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Abstract

We consider the Vec(R)-module structure on the spaces of bilinear bidifferential operators acting on the
spaces of weighted densities. We compute the differential relative 1-cohomology of the vector fields Lie
algebra Vec(R) with coefficients in space Dy, of bilinear bidifferential operators acting on weighted densities,
vanishing on the Lie Algebra s0(2).
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1. Introduction

Let Vec(R) be the Lie algebra of vector fields on R. Denote by Fy = {gdz* | g € C*°(R)} the space of
weighted densities of weight A € R.
The space F) is a Vec(R)-module for the action defined by

Lzﬁ(gdx)‘) = (hg' 4+ MW g)da?.
Denote by Dy ,,, where A= (A1, -+, ), the space of n—ary differential operators:

f)\1®'-‘®f)\n—>fu,

n®

for any A € R™ and p € R. The Lie algebra Vec(R) acts on the space
'D;\’u = Homgig (F), ® - -+ @ Fa,, Fpu)

of these differential operators by: B
XpA=1K oA—AolLk,, (1.1)
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where Lg‘(h is the Lie derivative on ), ® --- ® Fy, defined by the Leibnitz rule:

LX, (f1da™ @ - ® fadz™) = LY (1) @ -+ @ fada™ + -+ frda™ @ - @ LY (fodz™).

Thus the space of differential operators is a Vec(R)-module. If we restrict ourselves to the Lie algebra
s[(2) which is isomorphic to the Lie subalgebra of Vec(R) spanned by

{X1, Xo, X2}
Definition 1.1. The affine subalgebra a(1) of sI(2) and the nilradical s0(2) are
a(l) :={X1, Xz}, s0(2,R):={X;}.

The vector field % spans a commutative Lie algebra isomorphic to so(2).
Let £ be a Lie algebra and let M and A be 2 L—modules. It is well-known that nontrivial extensions
of £—modules:
0O=+F—=.-G—=0

are classified by the first cohomology group H'(£, Hom(G, F)) (see, e.g., [I1]). Any 1—cocycle A generates
a new action on F @ G as follows: for all X € £ and for all (f,g) € F @ G, we define X © (f,g) :=
(X O f+Ag),X0g).

According to Nijenhuis-Richardson [I3, [14],the space H! (£; End(M)) classifies the infinitesimal defor-
mations of a £-module M and the obstructions to integrability of a given infinitesimal deformation of M
are elements of H? (£; End(M)) while the spaces H! (£; L(®7M, M)) appear naturally in the problem of
normalization of nonlinear representations of £ in M. For the space of tensor densities of weight A € R,
Fy, viewed as a module over the Lie algebra of smooth vector fields Vec(R), the classification of nontrivial
extensions

0—=Fy—.—Fr—0.

leads Feigin and Fuks in [I2] to compute the cohomology group H}.;(Vec(R), Hom(F)y,F,)). Later,
Ovsienko and Bouarroudj in [9] have computed the corresponding relative cohomology group with respect
to s[(2), namely
Hi (Vee(R), s1(2); Hom(Fy, F,)).

Later, Bouarroudj in [8] has computed the corresponding relative
cohomology group with respect to s[(2), namely

Hi¢(Vect(R), s1(2); Hom(Fy, @ Fayy Fuu))-
In [4], I. Basdouri et al. have computed
Htliiff(veCt(R)7 a(l); HOIII(]:)\l ® -7:/\23]:;))'

In this paper, we will compute the first differential relative cohomology group respect to so(2), namely
H}. (Vec(R), 50(2); Dy, agiu)s Where, Dy »,., is the space of bilinear bidifferential operators from Fy, ® Fj,
to JF,, which gives the classification of non-trivial so(2)—relative extensions Fy, ® Fy, by F, defined by
1-cocycles.

2. Definitions and Notations

In this section, we recall the main definitions and facts related to the geometry of the space R. We also
recall some fundamental concepts from cohomology theory (see, e.g.,[5, 11 2, 0] [7, 11]).
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2.1. Cohomology theory

Let us first recall some fundamental concepts from cohomology theory (see, e.g., [8,16]). Let £ be a Lie
algebra acting on a space F and let ¢ be a subalgebra of £. (If £ is omitted it is assumed to be {0}.) The
space of ¢-relative n-cochains of £ with values in F is the £-module

C"(L, ¢t F) := Home(A"(L/¥); F).

The coboundary operator 8, : C*(L, & F) — C" (L, € F) is a L-map satisfying 62 = 0. The kernel of §,,
denoted Z™ (L, ¢; F), is the space of t-relative n-cocycles, among them, the elements in the range of d,,_; are
called ¢-relative n-coboundaries. We denote B™(L, € F) the space of n-coboundaries.

By definition, the nt" -relative cohomology space is the quotient space

H"(L, ¢, F)=Z"(L,& F)/B"(L, % F).

We will only need the formula of 6,, (which will be simply denoted d) in degrees 0 and 1: for h € CO(L, & F) =
Ft, Oh(f):= f-h, where
f-*:{fe]—' | h-f=0 forall h et}

and for A € C1(L, & F),
§(A)(f1, f2) = fr- A(f2) = fo- A(f1) = A([f1, fo]) forany fi, fa € L. (2.1)

2.2. Vec(R)-module structures on the of bilinear bidifferential operators

Each bilinear bidifferential operator B on R gives thus rise to a morphism from F), ® F\, to F,, for
any A1, A2, 4 € R, by fida™ @ fodx?? — B(fida™ @ fada™?)dz*. The Lie algebra Vec(R) acts on the space
Dy, xop = Homgig (Fy, ® Fa,, Fu) of these bidifferential operators by:

XB=I"oB-BoL{"™, (2.2)
where L§(h is the Lie derivative on F), ® F), defined by the Leibnitz rule:
LX(frda™ @ foda?2) = LY (f1da™) @ foda™ + frda™ © LY (foda™).
Thus the space of bidifferential operators is a Vec(R)-module.

3. so(2)-relative Cohomology of Vect(R) acting on Dy,

The main result in the paper, we compute the differentiable, so0(2)-relative cohomology of the Lie algebra
Vec(R) with coefficients in the space of bilinear differential operators Dy,,- Namely, we consider only
cochains that are given by differentiable maps.

Theorem 3.1. (i) If u— A1 — A2 =0, then

Hi(Vec(R),50(2): Dy,.) =R for all A

(i) If pw — A1 — A2 =1, then

Hgig(Vec(R), s0(2); D) = R otherwise.

{]R3 if  A=(0,0),
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(131) If p — A\ — A2 = 2, then

R? if X e {(0,0),(0,—1),(0,A2),(\,0),(\, =1 = \)},
0 otherwise.

Hiig(Vec(R), 50(2); Dy,,,) = {

() If w— A1 — Ao =3, then

R? if A€ {(0,0),(~2,0),(0,-2),(~2,-2)},

Héiﬁ(vec(R)750(2);D5\§M) - { R otherwise

(v) If w— A1 — Ao =4, then

Htliiff(vec(R)>50<2);D5\;u) = R? for all .

(vi) If u — X =5, then

R3 if  Xe{(0,0),(0,—4),(—4,0)},

Hyig(Vec(R), 50(2); Dy,,) =
R2 otherwise.

(vii) If p — A\ — A2 = 6, then

1 RS if e {(Z57,0), (0, =5},
Hdiﬁ(VCC(R),BU(Q); D/_\;,u) =

R? otherwise.
(R if e {(235/89, 5-VI9) (5+VI —54V19)
(0.02), (A, 0), (A, =6 — A), (VIO — 1, =10=3)
—V19-5 VI9-5
Hy (Vec(R), 50(2); Dy,,,) = (P2, V19 - 1), (—v19 — 1, ¥15-9),
(Y53=5, - V19 - 1)},
R otherwise.

(i) If 1 — A\ — Ay > 8 but with X generic then

Hclliff(vec(R)aso(Q); DS\;M) =0.

Remark 3.2. (4,18, [7/,[12], [15])

1. We notice that Hl(Vec(R),s[@),DA’A?#) - Hl(Vec(R),a(l),D)\,A%u) - Hl(Vec(R),so(Z),DA,AQ,”) -
Hl(VGC( ) D)\ )\Q,M)'
2. The values —g can be deduced from the work of Grozman.

3. The values 5%@ and /19 from the work of Feigin-Fuchs.

For \ = (A1, A2) € R? and p € R, we pose k = 1 — A\; — Ao and we are interested in the space Ti of the
bilinear bidifferential operators who are so(2)-invariant. The elements of Té\t are described as follows:
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Theorem 3.3. (a)If k ¢ N, then T§ = {0}.

(b) There ezist so(2)-invariant bilinear bidifferential operators
Tyt Fay ® Fag — Fauidg

given by )
Tz I @Fxny, — Fajraths

Hr®2 D G i)
i1+io=k

where €;, ;, are constants.

Proof. Let T be an bilinear bidifferential operator

T :.7:)\1 (X).F,\2 — .7:#,
m
(1 ®¢2) +— Z Z €iy,ia gn) 512)7
k=01i1+i2=k
where ¢;, ;, are, a priori, functions. T is s0(2)-invariant if and only if for all X € s0(2): X.T = 0 if and only

if LY (T)(61 © ¢o) =0, for all (¢1,¢2) € Fy, X Fay-

The invariance with respect to X is reflected in:
- (i)
i)
DD i 90 =0,
k=01i1+io=Fk

hence, €;, ;, is a constant Viy, ia.

4. Proof of Theorem [3.1]

To proof Theorem first we will investigate the dimension of the space of operators that satisfy the
1-cocycle condition: Zl(Vec(R),so(Q),D;,u). Second we will study all trivial 1-cocycles, namely, operators
of the form X.(T), where T is a bilinear operator. As our 1-cocycles vanish on the Lie algebra so(2), it
follows that the opeartor B coincides with the space of bilinear differential operators so(2)-invariant. We
will determine the dimension of B!(Vec(R),s0(2), Dy ), and finally by taking into account the above and
depending on A; and Ag, the dimension of the cohomology group Hl(Vec(R),ﬁo(Q),D;\’“) will be equal to
dim(Z*(Vec(R), s0(2), D;\,#))—dim(Bl(Vec(R),50(2), Dy ,)))- We need also the following Lemmas.

Lemma 4.1. [§] Every I-cocycle on Vec(R) with values in Dy , is differentiable.
Lemma 4.2. Any I-cocycle vanishing on the Lie subalgebra so(2) of Vec(R) is s0(2)-invariant.

Proof. By a straightforward computation.
Now we are in position to prove Theorem By Lemma any 1-cocycle on Vec(R) should retains
the following general form:

o(X)(frda, foda™) = > ey XU 9 1 da
i+j+l=k+1

where ¢; j; are constants. By Lemma the fact that this 1-cocycle vanishes on so(2) implies that

ngjle =0.
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The 1-cocycle condition reads as follows: for all X,Y € Vec(R), fidz* € Fy, and foda™? € F)y,
LY oY) (fida™, fada™) = L3 o(X)(frda™, foda™) = o[ X, Y])(frda™, fada™?) = 0.

In the following, we give the expressions of ¢(X, f1, f2) instead of ¢(X)(fidz™, fadx??).
(i) The case when pi—\;—Ag = 0: the equationshows that only one 1-cocycle spans the cohomology
group of Theorem it is given by

(X, f1, fa) = 100X f1fo.
A direct computation proves that the 1-cocycle is not trivial

/1,—)\1—)\220.

(ii) The case when p — A\; — Ay = 1: any 1-cocycle on Vect(R) so(2)-relative should retains the following
general form:

(X, f1, f2) = ctao X' fifo + croa X fify + 200X  fifo.
Again, by a straightforward computation, the above 1-cocycle condition reads

w—A—X=1 and 617170/\1 + 61,071A2 =0.

Let us study now the triviality of this 1-cocycle. A straightforward computation shows that

X-T{‘ = —(61,0)\1 + 60,1/\2)X”f1f2.

1. If A = (0,0), then
dimZ}5(Vec(R), s0(2); Dy,) =3

dimBlig (Vec(R), s0(2); Dy,,,) = 0.
2. If Ay =0and Ay #0, then ¢1,190=0
dimZ}(Vec(R), s0(2); Dy.,) =2
dimBéiﬂ(Vec(R),so(Q);D;\;M) = 1, generated by
B = —gg1 0 X" f1fo.

The results hold true for (\; # 0 together with Ay = 0) and X # (0,0).

(iii) The case when p— A; — Ay =2
Any 1-cocycle should retains the following general form:

C(Xv f17 f2) = Z ci,j,kX(i)fl(j)fg(k)d;C“
i+j+k=3,i>1

The 1-cocycle condition is equivalent to the following system:

c120(14+2X\) + 11,102 =0,

€1,2,0A1 + c1,02A2 = 0,

6171,1/\1 + 6170,2(1 + 2)\2) =0.

Let us study the triviality of this 1-cocycle. a straightforward computation shows that

Lng\ = —(5270(1 + 2)\) + 5171>\2)X”f{f2 — (6171)\ + 60,2(1 + 2)\2))X//f1f£ — (6270/\ + (IO’Q)\Q)X”,flfQ.
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1. If A = (0,0), then ¢120 = c102 =0
dimZy(Vec(R), 50(2); Ds,,) = 4
dichlﬁff(Vec(R),so(Q);D;;”) = 2, generated by
By = X"fi f2,
By = X"f1f5.
2. If A = (0, —1), then c12,0 =102 and ¢c1 02 =0,
dimZy(Vec(R), 50(2); Ds,,) = 4

dimBls(Vec(R),s0(2); Dy.,.) = 2, generated by

Bi = X" fl fo,
By = (X" f1f5+ X" f1f2).

The results hold true for (A1 # 0 together with As = 0), (A1 = 0 together with Ag # 0) and (A, \2) =
(A, =1 —=X\p).

3. for other cases for A\; and A9, then c1 20 =rc1,11 = c102 = 0.
Thus, the 1-cocycle is trivial.

(iv) The case when y—A; — Ay =3
Any 1-cocycle should retains the following general form:

C(X7 f17 f2) = Z CZ,],kX(Z)fl(J)fQ(k)diUu
i+j+k=4,i>1

The 1-cocycle condition is equivalent to the following system:

10334+ 3X2) +c112M1 =0, c103(14+3X2) +c121A1 =0,

c1,03A2 + c130A1 =0, c112(14+2X2) +c121(1+2X1) =0,
6171,2/\2 + 017370(1 + 3)\1) =0, 61,271)\2 + 617370(3 + 3)\1) =0,
€2,02A2 + €220\ = 0, €3,0,1A2 + €3,1,0A1 + 2¢40,0 = 0.

The system is equivalent and consequently the space Z!(Vec(R),s0(2), Dy, Ao,p) 18 6-dimensional.
Let us study the triviality of this 1-cocycle. A straightforward computation shows that

LxTd = — (c03(3+3X) 4+ e12M) X" 1Y — (e12(1 +2Xa) + 0.1 (1 + 20 ) X" F1f}
— (e21 A2+ a30(3 4+ 3X1)) X" f{ fo — (e12A2 + €3,0(1 + 3M) X" f{ f2
— (203(1 4 3X2) + 21 M) X" f1fy — (c03)2 + €30M) XD f1 fo

1. Now we will characterize all values of A and Ay for which B!(Vec(R), s0(2), Dy ,,) is three-dimensional.
A easy computation proves that these values are (0,0), (%2, _72), (0,-2) and (-2,0). Hence, the coho-
mology group is three-dimensional.

2. If A and Ay are not like above, then the space Bl(Vec(]R),so(Q),D;\u) is 5-dimensional Hence, the
cohomology group is one-dimensional.
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(v) The case when y— A\ — Ay =4
Any 1-cocycle should retains the following general form:

C(X7 fl)f?) = Z CZ,],kX(Z)fl(J)fQ(k)d.T“
i+j+k=5,i>1

The 1-cocycle condition is equivalent to the following system
A1 €230 — A1 ca1,0+ A2 203 — A2 101 =5 ¢500
AMezar—Aresia+ (1+3X) 03— (1+2X) 302
(I4+3X)ca30—(14+2A1) 320+ 2212 —A2c311=2c¢a10

The space of solutions of the system above is 7-dimensional.
Let us study the triviality of this 1-cocycle. A straightforward computation shows that

LxT} = — (e40(644\1) +e3102) X" f1" f2 — (31 (3 + 3A1) + e2,2(1 + 2X2)) X" 1 f5
(8272(1 + 2)\1) + 8173(3 + 3)\2))X//f{ é’ — (6173)\1 + 6074<6 + 4)\2))X”f1fé”
- (54’0(4 + 6)\1) + 6272)\2)X”,f{/f2 — (6371(1 + 3)\1) + 8173(1 + 3)\2))me{fé
(2221 + €0.4(4 + 6X) X" f1£5 — (ea,0(1 + 4N) + e1300) XD ] fo
( (

310 + 0,4(1 +4AN) XY f1 5 — (24,00 + €0402) XD f1 £

A direct computation proves that, for all values of X the space B! (Vec(R),s0(2), Dj ,) is 5-dimensional.
Hence, the cohomology group is two-dimensional.
(vi) The case when y— Ao — Ay =5

Any 1-cocycle should retains the following general form:

C(X7 fl’ f2) = Z CZ,],kX(Z)fl(J)fQ(k)dQTM
i+j+k=6,i>1

A straightforward computation shows that the above 1-cocycle condition reads:

The 1-cocycle condition is equivalent to the following system:

c150(10 4+ 5X1) + 141 2 = 0, €150(10 + 10X\1) + c132X2 =0,
617570(5 + 10M\) + c1,2,3\2 = 0, 017570(1 +5\1) + c1,1,4A2 = 0,

1,501 + c1,05A2 =0, 14106 +4X\) 4+ c132(1 +2X2) =0,
01,471(4 + 6)\1) + 6172,3(1 + 3)\2) =0, 017471(1 + 4)\1) + 6171,4(1 + 4)\2) =0,
0174’1>\1 + 0170’5(1 + 5)\2) =0, 0173,2(3 + 3)\1) + 61’2,3(3 + 3)\2) =0,
617372(1 + 3)\1) + 017174(4 + 6)\2) =0, 017372)\1 + 617075(5 + 10)\2) =0,

6172’3(1 + 2)\1) + 61’1’4(6 + 4)\2) =0, 0172’3)\1 + 0170’5(10 + 10/\2) =0,
c1,1,4M1 + ¢1,05(10 + 5X2) = 0,

c2,40(4 4+ 6A1) + c222X2 =0, c2,4,0(1 4+ 4\ + c213M2 = 0,

6274’0)\1 + 0270’4)\2 =0, 0273’1(1 + 3)\1) + 62’173(1 + 3)\2) =0,
027371)\1 + 627074(1 + 4)\2) =0, 627371)\1 + 627074(4 + 6)\2) =0,

(€420 — €330)A1 + (€a,02 — €3,0,3) A2 + Dcg o0 =0, 33,03+ 3A1) + 321 2+ 2¢420 =0,
e321(1+2X\) +c312(1 +2X2) +2¢411 =0, c312A1 + ¢303(3 +3X2) + 2¢402 =0,
647270(1 + 2)\1) + 6471,1>\2 +5¢5,10 = 0,

ca1,1A1 + ca02(1 +2A2) + 5e501 = 0, €5,1,0A1 + ¢5,0,1 2 + 9c60,0 = 0.

The space of solutions of the system above is 9-dimensional for A € {(0, —4), (0,0), (—4,0)}, and 8-dimensional
otherwise. According to these values, let us study the space B! (Vec(R),50(2), D, agp)-

A direct computation proves that Let us study the triviality of this 1-cocycle. A straightforward computa-
tion shows that
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£5,0(10 +5A1) + 64,1/\2)Y"f1(4)f2 — (e41(6 4+ 4X1) +e32(1 +2X2) X" 1" 15
83,2(3 + 3)\1) + 8273(3 + 3)\2))X”f{/ é’ — (8273(1 + 2)\1) + 61,4(6 + 4)\2))X”f{ é”
€14A1 + €0,5(10 + 5)\2))X"f1f2(4) — (e5,0(10 + 10A1) + €32X2) X f1" fo

LxTd = — (
(
(
— (64,1 (4 +6A1) + 5273(1 + 3)\2))Y/”f{/fé — (63,2(1 + 3)\1) + 5174(4 + 6)\2))X/”f{ é’
(
(
(
(

(

)
930 + 0,5(10 + 10X)) X" fi f5 — (e5,0(5 + 10A1) + £2,3M) X W g
e41(1+4M) +e14(1+ ) XD L5 — (€320 + c05(5 + 10X2)) XD fy £/
e5,0(1 4 5A1) +e1,40) YO £ fo — (a1 M1 + €05(1 4+ 5X2)) X O) f1 5
£5,0M + €0,502) X O f1 fo

For all values of A the space B(Vec(R),s0(2), Dy ,) is 6-dimensional; generated by
BiX, fi,f2) = Ao XOfifo+ (145 A0) XOf1f5 + (5410 Ao) XD fy £
F10+10 X)) XO £ £ 4+ (10 +5 M) X@gp@.
Bo(X, f1, f2) = Ao XOVf{fo+ (1+4 Aa) XD ] foil + (446 Ao) XO) f{ 1)
H(6+4 X)) XOF D 4 x x@p £ 0
Bs(X,fi,fa) = M XOfifo+ (1450 XOf fo+ (5410 0) XD P g
F(10+10 M) XO £ 4 (1045 Ay) X fPep,
Bu(X, fr, ) = AXDALD + (143 0) XOF D+ (1+2x0) XD 1)
F(34+30) X D L3 xO P gy,
Bs(X, fi, o) = M XOfify+ (1+42) XOff5+ (446 M) XO 2
(6 +4 A1) XD 4 A9 XP Wy,
Bo(X, b, f2) = Ao XD FP o 4 (143 20) XO fP f5 4 (343 2g) X 2

(42 0) XOFFD A XOp )

Hence, the cohomology group is three-dimensional for (A1, A2) = (0,—4), (0,0) and (-4,0), and two-
dimensional otherwise.

(vii) The case when ;1 — A — Xy =6
Any 1-cocycle should retains the following general form:

C(Xv f17 f2) = Z ci,j,kX(i)fl(j)fg(k)d.r“
i+j+k=7,i>1

A straightforward computation shows that the above 1-cocycle condition reads:
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01,6,0(15 +6XA) + c151 2 = 0, 61’6,0(20 +15)\) + c1,42 2 = 0,
01,6,0(15 + 20)\1) + 61,373)\2 =0, 61,670(6 + 15)\1) + 0172,4)\2 =0,

c1,6,0(1 +6X1) 4+ c1,15M02 =0, 1,60\ + c1,0,6 2 = 0,

017571(10 + 5/\1) + 017472(1 + 2)\2) =0, 61,571(10 + 10)\1) + 6173,3(1 + 3)\2) =0,
6175’1(5 + 10)\1) + 0172’4(1 + 4)\2) =0, 61’571(1 + 5)\1) + 617175(1 + 5)\2) =0,
c151A1 + c106(1 +6X2) =0, c1,42(6 +4X1) +c133(3 +3X2) =0,
c1,42(4 +6X1) 4+ c124(4 +6X2) =0, c142(1 +4X) 4+ 1,155 +10A2) = 0,
0174’2)\1 + 0170’6(6 + 15/\2) =0, 61,373(3 + 3)\1) + 0172’4(6 + 4/\2) =0,
617373(1 + 3)\1) + 6171,5(10 + 10)\2) =0, 61,373)\1 + 01,076(15 + 20)\2) =0,
0172’4(1 + 2)\1) + 61’1,5(10 + 5)\2) =0, 61,274)\1 + C1,0,6(20 + 15)\2) =0,
017175)\1 + 01,0,6(15 -+ 6)\2) =0, 62,570(10 + 10)\1) + 627372)\2 =0,
0275’0(5 + 10)\1) + 0272,3)\2 =0, 62’5,0(1 + 5)\1) + 02,1’4)\2 =0,

2501 + Cc205A2 =0, c241(446A1) +c223(1 +3X2) =0,
c241(1+4X) +c214(1 +4X2) =0, 2,411 + c205(1 +5X2) =0,

027372(1 + 3)\1) + 027174(4 + 6)\2) =0, 62,372>\1 + 027075(5 + 10)\2) =0,
€2,2,3A1 + €2,0,5(10 + 10A2) = 0, 3,4,0(6 +4X1) +c331 2 + 2c430 = 0,
c331(3+3X1) +¢322(1 +2X2) +2¢421 = 0, 6,1,0A1 + C6,0,1 2 + 14c70,0 = 0,
c322(14+2X1) +¢313(3+3X2) +2¢412 =0, c313M +¢3,04(6 +4X2) + 2¢403 =0,
c4,3,0(1 4+ 3X1) — c340(1 +4X1) + (ca1,2 — €3,1,3) A2

+5¢6,1,0 = 0, c430(3+3\1) 4+ ca21 2 + Beaps =0,
(€331 —ca2,1)A1 — €304(1 +4X2) + ca03(1 + 3A2)

+5¢6,0,1 = 0, 64,172)\ + 047073(3 + 3)\2) +5¢50,2 = 0,
c421(142X1) + ca12(1 4+ 2X2) + 5¢51,1 = 0, c5,2,0(1+2X1) +¢51,1 2 + 9¢c6,1,0 = 0,

C5,2,0A1 + C5,02A2 — €34,0A1 — 3,042 + 14c7 00 =0, 5111 + ¢5,02(1 4+ 2X2) + 9¢60,1 = 0.
The space of solutions of the system above is 10-dimensional for

(A1, A) = (F5/19,0), (0, =/19) (=019 54/10), (=24/10, =510
Let us study the space B!(Vec(R),s0(2), D;\,u)'

Let us study the triviality of this 1-cocycle. A straightforward computation shows that

) and 9-dimensional otherwise.

15+ 6)1) + £5.100) X" f1”) fo — (5110 + 501) + £4.2(1+ 20)) X" {7V f3

6+ 4X\1) 4+ €333+ 3X)) X" f" f — (e3.3(3 +3A\1) +e24(6 + 4X)) X" f1 fY
6+ 4A1) + 51,5(10 + 5>\2))X”f{f2(4) - (51,5>\1 + 6076(15 + 6)\2))X”f1f2(5)
£60(20 + 15M1) + £4,500) X" 1) o — (25,110 + 10)1) + 3,3(1 + 3X)) X" 1" 3
€12(4+ 6A1) +e24(4 +6X2)) X" f1' fi — (e3,3(1 + 3\1) + £1,5(10 + 10X2)) X" f1 f"
E2.4M1 + 20.6(20 + 15X2)) X" f1 159 — (e3.3(15 + 20A;) + e6.0h2) X D £ £,

5.1 (5 4+ 10A1) + e0.4(1 4 4XN)) XD fI f5 — (15(1 + 4N1) + e4.2(5 4+ 10X2)) X W) f1 £
£33\ + £0,6(15 + 2002)) X W f1 5" — (£2,4(6 + 15M1) + £6,072) X O) £ fo
e15(145X1) +e51(1 4+ 5X)) X O F1 5 — (4201 + €0,6(6 + 15X9)) X O fy £

e1,5(1 + 6A1) + €6,072) X O 1 fo — (e51M1 + €0,6(1 + 6X2))Y O f1 £

— (8670)\1 + 80’6)\2)X(7)f1f2

A straightforward computation shows that, for all values of A\; and Ay the space B!(Vec(R),s0(2), D5 )
(—5:&\/@ 0) (0 —5:|:\/E)
2 s V) \My 2 )

N
LxTﬁ = — 8670
€4,2

€24

o~~~ o~

(
(
(
(
(
(
(
(
(
(

is 7-dimensional. Hence, the cohomology group is three-dimensional for (Aj, A2) =

(*5*2‘/5, *5+2‘/E), (*5‘;@, *5*2‘/E) and two-dimensional otherwise.
(viii)The case when p— A — Xy =7

Any 1-cocycle should retains the following general form:

X, fif)= > cigpX® £ £ g
itj+k=8,i>1

A straightforward computation shows that the above 1-cocycle condition reads:
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c1,7,0(21 +7A\1) + c161A2 =0,
017770(35 + 355/\1) + 01,473)\2 =0,
c1,70(7T+21A1) + c12502 =0,
c1,7,0A1 +c107A2 =0,

01,6,1(20 + 15)\1) + 61,473(1 + 3)\2) =0,

61,671(6 + 15)\1) + 01,275(1 + 5)\2) =0,
c161A1 + c1,0,7(1 +7A2) =0,

61,572(10 + 10)\1) + 61’3,4(4 + 6)\2) =0,

617572(1 + 5/\1) + 0171,6(6 + 15)\2) =0,
617473(6 +4M) + 0173,4(6 + 4)\2) =0,

)
017473(1 + 4/\1) + 6171,6(15 + 20)\2) =0,
)

c1,34(3 +3A1) 4+ ¢1,25(10 + 5X2) = 0,
017374)\1 + 617077(35 + 35)\2) =0,
1,251 + €1,0,7(35 4+ 21X2) = 0,

c1,7,0(35 + 21\1) + c15202 = 0,

ciy, 0(21 + 35)\1) +c1,34M2 =0,
c170(L+7A) +cr16M2 =0,

c1,6,1(15 4+ 6X1) +c152(1 +2X2) =0,
C1,6, 1(15 + 20)\1) +c13 4(1 + 4)\2) =0,
1,6, 1(1 + 6)\1) +c11 6(1 + 6)\2) =0,
0152(10+5)\1)+6143(3+3)\2) 0
C1,5, 2(5 + 10)\1) +c1,2 5(5 + 10)\2) =
c15,2A1 + €1,0,7(7 4+ 21A2) =0,
c143(44+6X1) +c125(10 +10A2) =
017473)\1 + 017077(21 + 35)\2) =0,
c134(1+3X1) +¢1,1,6(20 + 15X2) = 0,
c125(1+2X) 4+ c1,1,6(15 + 6X2) =0,
c1,1,6A1 + €1,07(21 + TA2) = 0,

The Space of solutions of the 1-cocycle condition is 10-dimensional for (A1, A2) € {(0, \2), (A, 0), (=g —

6, \a), (Z35419 —144/19), (<5519

1 \/7)(54-2@’—5—&-2@)(5\/79—5\/7)(1\/7—5+\/7)( 1+

V19, == ‘ﬁ)} and 9- dlmensmnal otherw1se

Let us study the triviality of this 1-cocycle. A straightforward computation shows that

LxT} = —

€25\ + €0,7(35 + 21)\2))X'"f1f2
Ee, 1(15 + 20)\) + &3 4(1 + 4)\2))

67,0(21 + 35A) + 6374)\2>

AN AN AN AN N N N N N N N N N

e7,0(21 + 7A) + ag1A2) X" fO)g —
65,2(10 + 5)\) + 8473(3 + 3)\2))X”f1(4) é/ —
£3.4(3 + 3A) + £2.5(10 + 5 X7 f1 £V —
e1oh + 207 (21 + TA)) X" fi £ —
£6.1(20 + 15X) + e4.5(1 + 300)) X" £V 15 —
€4 3(4 + 6)\) + &9 5(10 + 10)\2))X”’f

(57 0(35 + 35)\) + &4 3)\2)
4)f{”f2
eas(l+4)) +516(15+20A2))X<4)f1
®) i fy — (56,1(6 4+ 15X) 4 £95(1 4 5X2)) X O fI' 4
e52(1+5X) 4+ 16(6 + 15X2)) X O) f] f —
e7,0(7 4 21N) + e2502) X O f1/ f5 — (261 (1 + 6X) + e1,6(1 + 6X2)) X O f1 £}
50\ + £0.7(7+210) X O f1 £ —
6,1 (1+7\) + 07 X)) XD f1 f5 —

(e61(15 4 6)A) + e52(1 + 2>\2))1f2X”f1(5)f§

(8473(6 + 4)\) + 6374(6 + 4/\2))1f2X”f{”fé”
(22.5(1+ 2X) + £1,6(15 + 6X9))1 fo X" £ £3¥)

(e7,0(35 +21N) + 55,2)\2)Y”’f1(5)f2

(5572(10 + 10)\) + 63’4(4 + 6)\2))X”’f{”fé/
M (e54(143X) + &1 6(20 F150)) X £
@ f(4), fo

(e5.2(5 4+ 10A) + e2,5(5 + 10>\2))X(4) fify
~ (e3.4) + 20.7(35 + 3500)) XD £ £V

(&74,3/\ + 8077(21 + 35)\2))X(5)f1fé”

(e7.0(1 4 TA) +e1602) XD f1 o
(e7.0X + 207 202) X® f1 f

This equation is equivalent, for all values of A; and Ay the space B! (Vec(R), s0(2), Dy, », ) is 8-dimensional.

(ix)The case when k > 8

For k = 8, the number of variables generating any 1-cocycle is much smaller than the number of equations
coming out from the 1-cocycle condition, for generic A. This cohomology class is indeed trivial because the

expression X .T,i‘ is also a 1-cocycle.
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