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ON NEWTON INTERPOLATING SERIES AND THEIR
APPLICATIONS

GHIOCEL GROZA

ABSTRACT. Newton interpolating series are constructed by means of New-
ton interpolating polynomials with coefficients in an arbitrary field K (see
Section 1). If K = C is the field of complex numbers with the ordinary
absolute value, particular convergent series of this form were used in num-
ber theory to prove the transcendence of some values of exponential series
(see Theorem 1). Moreover, if K = R, by means of these series it can
be obtained solutions of a multipoint boundary value problem for a linear
ordinary differential equation (see Theorem 2). If K = C,, some particular
convergent series of this type (so-called Mahler series) are used to repre-
sent all continuous functions from Z, in C, (see [4]).

For an arbitrary field K, with respect to suitable addition and multi-
plication of two elements the set of Newton interpolating series becomes a
commutative K-algebra Ks[[X]] which generalizes the canonical K-algebra
of formal power series. If we consider K a local field, we construct a sub-
algebra of Ks[[X]], even for more variables, which is a generalization of
Tate algebra used in rigid analytic geometry (see Section 3).

Key words : Newton interpolating series, noetherian ring, Tate algebras,
two-point boundary value problem.
AMS SUBJECT:13J05, 32B05, 32P05, 34B10, 13A18, 13F30.

1. BASIC DEFINITIONS

Consider K a field, R a commutative K —algebra and S = {ay}n>1 a
fixed sequence of elements of K. By means of Newton interpolating polyno-
mials we construct formal series of the form

(e e}
f=> au, a;€R, (1)
i=0
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where '
(2

up=1, u;=[[ (X —aj), i>1, (2)
j=1

which are called Newton interpolating series at «aq,as,.... We denote by

Rs[[X]] the set of all Newton interpolating series having the form (1). Then
there exist the elements di (i, 7) in K uniquely defined such that

i+
Uity = Z di (4, J) uk. (3)

k=max {i,5}

[e.e]
We define addition and multiplication of two elements f = > aju;,g =
i=0

biu;, € Rg[[X]] as follows
i=0
FHg=> (ai+bu (4)
=0
and
e¢]
f9="_ cru (5)
k=0
with
C = Z dk(Od, /B)a’abﬁv (6)
(a,B)el(k)

where I(k) = {(a, 8) € N x Nymax{a, 8} <k, a+ [ > k} and di(a, 3) are
given in (3). It is easily seen that with these definitions of addition and mul-
tiplication Rg[[X]] becomes a commutative K-algebra which contains R[X].

2. NEWTON INTERPOLATING SERIES WITH COMPLEX COEFFICIENTS

Consider K = R = C the field of complex numbers. In the first case
we take m a positive integer and the sequence S = {ay, }n>1, where for every
i =1,2,..,m, oy = i = Qymj,J = 1,2,... . By means of these type of
convergent Newton interpolating series can be proved the following result of
Lindeman (see [5], Theorem 6, Ch. 2, Sec. 3):

Theorem 1. If v is an algebraic number different from zero, then €7 is a
transcendental number.

In second case we take K = R = R the field of real numbers, a; =0, as =
1, az =1 and for k > 4

2
2s+1

ak‘: 2m+17

where 2m 4+ 1< k<2™ 41 s=k—-2m—-2. (7
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Consider a function f : [0,1] — R and o € [0,1], £k = 1,2,... . We
say that f can be represented into Newton interpolating series at {ay})~, if
there exists a series of the form (1) which converges uniformly to f on [0,1].
Taking into account the importance of power series in the theory of initial
value problems for differential equations, it seems to be very useful to study
Newton interpolating series in order to find the solution of the multipoint
boundary value problem for differential equations. Now, we consider a linear
differential equation with analytic function coefficients

y ™ (@) = c@) + bo(2)y(@) + bi(@)y (@) + oo + b (2)y" (@), (®)

with = € [0,1], ¢, b; € C*°([0,1]), i € {0,1,...,n — 1} and there exists Cyp > 0
such that

max{ HCO‘)HOO,Hng‘)HOO, ie{0,1,...n— 1}} <Ctj=01,... (9)

By means of Newton interpolating series given by (7) can be proved the fol-
lowing result (see [3], Theorem 4.1):

Theorem 2. If {a},~ is a sequence of real numbers from [0, 1] of the form
(7), then every solution y € C"([0,1]) of the equation (8) and its deriva-
tives y(k), k= 1,2,....,n are represented into Newton interpolating series at

{Oék}k;zl'

This theorem is a useful tool to find approximate solutions of two-point
boundary value problems for differential equations of the form (8).
Example. Consider the two-point boundary value problem ([3])

Yy (x) — 2500y(z) = 2500 cos® (wz), = € [0,1], y(0) =y(1)=0.  (10)

We know that this two-point boundary value problem has a solution y
which can be represented by a Newton interpolating series with ay, given by
(7). Moreover by Theorem 2 the derivatives ¢’ and y” of y can be represented
by a Newton interpolating series which are the derivative series of Newton
interpolating series of y. We approximate the solution by taking the partial

33
sums Ss3(x) = > aui(z). The boundary conditions imply ay = a; = 0.
i=0

Using, for example, 32 equidistant collocation nodes z;1 = ;42, 7=0,1,...,31
we obtain the coefficients a;.
Table 1 lists the absolute errors in y. The computations were performed on

a computer with a 14-hexadecimal-digit mantissa.
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Table 1
x simple shooting Newton series (7) with n =
33

0.1 19-1077 13-10710
0.2 .28 -107° 25-1012
0.3 411073 141071
0.4 61-107T A1-107 M
0.5 .90-10 64-1077
0.6 13-10% 48-1078
0.7 .20 - 10° A1-1077
0.8 .29 - 108 22.107°
0.9 44 -10™ 27-107°
1.0 65 -1012 0

Errors associated with the example

3. NEWTON INTERPOLATING SERIES WITH COEFFICIENTS IN A FIELD

Let K be a valued field with respect to a non-trivial non-archimedean
absolute value | |. For z,y € K we put d(x,y) = |r —y|. Then (K,d) is a
metric space and we can introduce the customary topological concepts into
such of space in terms of the metric. If K is a locally compact field, then it is
called a local field.

If R is a commutative ring with identity and || || is a non-archimedean norm

o Vv
on R, we consider the sets : R={z € R;||z| <1}, R= {x € R;||z]| < 1} (see
o \
[2], Chapter 1). Then R is a commutative ring with identity and R is an ideal
o o V ~ o
in R . We denote the residue ring R / R by R. If R = K, then K is a local

ring called the valuation ring of | | and ]\é is the maximal ideal of [O{ I K s
a local field, then it is a complete field and the residue field K is a finite field
of order m = p®, where p is the characteristic of K ([1], Proposition 2.3.3, p.
51).

Let S = {an}n>1 be a fixed sequence of elements of [O( If r is a positive
integer, v = (v1,v2,....,1p) € N, we put N(v) =v; +12+ ...+ 1, and X =
(X1, X2,...,X;). We order N" in the following manner v < p if either N(v) <
N(u) or N(v) = N(p) and v is less than p with respect to the lexicographical
order. The symbol oco” will be an element such that v < oo”, for every v € N”.
We denote by Kg[[X]] the set of formal series of the form

[ = ZauUua (11)
v=0
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,

where a, € R, U, = [[ uy; € K [X] and u,; € K [X;] are given by (2). If
j=1

7= (71,72, ..., %) €E N", 7 € N, we define v+ 7 = (11 + 71,00 + T2, e, Up + T4)

and jv = (jui, jva,....jvr). If f,g = > bU, € Kg[[X]], we define addition

and multiplication of f and g as follows:

T

f+g: Z(Uzy+by) Ul/7 (12)
v=0
fg= ZpuUua (13)
v=0
where
Py = Z D,,(u, e)aubﬁa (14)
w,0€l(v)

Dy,(u,0) = dy,(p1,01)...dy, (por, 6r), di(s,t) are defined in (3) and I(v) =
{(1,0) € N" x N";max {p,0} <v, u+6>v}.

oo
Consider f = > a,U, € Kg[X] a non-zero series. If 7 is the smallest

V=
index v for which al,O is different from zero, then 7 will be called the order of
f and will denoted o(f). We agree to attach the order oo™ to the element 0
of Kg[X]. It follows in the usual way that o(f + ¢g) > min{o(f),o0(g)}, but
o(fg) > o(f) + o(g) does not hold for every f,g € Kg[[X]].

Remark 1. It is easy to see that there exists an injective map ¢ : K[X] —
K[[X]] such that for all P, Q € K[X],

P(P+Q) = ¢(P) +¢(Q)
and
P(PQ) = p(P)p(Q)

where the addition and the multiplication in Kg[[X]] are defined by (12) and
(13).

We consider the K-algebra Kg[[X]] and we take T' = {7, },enr a fixed
sequence of elements of K™ such that

|’7u+u| < |’YN‘ vl (15)

for every p and v.
We denote

HrKs[[X]] = {f =Y aU, € Kg[X]]; lim a7y, = 0} . (16)

v=0
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OOT‘
If f=> aU, € HrKg[[X]], the real number
v=0

If1] = sup |a, | (17)

is well defined. As usual we call |||, given in (17), the Gauss norm on
HrKg[[X]]. Many properties of HrKg[[X]] are analogues of those of Tate
algebras.

Theorem 3. If K is a complete valued field, then Hr Kg[[X]] is a subalgebra
of the K - algebra Kg[[X]] and the Gauss norm is a K -algebra non-archimedean
norm on HrKg[[X]] making it into a K-Banach algebra.

r

Proof. Let f,g = > b,U, be elements of HrKg[[X]]. Then, by (12) and
v=0
(17), we obtain || f + g|| = sup |(ay £ by )y | < max{||f]|,||g]l}. Similarly, since

Uy, €K [X;], it follows that d,, (s, 1) €K and (13), (14), (15) and (17) imply

< b < .
01 <sup{ wax latonl | <151 o]
Thus Hr K g[[X]] is a subalgebra of Kg[[X]] and the Gauss norm is a K-algebra
norm on HpKg[[X]].

We want to show that HrKg[[X]] is complete. We take f = 3" a,,U,,
v=0
t > 1, a Cauchy sequence of elements from HpKg[[X]]. Since

’au,t—i-l — Ayt ‘71/‘ < Hf[t—'—l] - f[t] H s (18)

for a fixed v, each sequence a, s, t = 0,1,2,... is a Cauchy sequence in K. For
OOT

v € N", let a, € K be the limit of this sequence. Set f = > a,U, € Kg[[X]].
v=0

We have to prove that f is an element of Hy Kg[[X]] and 1tlim | f - fH | =o.
—00
We may assume Hf[s] — f[t]H < % forall s >t, t=1,2,.... By (18) we obtain
|av,s — ave| || < 3, s =t,t+1,.... Now the continuity of | | implies that
1

lay — avu| | < s (19)

for all v € N",t € N, t # 0. Since fl! € HpKg[[X]], N(li)m ayiy, = 0
V)—00

and by (19) lim a,7y, = 0. Hence f € HrKg[[X]]. Furthermore, we have

N(v)—oo

|f - f[t]H = sup |ay — avy| || < + and this implies tlirgo | f - f[t}H =0. O
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Consider K a local field having the residue field a finite field of order m. Let
o \
b1, B2, ..., Bm be elements of K such that the cosets 8,4+ K, j € {1,2,...,m}
are distinct. We take the sequence S = {ay, }n>1, where

oy = ﬁi, ai+mj = Oy, 1= 1,2, ceey M, j = 1,2,... (20)

and T' = {7, }renr a fixed sequence of elements of K* such that (15) holds
and for every v € N”

N(v)

Vv m V0 o
W ¢K , where K =K . (21)

Proposition 4. Each series [ = a,U, of HrKg[[X]] defines a map |,

v=0
denoted also by f, K — K y— fly)= > aUy). Moreover sup |f(y)| <
v=0 o’

yeK

o’
lf1] and f gives rise to a continuous function on K , where fory = (Y1, ..., Yr) ,

vl = mave {ll}-

orT
Proof. If y = (y1,...,yr) €K , then there exists z; ; € {a1, a2, ..., } such
[N(u)

that y; = z;; in K. Then Uu(y) K , and since K is a prmmpal ideal
from (21) it follows that (h)m a,U,(y) = 0. Thus the series Z a, U, (y) con-

=0
verges to some element of K, whence the first assertion follows Furthermore
la, Uy (y)| < |avyw| < ||f]| and hence it follows that |f(y)| < ||f] - Now we
consider a real number € > 0. If we consider the partial sums S,, = Z a,U,,
v=0

oT
then there exists g such that for every p > pp and y €K , |f(y) — Su(y)| <

sup |a,yu| < e. Hence S, converges uniformly to f and f gives rise to a

12 o
oT

continuous function on X . O

Pr0p051t10n 5. (Identity Theorem). If f € HrKg[[X]] vanishes for all

y GK then f =0.

Proof. Since the K-algebras Kg[[ X1, ..., X;]| and Kg[[X1, ..., X;—1]]s[[X]] are
isomorphic it is enough to prove the theorem for n = 1. If f = f a;u; and
y = aq, then it follows that ag = 0. Then by putting y = ag we ol;a)in a; =0
and by induction we find that a; = 0, ¢ € {0,1,...,m — 1}. Now we consider

y €K \{ai1} such that |y — ;| is small enough. Then f(y) = 0 implies
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o
am = 0. By taking now y €K \{a2} such that |y — aa| is small enough we
obtain that a,,4+1 = 0 and the proposition follows by induction on 4. O

Theorem 6. If K is a local field, S is given by (20), Y+, = VY for every v
and p, and (21) holds, then the K-Banach algebra Hr Kg[[X]] is a noetherian
domain.

Proof. Since the K-algebras Kg[[X1, ..., X,]] and Kg[[X1, ..., X;—1]]s[[X/]] are

isomorphic and 7,4, = 7,7, we can consider r = 1. Let 7 be an ideal in

HrRs[[X]]. Thus we take M = {j; 7 < m there exists h € T with o(h) =
[e.e]

j(mod m)}. We can choose a finite number of elements g; = Y. by u, €7,
v=o0(g;)
with by, = 1,1 =1,2,...; s, such that:
a) for each i there exists j € M such that o(g;) = j (mod m) and o(g;) #
o(gr), for every i # k;
b) for every h € 7 there exists g; such that o(h) = o(g;) + m7 with 7 € N.
We shall prove that the ideal 7 is generated by the elements g;, ¢ = 1,2, ..., s.
[e.°]

Let f = > ayu, an element of Z. Then by b) there exists g; and v; o(y) €
v=o(f)

Ks[[X]] such that f,5) = f — ao(f)Vio(f)gi belongs to T and has the order

greater than o(f). By successive applications of this method we get, for every

6 the elements v; g € Kg[[X]] such that

s 0
fo=1=>_ vivg

i=1 v=0
is an element of 7 of order greater than §. Since for fixed i v; = > v
6=0
€ HrKg[[X]] it follows that HrRg[[X]] is a noetherian domain. O
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