dr| +
b T
| [ ZED ).l = Frantr).un) dr| <
a+¢
< [ ELD i ()0 (0) = £ (o () 0 ()]t
b
e [P (o () ) = £ (o () ()]

a+e
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Alternatively, for all t,7 € [a + &, b], we have
" K(t,T)

T—a

|Zn1(t) = Tmpa (1)) =/ [f (7,20 (7), u(T)) = f(7 2m(7), u(T))]| dT-

ate

Using condition &) of the theorem, there exists a neighborhood e-neighborhood of the boundary point
a, such that for all 7 € [a, a + €] the following inequality holds

a+te T
[ D ) ulo) - £ (o), ur)| dr <
ate T
< [ D] ), u(r) = S u() dr < (35)

a+te 1 a+te 1
<k/ -52d7<k7/ = &2dr = kye(a + ¢ — a) = kye?,
e T—a o €
since |K(t,7)| < k = const., and the value (7 — a) depends linearly on €, i.e., (T —a) = =, wherey > 1 is a
positive number.
Using Holder’s integral inequality [I1], for all ¢,7 € [a + €, b], the following holds:
b

a-+e

K (t,7)

T—a

[f (Tyxn (7),u (7)) — f(T,2m (7)) ,u(7))]|dr <

q

/ |f (7,20 (1), u (7)) = (7, 2 (), u(7))] dr

J |
|

Q=

IN

QI

q

k
g(() _a_g> /|f<7,xn<7>,u<f>>—f<7,xm<f>,u<7>>r ir| =
b 7 .
_k _a_gé/ (2 0n (7)1 (7)) = f (T (7),u(r)] dr | =
+e
:g b—a—e)r|f (T2 (1), u (7)) = f (T 2m (7)) w (T 1 jagep) =

= B||f (1,20 (7),u(7)) — f(T,2m (7),u (T))||Lq[a+a,b]’

where the constant is denoted by B = f(b —a—¢)l/P.
It is known that a metric can be defined via a norm, but not every metric satisfies the properties of a
norm [II]. In the problem under consideration, the metric is introduced via the norm in the following form

k 1
PLylate,b] (xna xm) = g(b —a— g)p Hf (Tv Ln (T) U (T)) - f (T7 Tm (T) U (T))HLq[a+z-:,b] =

= B|[f(r,zn (1), u(7)) — f(T,2m (T),u (T))HLq[a,-i-s,b]. (3.6)

For any fixed function u(7) € L,a+¢,b], and taking into account condition 4) of the theorem, and using
the contraction mapping principle, we have

Blf (r,2n (1), (7)) = F (T 2m (T) s u (D) pyfarer) < Bellen (1) = 2m (T L, jaren =
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= BOémeH (T) — Tm (T)”Lp[aJrs,b} =
= Ba meJrl (7-) = Tmt(1-1) (7’) + Tm+(1-1) (7') — Tm+(1-2) (T) + ...
oo — Tt (T) + Tm+1 (T) —Im (T)||Lp[a+a,b] =

< Ba (meﬂ (1) = xm+(l—1)HLP[a+e,b} + Ty (1) = xm+(l—2)HLP[a+e,b] T

o Nms (7) = 2 (D) o)
Assuming m > n, which is possible, we obtain the following relation
PLyfated) (Tns Tm) < pryfate) (F o, Fx0) < a"pp fases) (0, ™ "ag) =
= aanp[a—&-a,b} (70, Tim—n) <
< O‘n[pr[a+€,b} (xo, 1’1) + PLylate,b] (:L‘l, 1,‘2) + ...+ PLp[ate,b] (xm—n—la mm—n)] <
<" [pr,are) (20, 21) + pryfatre) (F2o, Fa1) + pryjases (F w0, F2x1) + ...
ot Prfatey (F™ " wg, F ") <
< " prpjaten) (@, 1) [L+a+a”+ .. +a™ "] <

a’I’L

1
< a"pryfatep) (@0, 21) T < 7 Ballen (1) = 2o (Tl jase) =

B =

_ Br o _krlb—a-e)r
Cl-a - e(1-a) ’

(3.7)

since the expression in the square brackets is the sum of the terms of a monotonically decreasing geometric
series, and we denote 7 = ||z1(7) — 20(7)| L, [a+e,p), Where € > 0 is a fixed sufficiently small positive number.
Hence, taking into account that a < 1, we conclude: pr, (444 (Tn, Tm) = Prjates) (Tn, Tnt) — 0 asn —
00.

Thus, the sequence obtained from equation , {zn(1)} C Lpla + ¢€,b], is a Cauchy (fundamental)
sequence. Since the space L,la + €,b] is complete, this sequence converges to some limit: lim,_,oc 2, (7) =
20(7) € Lyla +,b]

In the problem under consideration, for any fixed small number ¢ > 0, the following integral inequality

holds: ) )
K
a-+e T—a a+e

k

K, dng(b—a—s).

T—a

This means that the linear bounded operator I(-) = ff+€ Kff’;)
composition of continuous operators is also continuous

(-)dr is continuous. It follows that the
IF(-,u): Lyla+¢€,b] = Lyla+¢,b].
Then it follows that
IF(z°,u) = lim IF(z,,u)=IF ( lim xn7u> = Ii_>m Tpy1 = 0.

n—o0 n—o0

That is, starting from some index Nj(e1), for all n > Nj(e1), the following relation holds:

|y — xOHLP[HE’b} <e;1 —0, asn— oo. (3.8)

Now, let us establish that this solution z°(7) € Lyla+e, b] is unique for a fixed function u(7) € Lyla+e, b).
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Assume that under the conditions of the theorem, there exist two solutions 2°(7), z!(7) € Lyla + ¢, ]
such that 2°(7) # x'(7), and the following equalities hold

2 =T1F(z%u) and z!'=TIF(z' w),

or explicitly,

b T

20 =)~ [ T f(rar) )
b T

A0 =) — [ BT r o), uir) dr.

a+€ T — CL
That is, as mentioned above, starting from some indices Ni(e1) and Na(ey), for all n > N(e1) =
max{Ni(e1), Na(e1)}, the following inequalities hold:

lxn — x0\|Lp[a+€7b} <e;—0 and |x,— $1||Lp[a+s,b] <eg1—0, asn— co. (3.9)
From this it follows that
||4L‘1 - xOHLp[a-l—a,b] = ||-7U1 — Tp +Tp — $0||Lp[a+e,b] <

< ||l@n — leLP[aJr&b] + ||z — xOHLp[aﬁ,b} <2 — 0, asn— oo. (3.10)

Moreover, from equality (3.6]), we have:

0 < pryjaren(@®a) = (b —a— )% |[£(r,a°(r), u(r)) — Fr. 2 (), u) | ey =

=B Hf(r, 20(7),u(r)) — f(T,.Tl(T),U(T))HLq[a_i_&b] < Ba on — leLp[a%,b} )
Taking into account (3.9)) or (3.10]), we obtain:
0< PLylate,b] (xo’xl) = pr[aJre,b](IF(xO?u)v IF(:Cl,u)) <

gBaHxO—x < Ba-2¢e1 — 0.

1
HLP [ate,b]
It is noted that the fixed small number € > 0 and the number £; > 0 satisfy e; — 0. Therefore, for this
inequality to hold, it must be that py,_(44c (29, 21) = 0. Hence, 2°(7) = z!(7), i.e., the solution is unique.
Now, let us prove part d) of the theorem - the solvability of problem (2.5)), (2.6)and the equivalence

of its solution to the solution of problem ({2.3)), (2.4)).
From the continuity of the norm and the existence of the solution to equation ([2.6)), it follows that the

problem (2.5)), (2.6) is solvable, since from relation (3.5 we have:

1
lim —
e—0 ¢

It follows that problems (2.3), (2.4) and (2.5)), (2.6)) are equivalent in terms of their solution sets. Thus,
the theorem is completely proven.

a+te K(t 1
/ BT flra(r), u(r)) dr| < Tim Lhye? = lim kve — 0.
; E—

T—a e—0 ¢

O
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4. Analysis of the Obtained Results and Conclusion

The foundation of the obtained results lies in the formulated theorem concerning the study of an opti-
mization problem for systems described by nonlinear integral equations with singularities at the boundary
of integration. In the theorem’s assumptions, the authors have, in their view, applied the weakest possible
conditions that still allow for the verification of the kernel of the integrand and the nonlinear part. These
conditions ensure the sufficiency of the theorem’s assertions.

Optimization problems of this type arise in many applied areas, especially where the processes under
investigation exhibit critical behavior: attaining large values, involving complex nonlinearities, being un-
stable, and undergoing abrupt changes under the influence of external and unaccounted (or immeasurable)
factors - often resulting in inadequate model descriptions.

Such characteristics involving various types of singularities are diverse and demand in-depth research,
the resolution of which is essential in applications [12} 13} [I4]. Tt is noted that the results obtained here allow
for directly computing an approximate solution to the singular nonlinear integral equation, and, within the
set of solutions, determining a control function that ensures the minimum value of a given functional.

The proposed method offers several advantages over alternative approaches for solving nonlinear inte-
gral equations with boundary singularities. Unlike standard quadrature or collocation methods that may
suffer from reduced accuracy near singular points, the combination of spectral collocation with orthogonal
polynomials (e.g., Jacobi or Chebyshev) allows for high-order convergence even in the presence of singu-
larities [§]. In comparison with classical B-spline collocation methods [6], the spectral approach achieves
better approximation with fewer discretization points, which reduces computational cost while maintaining
accuracy.

Furthermore, methods based on fractional splines or hp-version collocation [5 [9] provide flexibility in
handling both weak and strong singularities, whereas standard iterative or projection methods may fail
to converge or require fine discretization near the boundaries. The proposed approach also incorporates
regularization techniques that stabilize the solution in ill-posed cases, which is a notable improvement over
purely analytical or direct numerical schemes [11, [4].

Overall, the main advantages of the method can be summarized as follows:

e High accuracy near singularities without excessive mesh refinement.

e Reduced computational cost due to fewer required discretization points.

e Robust convergence for both weakly and strongly singular integral equations.
e Compatibility with regularization techniques for ill-posed problems.

These features make the method a reliable and efficient alternative to existing analytical and numerical
approaches, particularly in the context of optimization problems governed by nonlinear integral equations
with boundary singularities.
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