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Abstract

This study advances the field of fixed point theory within the framework of S metric space. We first refine the notion
of a generalized S -Pata-type contraction by introducing supplementary cross terms into the contractive condition.
Within this extended setting, we derive new fixed point theorems that both enhance the earlier results. It addition to
widen the applicability of our contractive mappings , we formulate and analyze a coupled fixed point theorem for S -
Pata-type contraction, where condition ensuring existence and uniqueness. Finally, the effectiveness of our approach
is demonstrated through applications to ordinary differential equations, in particular a boundary value problem for a
second-order equation, thereby underlining the practical relevance of the theoretical developments presented.
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1. Introduction

The Significance of Metric Space and Fixed Point Theory: A metric space is a set that includes a concept of
distance, typically referred to as points, between its components. A metric or distance function is a function that mea-
sures distance. Metric space are the most general environment that allows to examine many of the ideas of geometry
and mathematical analysis. Rene Maurice Frechet first proposed the concept of an abstract space with metric prop-
erties in 1906, while Felix Hausdorft first used the phrase metric space in 1914. The foundation for comprehending
convergence, continuity, and other important ideas in non-geometric space was established by Frechet’s work. This
made it possible for mathematicians to examine functions and sequences in a more comprehensive and adaptable man-
ner. This was significant for the developing functional analysis area. The concept of metric space was subsequently
developed and broadened by mathematicians such as Hausdorff and Stefan Banach. Topological spaces were first
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introduced by Hausdorff as an extension of metric space. A major component of Banach’s functional analysis work
was the metric structure. Metric space eventually emerged as a key component of contemporary mathematics. The
primary field of mathematical analysis known as “fixed point theory”’studies the conditions under which a function
will have a point that is invariant under its action. The Banach contraction principle’s key characteristic is that it
provides the existence, uniqueness, and sequence of consecutive approximations that converge to a problem solution.
The importance of fixed point theory resides in its capacity to prove the existence and uniqueness of solutions to a
broad range of issues. For example, in iterative methods for determining equation roots, convergence to a fixed point
can be guaranteed under certain conditions, which leads to solutions in real-world applications. In the digital age,
The fixed point concepts aid in determining algorithm correctness and give a foundation for comprehending recursive
functions.

Overview of S metric Space: A mathematical concept known as a S metric space occurs when a set is fitted with
a function known as S metric, which gives a non-negative value for each triplet of elements in the set. This function
works similarly to a distance measure but has the special characteristic of requiring three points to define a distance.
This generalization of standard metric enables applications in fixed point theory and other fields of mathematics,
especially when working with more intricate relationships between elements in a set. In fields like mathematical
modeling, dynamic systems, and nonlinear analysis, S-metric space have grown in significance because they allow
more flexible solutions for problems where standard metrics might not be enough. Mathematicians can discover novel
discoveries and acquire an understanding of intricate relationships across a variety of domains by investigating the
special characteristics and ramifications of S -metric space.

Literature Review: In 1912, Brouwer [5] presented the well-known fixed point theorem. This theorem only ensures
the existence of a solution and does not provide information on its uniqueness or determination. The Brouwer theorem
provides no information regarding the location of fixed points. These tools are useful for computing function zeros.
Approximation theory, game theory, and other scientific fields including engineering, economics, and optimization
theory may all benefit from the Schauder [19] fixed point theorem. The majority of analytic problems lack a com-
pact environment, therefore the compactness constraint is highly strict. It makes sense to loosen the compactness
constraint in order to demonstrate the theorem. Liouville first proposed the sequential approximation approach , then
Picard methodically refined it. Then Banach [2] formulated what is now known as the Banach contraction princi-
ple. In several scientific fields, the Banach contraction principle serves as a foundation for existence and uniqueness
theorems. This theorem demonstrates the use of fixed point theory in analysis as well as the unifying potential of
functional analytic approaches. According to Adewale et al. [1], the fixed point theorems were demonstrated in
multiplicative S-metric space. Chand, D., & Rohen, Y. [7] invented the concept of @ — 8 — y-contractive mapping in
S-metric space. Several writers including Khomdram, B., & Rohen, Y., [12], Priyobarta, N., Rohen, Y., & Mlaiki,
N. [14] and Sedghi, S., Shobe, N., & Aliouche, A. [20] demonstrated a few common coupled fixed point theorems,
in S ,-metric space, complex-valued S ,-metric space and proved a fixed point theorem on Complete S -metric space
that satisfies a contraction. Two coupled fixed point theorems for multi-valued nonlinear contraction mappings in
partially ordered metric space were developed by Samet, B., & Vetro, C. [18]. Contractions are essential to proving
the presence of fixed points in different kinds of metric space in the study of fixed point theory. While traditional
definitions of contractions focus on metric space with standard distance measurements, Pata [13], have extended these
concepts to more general contexts, especially in S -metric space. Common fixed point theorems under Pata’s condition
in complex-valued metric space were shown by Berrah, K. et al. [4]. Based on Vittorino Patta’s findings Chakraborty,
M., & Samanta, S.K. [6] established a generalization of Kannan’s fixed point theorem. Roy., Saha, P., & Choudhury,
B. S. [15] have used w-distance to extend results in metric fixed point theory. Using this idea, coupled fixed point
theorems with Pata-type inequalities have been proved and applied to integral equations. Chand, D., et al.[8] expanded
an S -metric space on Pata’s method. Eshaghi, M. et al. [9] established a theorem of coupled fixed point pertaining to
the Contraction of Pata in partially ordered complete metric space that have the mixed monotone characteristic. The
presence of a fixed point for Pata-type Zamfirescu mapping in a complete metric space was demonstrated by Jacob, G.
K., etal.[10]. The fixed point theorem of Chatterjea was expanded by Kadelburg, Z., & Radenovic, S. [11], based on a
Pata’s result, and a coupled fixed point result in ordered metric space and common fixed point outcomes of Pata-type
for two maps are also established. In the setting of Complete metric space, Saleem, N., et al. [16] found that some
a-Pata-proximal admissible contraction of type-I and type-II had optimal coincidence point and best proximity point
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outcomes. Three distinct contractive conditions were introduced by Saleem, N., et al. [17]:(1) an @-0- Geraghty-Pata-
Suzuki-type proximal contraction, (2) an a-6-generalized Geraghty-Pata-Suzuki-type proximal contraction, and (3)
an a-6-modified Geraghty-Pata-Suzuki-type proximal contraction.

Research gap: While generalized S-Pata-type contraction have been studied in S metric space. Existing results are
limited to contraction conditions involving only self-comparative terms of the mapping. In particular, the role of addi-
tional cross term such as S (¢, , 0) has not yet been explored in the contraction framework. And Coupled fixed point
theorems have been extensively studied in metric and partially ordered metric spaces, particularly in connection with
Pata-type contractions. However, to the best of our knowledge, there has been no investigation of coupled fixed point
results for Pata-type contractions within the broader setting of S metric space. Since S metric generalize classical
metric structures and allow more flexibility in analysis, extending coupled fixed point theorems to this framework
represents a significant gap in the literature.

Manuscript Organization: The paper is organized as follows. In chapter 2, we present the fundamental definitions
and lemmas that are essential for our main results. Chapter 3 introduces a new S -Pata-type contraction and establishes
the corresponding fixed point theorem. In chapter 4, we study the monotone property in S metric space and S space,
and prove a coupled fixed point theorem in this framework. Chapter 5 is devoted to the application of our results to a
boundary value problem for a second-order ordinary differential equation. Finally, Chapter 6 contains the conclusion.

2. Fundamentals

Some definitions used in the primary theorems are reviewed in this section. Throughout this entire paper, we
utilize the norm ||| = S (s, ¢, o) in a S metric space (L, S).

Definition 2.1. [20] Let £ be a nonempty set and a function S:£3 — [0, ) is said to be S metric if and only if for all
s, ., 0,1 € L; then the following conditions hold:

1) S(s. 4,0 20,
2) S(Gs,¢,0)=0ifandonlyif¢=¢ =0,
3) 8(5,4,0) <S(5,6,0 + S 4,0 + S0, 0,0)
Thus (£, S) is said to be a S-metric space.
Definition 2.2. [20] S(s,s,0) = S(£,, ¢) is an equality that exists within a S metric space (£, S).
Definition 2.3. [20] Let (£, S) be an S -metric space. Suppose {¢;} is a sequence in £ and ¢ € £, then
(1) {s;} converge to ¢ if and only if S (s;, s;,5) — 0 hold as i — oo.

(i) A sequence ¢; € L is said to be a Cauchy sequence provided for each € > 0 there is a natural number ¢y € N
such that S (¢, i, 6j) < €,Vi,j > ip.

(iii) If every Cauchy sequence in L is converges to a limit point in £, then (£, S) is complete.

Lemma 2.4. [8] Let (L, S) be an S-metric space and suppose the sequence {s;} on L is not Cauchy while satisfying
lim S(Gi, i, Si+1) = O, then for any given € > 0, we can find two subsequences {s; } and {s; } of {s;}, consider any
—00

€ > 0 we have
kli)m S(S‘i/\,+], S‘ik+1’§ik+1) = E+
kli_)m S (Sis Sie» Sig) = kh_)m S (Sip+15 Sig+15 i) = kh_)m S (Siy» Sigs Sig+1) = €

Definition 2.5. [3] An element (g, ) € L x L is referred as a coupled fixed point of the mapping J: Lx L — Lif it
satisfies (¢, ) = ¢ and )({,¢) = C.
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3. Fixed point theorems for New Pata-type contraction

This section explores fixed point theorem for New Pata-type contraction, establishes within the structure of an
S -metric space.

Definition 3.1. In the S metric space (£, S), a self mapping 0 : £ — Lisreferred to as a New S -Pata-type Contraction
mapping if it adheres to the following condition

1-
S(ds,0¢,d0) < TG{S(C,LQ) +5(5,6,0¢) +5(£,4,00) +S(Q,Q,3Q)} 3.1

1
+heVZ(e)[ 1+ lisll + 11 + llell + 119¢1l + 110211 + IIGQII]

holds for any € € [0, 1) and fixed constants i > 0,1) > 1 and n € [0, ] and = : [0, 1] — [0, co] to be a non decreasing
and continuous vanishing at 0.

Definition 3.2. Let (£, S) be a S metric space. A self mapping d : £ — L is said to have New S-Pata-type Contraction
mapping of type-II if it satisfies the following inequality

1 -
S(9¢,0¢,00) < TE{S(Q $:4) +25(5,6,06) + S, ¢, (94’)} (3.2)

n
+heMZ(e)|1 + 2liell + 111 + 211061l + |I3{|I}

holds for any € € [0, 1) and fixed constants /i > 0,m) > 1 and p € [0, m] and = : [0, 1] — [0, co] to be a non decreasing
and continuous vanishing at 0.

Example 3.3. Consider the S-metric space (£,S), where £ = [0, 1]. The S-metric is specified by S(o,0,¢) =
lo — ol + |0 —¢| + | — o|. Consider a self-map on 9 : £ — L that is defined as

Y
do==¢€]0,1
0=3 €[0,1]

| 1 1 _ 1
Clearly 9([0, 1]) = [0, ] € [0, 1] , where i = gng =n= Z,a(e) =€l
_q227
S(BQ96Q780-)_S(89 8’8
1
< g[S(Q,QﬁQ)+S(Q>Q,(9Q)+S(O',O',50')+S (Q,Q’O')}
1-€
<

T[S (0,0,00) + S (0,0,00) + S (o, 0,00) + S (0,0, 0')]

1 1-€
+ (g - )[S (0,0,00) + S (0,0,00) + S (0,0, 00) + S (0, 0, 0)}

1-€
= T[S(Q,Q’ ag) + S(Q’Qa 8@) + S(O-’ ag, 80’) + S(Q,Q’ O-):|

1
+ ge% [s (0.0.00) + S(0.0.00) + S (0, , 8 + S (0, 0, a)]

1-€
<

= [S (0,0,00) + S (0,0,00) + S (o, 0,00) + S (0,0, 0')]

1
+ ge%e% [s (0.0.00) + S(0.0.00) + S (0, . 8 + S (0. 0, a)]

This example satisfies the S-Pata-type contraction.
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Theorem 3.4. Let 0 : L — L be a self-map on the complete S metric space (L, S) satisfying the following condition:
1-€
S (9¢,0¢,00) < T{S(§, £,0)+8(s,5,0¢) + S({,£,00) + S (0,0, 3@)} (3.3)

m
+ hEmE(E){l + 51l + 1111 + llell + llogll + 16411 + II59II}

for every € € [0,1) and ¢,,,0 € L. Under this condition, 0 possesses a unique fixed point ¢*. Furthermore, for any
initial point o € L the sequence defined by ¢; = 0g;_| converges to ¢* as lim.

1—00

Proof. Select a point ¢ from £, and set ¢; = dg;—1. Define
Ci = S(si» i s0) = llill.
Monotonicity: To prove monotonicity , in (3.3) we are taking € = 0 and using definition (2.2) we have

S (Si+1,Si+1,S) = S (¢, 0si, Ogi-1)

1
< Z{S(S'i,§ia Si-1) + S(5i,5i, 95i) + S (5, Si, 951 + S (Si-1, §i—1,5§i—1)}

1
< Z{S(S'i’ Si» Si-1) + 8(5i» Si Siv1) + S (Si» Sin Siv1) + S (Si-1, i1 §i)}

4S (Git1,Si+1,S1) < S(5i» Sis Si=1) + S (Six 1 Six 1, S1) + S (Siv 1, Siv1> Si) + S (S0, Sir Sie1)
48 (Sit1,Si+1,S1) — 28 (Six1, i1, S1) < 28 (5, Sin Si=1)

S(Si+15Sit1,6) < S(Si, Sir Si1)

= S(Si+1,Si+1,6) <S50, Sir5i—1) < -+ - < 5(51,61,60) = Cy (3.4)

Therefore, S (i+1, Si+1, i) 1S monotone decreasing and bounded below by 0.

Boundedeness: Next, our aim is to show that the sequence C; is a bounded.

Ci = S(i> Si» S0)
< [S(Sis Si» Siv1) + S (Sis Si» Siv1) + S (S0, 605 Siv1)]
< [S(Si+15Si+1,61) + S (Siv15 Siv1, i) + S (S0, S0, Siv1)]
< 285(Si+1,Si+1> 51 + [S (50,0, 61) + S (S0, 60, 61) + S (Siv 15 Sin1561)]
S (Si» Si»60) < 28(Si+1, Siv1, 1) + [S(S1,61,60) + S (1,61, 60) + S (Sit15 Siv1,S1)]
< 28(Si+1, Si+1 S1) + 28(61, 61, 60) + S (Siv1, Sit1, 1)

Using the monotonicity established above equation (3.4),
S (i, 6i,60) < 2Cy + 2Cy + S (953, 051, 050)
1-€
Ci <4C + 1 [S (Si» Si» S0) + S (Si, S, Siv1) + S(Si> i Siv 1) + S (50, 60, 51)]
n
+ hGHJE(G){l + Isill + llsill + llsoll + ll9sill + 19l + ||<9§o||}

1— n
<4C; + Te [C;i+C1+C1+Ci]+ hemE(e){l + 2|lsill + 2lldgil] + Cl}

1-¢€ W
<4Cy + T[Ci +3C] + hEmE(e){l + 2llsill + 2[lgis 1l + ||§1||}
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1 -
< 4C1 + TG[Ci + 3C1] +h€m5(€){1 + ZC; +2C1 +Ci + Cl}nj

1=
<4C; + TG[C; +3C 1]+ hePZ(e){1 + 3C; + 3C}V

1 _
C; < Te(ci) + aeME(e)C™ + b for some a,b > 0,

Assume C; is not bounded. Then, there exists a sub sequence C;, — co. Therefore, we can represent it as follows:

3+¢€
4

)Cik < aeij(ek)CzJ +b.

Let’s now assume that taking

_4+4b-3C,

& = C ,=>1+b< ae,inE(ek)l <b(l+a)"2(g) — 0.

i

This contradiction confirms that C; is bounded.

To show successive differences vanish:
Moreover, S (si+1,Si+1,Si) 1S a sequence of monotonically decreasing and with lower bound of 0, there exists a7y > 0
such that

S(Si+15Si+1,6i) = T1-

Then
1-¢€
S (Si+1,Si+1,6) < S(0¢i, 05, 0gi-1) < T{S(gi,s‘i,g—l) +8(si» 1> 05) + S (Si, i» 057)

+ S(§i—17§i—1,a§i—l)} +KePZ(e): K> 0

1-¢€
T{ZS(S‘i,S‘i, Gi+1) +S(Si—1,Si-1,6i) + S(S‘i,s‘i,S‘i—l)} + KeVZ(e)

IA

1-¢€
T{ZS(Q,S‘I', Si+1) + 25(gi-1, §'i—1e§i)}

IA

where K > 0 and as i — oo we get
1 -
71 < Te[ZTl +271] + Ke®E(e)

71 <11 — €t + KePE(e)
< Kev '5(e)

T1 =0.

Proof of the Cauchy sequence:
To demonstrate that {g;} is a Cauchy sequence, let us instead assume that {¢;} is not. For every 1, > 0, Lemma (2.4)
indicates the existence of two subsequences of sequence {¢;}, namely {¢; } and {gj, } such that

]}LIEOS(S‘ik,gik,S‘jk) =7, and kli_)n;S(gik—l,S‘ik,l,gjk—l) =13
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Hence,

S(gik9 gik’ g_]k) = S(agik—l’ agik—l’ 6S‘jk—l)

1-—¢€
< T{S (gik—l’ Sir—1> gjk—l) + S(gik—l’ Sir—1 agik—l)

+ 8 (Sir—15 Six-1, 053 —1) + S (Sj,—1, §jk—1,55‘jk—1)} + KeVZ(e)

1-€ -
< T{S (gik—b Sir—1> gjk—l) +2§ (gik—l9 Sir—1> gik) + S(gjk—l’ gjk—l’ ng)} + Kenj:’(e)

Considering the aforementioned limit and allowing for k — oo we get
1-€ -
T < T[4T2] + KeVE(e)
T < K" 'E(e)

This inequality holds for every Ve € [0, 1), and then lets € — 0% together with 1in(1) V15 =0. 21, =0.
E—

Which contradicts itself. Hence, the sequence {g;} is Cauchy. We have ¢* in £ such that {¢;} — ¢*, taking into
account the completeness of L. Now We need to demonstrate that, for any i € N, ¢* is a fixed point for the mapping 0.

S(g*, g*’ ag*) < S(g*, g*’ gi+]) + S(g*$ g*’ §i+]) + S(ag*$ ag*’ agl)

% l-€ ® % ® % *
SzS(g S a§i+l)+T{S(g Y 9gi)+S(g » S 7ag)

+S(s*,6%,05") + S (s, Si, ag,-)} + KeWE(e)

%k l-€ * % %k %
SzS(g Y ’gi+])+T{S(§ » S ’gl)+2‘g(§ XY $ag)

+ 8 (5i» Sis S‘i+1)} + Ke"Z(e)
letting i — oo and € = 0 we have
S(s",6%,06") < %[S(g*,g*,é?c*)]
S(s%,6",0¢") =0,6" = d¢".
Uniqueness: Suppose ¢* and ¢* are two fixed points
S(s*.6".¢) =8(0s",05",0()

l-€ % ok % P « P *
—{S(§ 68+ 8(67,67,067) +8(s7,67,067)

<
4

+ S(g*,g*,ag*)} + KeME(e)

IA

1 -
1866 ) + K@) = 0
st =

Hence ¢* is a Unique fixed point of the function 0. O
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4. Coupled fixed point theorems for New Pata-type contraction

This section explores Coupled fixed point theorem for New Pata-type contraction, establishes within the structure
of an S -metric space.

Definition 4.1. Let (L£,S) be a S-metric space endowed with a partial order < and 1 : £ x £ — L. If for any
¢, ¢ € L), ¢) is monotone non decreasing in ¢ and is monotone non-increasing in £, then we say that ] has the mixed
monotone property on £

s.2€L,61 <6 =1s1,0) £ X2, )
(.0 LG <0 = X5, 0)2)s, ()

Definition 4.2. In an S-metric space (£, S), the mapping S : £2 x L2 x L2 — [0, o) is defined as
S1(s, 0, @1, V), (@ b)] = S (s, 1, &) + S (£, V,b)

for every ((s, ), (i1, V), (4, 13)) € L% x L? x L£?. This defines a metric on £? X £ x £* denoted by S for simplicity. In
an S metric space (£, S), give an arbitrary element (5o, {y) € L X L, we define

llx, yll = S (s, . (5, 0), (S0, ) IV(s, ) € Lx L.

Theorem 4.3. Let (L,S) be a complete S metric space, and let ] : L X L — L be a continuous mapping with the
mixed monotone property on L. Suppose h > 0,1) > 1 and n € [0, 1] are constants, and there exist points y, o € L
such that so < (50, o) and 1y < Xo, So). If the inequality holds ¥ 0 < € < 1 and (s, {), (1, V), (a, b) € Lx L x L with
i,a<¢,¢<v,b,
S (%500, 3, %), 3@, b)) < (1 - OS [ (5,0, (@, ¥), (@, b)|
+ neDE(e) |1+ lls. 21l + 11, ¥l + 11, Bl | (@.1)

then ) possesses a coupled fixed point (¢*,*). Additionally, define Y = 1o 3o --- o (i times). Then the following
inequality holds:

lls™, &7 (4.2)

W

S [(67.0, (6", 2), (' (50, 0), ¥ (4o, 50))| <
where a positive constant K satisfies
K <2n[1 +4lis", || + 4S ((s0. £0)» (50 £0)s (L0 SO
Proof. Set X(so, o) = 1 and X({y, s0) = {1. S0 ¢1 = 60,1 < {o.

Now from letting ¢» = 3(s1, 1), {2 = ({1, 1) and choosing the notations

(50, £0) = 1[50, £0), 3o, §0)] = As1,41) = &2
(o, s0) = 3 [0 50), M50, L0)] = AL1,61) = &

By using Defintion 4.1 we have,

&2 = (50, £0) = As1,41) = M50, 40) = 61 = 62 = 61

& = (%, 50) = X1, 5o s0) = & = L < .
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We get the two sequences by continuing the above argument {¢;}° ) and {{;};>,, such that
§05§1 < "'SS‘[S“‘ andé‘o 24] > .. 2{{.2
Furthermore fori =1,2,--- we set,
§i = si-1,¢i-1) = (0, &0)
& = W&i-1,5i-1) = ¥ (Lo, S0)
and C; = ‘ ¥ (50, £0), (%0, 0)
=8 ((si &), (51, £i), (S0, £0))
Using the above setting of ¢; and ¢;, we can write
SO@JmKQQM@HJH»=swmgm@m”ﬁmgnxfwmgmwwagmxmggmf@$wﬂ
Applying the equation (4.1) to the above expression and taking € = 0 we obtain,
s[(:‘**‘@o,go), (%0, 60) (7 (60,202 71 (20, 60)) (1 (50, o), ¥ o, §0))] < 8( (50, 20), 30, 50)) » (60, 0), F(do» 50))
(5 (50, 0%, 3 (%o, s‘o))]
S| (3 (50, €00, 3+ o, 50)) (3! (60, 200, 71 (o, 50)) (50, 00, (40, $0)) |
< 8(¥ (50, 203, 30, 50)) » (50, 03, 7o, 50))
(750, 200, 7 %0, 50)) |
<:
< 8[(3(s0. £0). 20- 0)) - (50 £0). 2<0- 50)) - (0. o) |
S [(37 (60, 20), 37 (2o, 50)) » (¥ (0, £0), 71 (20, §0)) » (€50, L0 3 (dos s0)) | < €1 43)

S (51 £00s (515 £, (50, £0)) < 28 [(53> ), (53 €0, (s i)
+ 5|50, 0 (50, 0), (si1, Ziv1)
<28 [(§i+l,§i+l)s (Siv1> Giv1)s (Gi,,(i)]
+28(50. o). (50 0). (1. £1)
+ S[ (i1, Gisn)s (Siv1, Gin), (51, 00)]

<201 +2C + S[(J”‘(co,;ox o, 50))

(7150, 0, 71 (60, 50)), (50, o), J<§o,go))]

S (i 20, (5. 2. (0. 0) < 4C1

+ S| (3% (0. £0), 7 (50, o) 3(%{0))]

9%}

+ 8| (3! (€0, 500, 7 (o, 50), 3({0,5‘0))]

<4C,

9%}

+8|3(2 50, 20, 3 (- 50)) 37 (50, o)

.3 (40, 60)): (50, o) | + S

320, 50, %(50. ¢0))

(7o, 50, (50, 20)), Mo, §0)]

<4C,

1-— . .
+ Tfs[(y(go,go),s*(go,gw)

(50, 20). 3o, 50)), (go,a»]
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+heNE(e)|1+2

,
0. 0). Fdor50)| + ||€0’50||]

* %S [(J*(go,com*(go,{o)), (%o, s0)

350, 20)), (go,go)]

+heVE(e)|1 +2

n
3o, 50)s J*(go,g“o)“ + ||é"0’90|”

But from the definition of ||.|| we have,

[1+2

350, 200, 3(or s0)|| + 5o 20| | < 1+ 265 < 14265 + 45 60,50, 20)

[1+ 2o, 500, s, o) + o o[ < 1+ 265 < 1+ 265 + 45 (60,50, 0)

So for iy > n there are some D, E > 0 such that,
C; <4C

1 -

+ (€ + heP (@)1 +2C5 + 45 (50,50, 0)]
1 -

+ (€ + heZ(O[ 1+ 2C; + 45 (50,50, )]
2

< 5(1 - €)Ci + E€"Z(e)C” + D

2
Ci = 3(1 = OC; < E€M(m)C; + D

Suppose C; is not bounded 1 subsequence C; — oo.

+ 2€l‘k

(2-2¢,) 1
Ci, - T”‘Cik < Eey(e,)C}) + D( )Cik < Eey(,)C;) + D

This is valid by assumption ¥ 0 < e < 1 applied to for all i € N in the sub sequence C;, then the choice €, =

3+3D-C i . ..
e leads to the following contradiction.
i

Ci < Eel.rl?w(eik)C:? +D

1< Eel.rl?z//(eik)C;f — 0asiy > o

Then the sequence {C;}:2, is bounded.
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To Prove: {1 (g0, Zo)} and {3({y, s0)} are Cauchy Sequences

S (390, £0), I (50, 20, 3 (60, 40))
+5 (39 (G0, 60), 9 (2o, 60), 3% (2o, 50)) = S [ 207 (0, £0), (40, 60)), 10, £0)
390, 6002, 3050, €0), ¥ (o, 50))]
+ 836" o, s0), (50, Z0))

33 o, 50), 750, Zo)), 13 (Lo, 50 ¥ (50, o))

< 2255 (0,200 7o 50) @4
(39660, 0). 790, 50)): ((50. £0). 3'Lo- 50)) |

+heMZ(e)| 1 + 21150, o), (Lo, o)l

+ 1150, 0). ¥ Zo. solI]”

+ 1250, 00 50, ),

(J’*j (%0 50), ¥ (50, {o)), (2. 50). ¥(s0, {0))]

+ heVZ(@) 1+ 21370, 50). 7 (50, o)l

+11'o- 50). 2 (s0. 2o)MI|”
We have
13 (50, £0), (Lo, )l + 110, £0), (Lo, S0l < Cinj + Ci
< Cisj + Ci + 48 (50, £0), (50, £0), (G0, 60))

1379 (%o, 50, 37 (50, 2011 + 117(L05 50)» (50, C0)II < Cij + Ci
< Ciyj + C; +4S (50, £0), (50, o) (4o, 50))

From above (4.4) becomes,
S (39 (60, £0), 9% (60, £0), I+ (50, 0)

" . . 2
8 (I o, 600, 39 o, 60). 3 0. 60)) < 31 - )

5960, o). 7950, 2o ¥50. o)

+ 8 [0, 50), (%o, 50), ¥ (o, g@]]
+2h€MZ(€)[ 1+ 2C;5 + Ci
+ 48 (50, 0)- (S0, 0)- (o, 5‘0))]Jl

For a fixed j Set

n
K = sup 24| 1 + 2C;; + 2C; + 4S (0. 0)- (50- £0). (4o, 50) )]
ieN
i \m n
= —_ — < —_—.
and € = 1 (1+1) < - So
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S (9% (600 200, 79 50, £0). 7 (60, ) -
. . ;. 1 [ 2 _' m
+S (J’+J+1(§o,§o),3’“+1(§0, S0), J,+1(§0’g0)) =3 (1+l 1)

{S |30, £0), (50, £0). (50, &0)|

+S8 [3i+j (0. $0). ¥(Z0, 50), T 4o, §o)]}

m\Y_/ m
+K( ) .:( )
i+1 i+1

G+ 1™ S (39 (g0. 0. 379 (0. £0). 37 (0. £0))
+8 (3 (2o, 50, 37 (2o, 50), 37 (£, 50)) < gim{S |3(50, £0), 1350, £0). Y50, £0)

+S [3i+j (Lo. 50), 11(Zo, 50), T (Lo, 5‘0)]}

+K(n5')m5(z?1)

Setting r; = i {S |30, £0), (0, £0), 350, £0)|

+S8 [3i+j (%o- $0). 720, 50), T 4o, §0)]}

+K(m)m5(i?1)

2 -
Fir1 < §l’i+K(m)md(f?l)

2 ) m
< 2. m = R
< Srio+ K () ( )+K<m> (M)

i

i+1

w+ Ky 2 (2)

=1

<

W

- ko 3.2(%)

=1

Therefore

i+1
S [34350. 02, G50, 203, 50, 20)| + S [0 60). G0, 00, Yo s0)| < K (?)m 2.5 (?)

S [39(s0. 40). 30, 0). ¥(50.0)| + 8 [¥o. 0). I o 0). (o 50) | = Kwi(an) (4.6)

Taking the limit as i — oo we obtain the following
S [343(50. £0), 7350, o), ¥ (50, £0) | + S |10, 50), 3%, $0), ¥ (Zo, 50)| = 0.

Thus {¥(s0. o)} and {¥(¢o, 0)} form Cauchy sequence in L. Since £ is a complete metric space, there exists ¢*,{* € £
such that

— sk

lim ¥(s0.20) = limg; = ¢
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and .
jlirgo I (%o, s0) = jlirgoé ="

lim S[(67,¢). (67, £, (g1, Gim). Wimr5im) | = 1im 8 (67,0, (67.2 (F(0. 40). (G- 0) |
< ,}1_120 S [ (2G50, £0). 3L, §0)) (J”j(go, £0), (%0, 50))
(Y50, 00, ¥ (20, 50)) | < Kwiam)

And from the continuity of ] we have 1(¢*, {*) = ¢* and X({*,¢%) = .

S[(s7.07. (6%, ), (50,20, (o s0)| | = S [ (67,4, 307, 6) . (6™, £, 1", 6)) - (¥(0, 0 (L0, §0)) |
= S[3s™.4. 16", ). ¥ (50, o) | + S [U¢7. 67, 3", 67). (%o 50)]
= S[36",2, 45703 (3 (60, 202, 3 (Gos 50) |
+8[3¢7. 6.3, 6. 3 (37 (Gor 500, 77 (50, 0)) |

= 15[@*,4*‘), (", (7 (60,00, 3 (G0, 50)) |
[, 6 "6, (370, 500, 3 (60, 0) |
S[(s%0, (6%, ), (3750, 0, ¥ (Gos 50) |

+

w|NwI~

< %S[@*,é*), (6,0, (50, 0)] = %ug*,g*n
S [ (+'(50. 0)- 720+ §0)) - (¥(50. £0). ¥ (%0. 50)) - (50. £0)
< 25 [ (¥(50. 20). ¥(¢0- 50) - (¥(50: £0). Y (do- 50)) - (57, £
+ 8 [(50. 40) (0. £0). (6", 0]
=25[(6".0. (6", 2. (¥(50. 0. (%0, §0)) |
+8[(5%.4.(5%.£). (50, o)
= 2(§||g*,§*||) + %ug*,{*n
=2lls", ¢l
Hence (4.5) becomes,
= fg£ 21 [1 + 2C; + 4S ((s0, £0)s (50, £0), (Lo, SN
K < 20[1 + 4|, 1| + 4 ((50. o). (5. £0): (o, so)]"

5. Application to Ordinary Differential Equations

Building on the results from the preceding section, the primary seeking of this section is to ascertain whether the
boundary value problems possess a solution. Specifically, we consider the following boundary value problem, which
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involves a second-order differential equation.

2

X

x©0)  =x(1)=0

where ¢ : [0,1] X R — R denotes a continuous function. The associated Green function for equation (5.1) is

nl-¢ ,0<p<é<

r("’f):{fu—n) NEFEVES

For the boundary value problem (5.1), the integral equation can be written as,
1

x) = [ Tt vne 0.1 52)
0
Consider a set C([0, 1]) that includes all continuous functions over [0, 1]. This collection equipped with the metric
described below is an established fact. S (y, ¢, k) = |l¥ — tloo + It = Klloo + ||k — Xlloo = nhz)u](] (y—d+e—«l+lk—=x]is
nelo,

a Complete S - metric space. We define a self-map 9 : C([0, 1]) — C([0, 1]) as follows.
1

ox(n) = f [(n, )¢, x(€)dé n € [0, 1] (5.3)

0

Theorem 5.1. If the inequality |o(n,a) — ¢, b)| < Lla — b\, is holds ¥ n € [0,1], L € [0,2) and a,b € R then the
Boundary Value Problem (5.1) admits at least one solution x* € [0, 1], where the mapping 9 : C([0,1]) — C([0, 1]) is
given by equation (5.3).

Proof. 1t is well-established that solving the integral equation (5.2) is equivalent to solving equation (5.1). In other
words, addressing problem (5.1) involves identifying a function y* € C([0, 1]) that fulfills the condition dy* = x*,
where 0 is outlined in the equation (5.3). Therefore, problem (5.1) reduces to determining a fixed point of the operator
0 in the function space C([0, 1]). Let us now consider y, ¢ € C([0, 1]) such that S (x(), x(17), (7)) = 0 ¥y € [0, 1].

1
|Ox () = o)l = ‘ f L(n,8) [¢(&, x(©) — @&, n())] df‘
0

1

< f L7, Ole(€, x(6)) — p(&, n(é))ldé

0

1
< { sup [ f)dg] [ L) - ]

€[0,1]
7 0

1
= 3| L) — )]

1 ) 1 1

Note that for all 5 € [0, 1], f T, &)de = 1 - '73 = sup f T, £)dé = -

2 0.1 8
0 n€[,]0

L
S (Ox(m), Ox (), Ou(m)) < 3 S (), x(m), «(m) + 28 (x(m), x(m), Ox () + S («(n), L(n),at(n))]

Hence

L L
(1 - g)S (Ox(m), Ox (1), Ou(m)) < 3

S v, x(m), () + 28 (x(m), x(m), Ox () + S (), (), 0L(n))}
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and therefore

L
S (Ox (). (), () < o— L[S e, x (), () + 28 (e(m), x (), Ox () + S (), 1), 5!(77))]

L 1-¢€
<
8—L~ 4

Since L < 2 we have

S L < 3 Consequently, there exists‘e € [0, 1) such that

1=
S (Ox (), Ax (), 0u()) = Te[S O G, x (), ) + 28 Ce(m), x (), x () + S (), 1), ﬁt(n))]

1 1-€

+ (g - T) [S (e, x (), () + 28 (x(m), x (1), Ox (1)

+8 (), un), ﬁt(n))]

el )
<—Ss (), x(m), () + 28 (x(m), x(m), Ix(m)) + S («(n), u(n), Ou(n))

T4
I s
+ 7€ [2Abell + el + 201l + o

o )
= “|s (), x(m), () + 28 (x(m), x(m), Ix(m)) + S («(n), (1), Ou(n))

4

1
+ 7€ 1 2l + lll + 210 + o

Therefore, the mapping d meets the criteria in Theorem (3.4), where @ = 2,8 = 1,/ = }‘, and Z(e) = € = 1. Asa
result, 0 has a single distinct fixed point y* € C([0, 1]), such that dy* = x*. Consequently, y* is the sole solution to
the Boundary Value Problem (5.1). O

6. Conclusion

In this paper, we have developed new results in the setting of S metric space by introducing and studying New
S -Pata-type contraction and establishing a Fixed Point and Coupled Fixed Point theorems under this framework.
Moreover, the applicability of the obtained results was demonstrated by solving a boundary value problem for a
second-order ordinary differential equation, highlighting the practical utility of our work.
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