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Abstract

In the current study, we derive the analytical solution of applications of Coupled modified Boussinesq and
approximate long wave equations, a significant mathematical model for representing wave propagation in
shallow water. The solution is obtained through the utilization of the g-homotopy analysis Shehu trans-
form method (q-HASTM), a hybrid approach combining Shehu transformation and the g-homotopy analysis
method. Homotopy polynomials are employed to address non-linear terms, and the introduced algorithm in-
corporates the auxiliary parameter h and n to regulate the convergence region of the resulting series solution.
Comparative numerical analyses are conducted with outcomes from the Adomian decomposition method
(ADM), variational iteration method (VIM), optimal homotopy asymptotic method (OHAM) and residue
power series method (RPSM), demonstrating the superior accuracy of the proposed method. The method’s
novelty and straightforward implementation establish it as a reliable and efficient analytical technique for
solving both linear and non-linear fractional partial differential equations.

Keywords: Coupled modified Boussinesq and approximate long wave equations, homotopy analysis
method, Shehu transform, Caputo fractional derivative.
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1. Introduction

Fractional calculus in its modern and most widely studied form was motivated by a question L’Hospital
asked Gottfried Wilhelm Leibniz in 1695. L’Hopital asked what was the meaning of a derivative of order
0= % and the question led to the beginnings of the great new field of fractional calculus. A relationship
between fractional calculus, and specifically the interplay between fractional calculus and symmetry has
become a topic of interest in the last few decades to researchers in a range of fields of study. This has led
to the increased interest which is supported by the fact that it has capability of modeling and interpreting
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a great number of nonlinear and complicated phenomena accurately. Fractional-order differential equations
(FDEs) generalize classical differential equations by considering non-locality and memory effects that are
essential to model the intrinsic behavior of many natural and man made systems. Many researchers have
contributed greatly to the theory of fractional calculus proposing the generalized definitions of derivatives
and integrals of an arbitrary order. Such developments have preconditioned a very robust mathematical
base, which allows developing and understanding new types of differential equations. In nonlinear problem
solving, FDEs are playing a more and more predominant role in both analytical and numerical methods.
These solutions play the crucial role in the study of the dynamic properties of complex systems that are
found in applied mathematics and many areas of technology. Nevertheless, obtaining specific analytical
solutions turns out to be a major challenge. To eliminate this issue, the methods of integral transform
were developed, which can be described as potent and multi-purpose tools since they simplify and solve
such equations. The methods have been widely used in many fields of science such as biology [11], 39, [44],
electrodynamics [30], continuum mechanics [10], nanotechnology [5], biotechnology [24], chaos theory [6], 7],
and many others [1, 3], 14, 32} 36, 40]. Its further evolvement and use prove the vitality of the fractional
calculus in developing the both theoretical and applied sciences.

In recent years, a wide range of analytical and numerical approaches have been developed and employed to
solve fractional-order differential equations. Notable among these are the Shehu transform decomposition
method [43], homotopy analysis transform method [22], the generalized Riccati method [38], Adomian
decomposition method [33], homotopy analysis shehu transform method (HASTM) [23], Coupled FCT-HP
method [12], fractional iteration method [29], and fractional residue power series method [35] and others
[19, 31, 4, @]. In addition to these, integral transforms play a pivotal role in solving integral and delay
differential equations, providing a powerful mathematical toolset for simplifying complex problems. When
appropriately chosen, these transforms enable the reduction of differential and integral equations to simpler
algebraic forms. The historical roots of integral transforms can be traced back to the foundational work of
P.S. Laplace in the 1780s and Joseph Fourier in 1822. Among the most widely used, the Laplace and Fourier
transforms were originally introduced for solving ordinary and partial differential equations and continue to
be central in modern analytical methods.

In recent years, several novel integral transforms have been introduced by researchers to address various types
of mathematical systems, including the Elzaki transform, the p-Laplace transform, the Sumudu transform,
the generalized Laplace transform, and the Natural transform [21], Upadhyaya transform [I§] and new
general integral transform [28] [I7]. The Shehu transform, in particular, offers several key advantages over the
traditional Laplace transform, especially when applied to fractional differential equations. Its dual-parameter
structure (v, 1) provides greater flexibility in adjusting the kernel exp(—wv7/u), enabling better adaptation to
oscillatory, exponential, and fractional behaviors without requiring complex contour integrations in certain
cases. By setting 4 = 1, it reduces directly to the Laplace transform, while specific choices of p yield
the Sumudu transform, ensuring compatibility with existing methods. This parameterization often leads
to simpler algebraic manipulations in the transform domain and easier inversion for nonlinear or fractional
partial differential equations compared to the standard Laplace approach. The present work employs the
Shehu transform as a powerful generalization of both the Laplace and Sumudu transforms. Notably, its
structural properties exhibit strong similarities to those of the Natural transform, as established through
well-known duality relations that allow inter-conversion by simple parameter substitutions.

The Whitham-Broer-Kaup (WBK) equations describe the propagation of shallow water wave [15], with
different dispersion relations. These coupled system was introduced by G. B. Whitham [42], L. J. Broer [§]
and D. J. Kaup [20], which are given as

{ Ur + w@/)g‘i"/g‘f’ bwgg =0,

vr + (VY), + atpe — brg, = 0. (L)

In the preceding equations, ¢ (0, 7) and v (g, 7) indicates the horizontal velocity and height that deviates
from the equilibrium position, respectively. The parameters a and b regulate the dispersion and diffusion
effects, respectively. a determines the strength of the third-order dispersive term, whereas b influences the
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second-order diffusive terms, allowing the model to describe a variety of wave patterns in shallow water,
such as solitary waves or wave breaking.
The WBK equations with the fractional Caputo derivative can be rewritten as

{ CDO% A+ Yipy 4 v, + biby = 0, 12)
DO+ (), + athpee — brge = 0. '
where 0 < ¢ < 1 and €D, ¢ present the Caputo fractional derivative of order p. It is noted that for a = 1
and b = 0, system becomes to modified Boussinesq (MB) equations and for a = 0 and b = 1/2, system
becomes to approximate long wave (ALW) equations. In last few years, many researches studied these
equations with numerous schemes. Recently, past few years numerous researchers took the attention on
these equations and obtained the solutions with numerous approaches [2], 13}, [34] [37, [41].

In this study, we employ the g-homotopy analysis shehu transform method (q-HASTM) to obtain analytical
solutions for the considered systems. The proposed scheme represents an effective integration of the g-
homotopy analysis method (q-HAM) and the Shehu transform, combining the strengths of both approaches
to address fractional differential equations (FDEs). A key advantage of this method lies in its flexibility:
by selecting an appropriate h-parameter, the convergence region of the solution series can be effectively
controlled over a wide domain. The merits of -HASTM are numerous. It operates without the need
for linearization or discretization, involves minimal perturbation, and imposes no restrictive assumptions.
Additionally, it significantly reduces computational complexity, accounts for non-local effects, ensures a large
convergence domain, and eliminates the need for complicated polynomial generation, integration procedures,
or specific physical parameters.

2. Fractional calculus basic concepts
Definition 2.1. The fractional Caputo derivative of a function & € C?; with g € NU {0} is given by:
197970, p-1<08<0 0€N,

DIS(T) = 4o (2.1)
—S(r), 0=0p, 0N

Definition 2.2. The Mittag—Leffler function (MLF) with two parameters is expressed as [28]

E 2.2
s5(7 kZOFk6+B (2:2)

Ford6=p=1, E1(r) =€ and By 1(—7) =¢e .

Definition 2.3. The Shehu transform is a relatively new integral transform that has structural similarities
to other well-known integral transforms such as the Laplace and Sumudu transforms. It is developed
exclusively for exponential-order functions [27]. Consider the functions belonging to the set A, defined as
follows:

A= {%(T) ‘ IM >0, p> 0 such that |S(7)] < Mel™V? for all 7 € R}.

The Shehu transform of a function (7), denoted by S{(7)}, is defined for 7 > 0 and parameters
satisfying v > 0 and p > 0 as:

vT

S{S(r)} = V(v 1) = /0 TSy e .

Here, V (v, ) represents the Shehu transform of (7). Conversely, the inverse Shehu transform, denoted
S~1, recovers the original function from its transform:
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STV, )} =3(r), 7>0.
Thus, S~! is the inverse Shehu transform operator.

Definition 2.4 (Shehu transform for n'" derivatives). The Shehu transform of the n'® derivative of a
function (7) is given by

—_

n—

s{s0( )} (v, 1) ( ) a0, men, (2.3)

k=

]

where V (v, u) = S{3(7)} is the Shehu transform of (7).

Definition 2.5. The Shehu transformation for the fractional order derivatives is expressed as [27]

3 o—1 0—k—1
SEDRMY = v - (2] 900, 0<v<e (2.0
k=0

where ¢ is a positive integer.

3. g-Homotopy analysis Shehu transform method

To formulate the basic idea of the q-HASTM, we consider the following nonlinear fractional partial
differential equation

(D) (0,7) + Ry (0,7) + N¢ (0.7) = g(0,7), 0<D <1, (3.1)

where N is the nonlinear operator, (D%)(p, 7) is the Caputo fractional derivative, Ri (o, 7) is the remaining
linear operator, and g(o, 7) is the source term.
Applying the Shehu transform S to Eq.(3.1]) and after simplification, we get
m—1

(i) [swon-3 (v

where m — 1 < 0 < m. Equivalently,

+ S[RY (¢, 7)] + S[NY (o, 7)] = Slg(o,7)], (3-2)

st tem - (£) S (2) 00,0+ (4)' Sl (0.1 + SNV 0.7 - Slote. ) =0 653

v
k=0 H

We define the nonlinear operator as

m—1
N[Y(e,7;9)] = S[Y(0,759)] — (%)6 > (%)k“ 1™ (0,059)
k=0 (3.4)

(5 (sIRT(0,7:0)) + SIN T(e, 7)) — Slole, 7).

where T (p,7;q) is a real-valued function of o, 7, ¢, and ¢ € [O, ﬂ denotes the embedding parameter.
We construct the homotopy as follows:

(1 =nq)S[Y (0,75 9) — volo, )] = hqH (o, T)NI[T (0, 7;9)], (3.5)

where S denotes the Shehu transform, ¢ € [0, %] is the embedding parameter, H(p,7) denotes a nonzero

auxiliary function, h # 0 is an auxiliary parameter, (o, 7) is the initial guess function, and T (o, 7;q) is
the unknown function.
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Based on the concept of ¢-HAM, one has great freedom to choose the auxiliary parameter and the initial
guess. Obviously, when ¢ = 0 and ¢ = X in Eq. (3.5), the following results hold:

T(a,t50) = vole, ), and X(e,t50) = (07), (3.6)

respectively. Thus, as ¢ increases from 0 to %, the solution Y (g, 7;q) varies from the initial guess vg(g,7)
to the solution ¢ (o, 7).
Expanding T (o, 7;q) as a Taylor series with respect to p, we deduce

T (0,739) = o (0,7) + pr 0,7) ¢, (3.7)

where L ovT ( )

0,7;4
Up07) = == (3.8)

p | aqp q=0
By proper choosing of 1g(0,7) , h, and H (o, 7), the series in equation (3.7]) converges at q = % , we will get
P
b (0,7) =0 (07 +pr (0,7 ( > : (3.9)
We define the vectors as -

Vp(0:7) = {to(o,7), ¥1(0,7)s cveveve , Yplo, 7)) (3.10)

First, differentiating equation (3.5)) p- times with respect to ¢, then evaluate at ¢ = 0 and finally dividing
by I'(p+ 1), we get

%
S [y (0.7) = Xpthp-1 (0, 7)] = hH (0,7) By |6, ,| (3.11)
where,
” 1 9P"'N[J(o,T;q)]
R (/(/) _17977-): [ _’ ’ b (3.12)
P\FTP F(p) 8qp 1 =0
and
_J 0, p=l
Xp = { n, otherwise . (3.13)
Computing the inverse Shehu transform on both sides of Eq. (3.11)) yields
Up(0,7) = Xxpthp-1(0,7) + S8 [hH(Q, )Ry (Pp-1, 977')} : (3.14)
Based on Eq. ., wp 1) is defined as
e X
Ry(tp-1,0,7) = D¢ _1(0,7) + Rpp-1(0,7) + Nb1(0,7) — (1 = np)g(g, 7). (3.15)

Finally, we compute 1, (o, 7) by using equation (3.15) for p > 1. Hence the M*" order approximate solution
of equation (3.1)) can be represented as

V(o T) =100 +pr 0T <>p (3.16)

Moreover, for M — oo , we get

¥ (0, 7) =10 (0T +Z¢p 0,7 <>p (3.17)
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Thus, we obtain the series solution, whose convergence is ensured with the help of the convergence—control
parameter i and n. Note that in the q-homotopy analysis method (q-HAM), setting the auxiliary parameter
h = —land n = 1 reduces the approach to the homotopy perturbation method (HPM), providing a special
case for validation against perturbation-based techniques. In the next theorem, we study the convergence
analysis of the original problem given in Eq. .

4. Convergence of the Series Solution

Theorem 4.1. If the series solution

Iiwp(g, = o(o, T +pr 0.7 < >p, (4.1)

is convergent to ©(p,T), where (0, T) is generated by the pth-order deformation Eq. (3.11) based on Egs.
(13.12) and (3.15)), then ¥ (o, T) must be the solution of the original problem Eq. (3.1).

Proof.
M P
Jim pr o) = ol )+ fim > m(er) (1) = 00 (4.2)
p=1

Then we have limp; oo szl p(0,7) = 0. Using Eq. (3.11)), we get

M—o0 M—o0

lim |hH (o, T ZR 1/1p1 = lim Z 1/1p o, T X]ﬂ/}p—l(QvT))

M
=8 hm Zl/)p 0, T) — A}ganXpwpfl(Qy T)
p=1

M
=S |(1—x2) ]V}ii)noozwp@’ 7)
p=1

= 5[(1 = x2)(©le.7) — ole. )]
which yields, since H(p,7) # 0, h # 0 and the linearity property of Eq. (3.5)), we get

M
i, > Bolthm) = 0 (4.3)
-

Similarly, based on Eq. (3.15)), we deduce

M
]VPE;OZR (o) = Jim 37 [Dpa(e,7) + Ripor(e.7) + N, 7)o = (1= L)g(e,7)

M
5 .
= D% lim pr 10,7 +A}1§HMZR%_1(Q’ 7)

Mﬁoo

—I—hm ZN’(/)Q, pl—hmz ,T)

= (D%)(e, 7)+ Ry(o,7) + Nw(g, 7) =g(e,7) =0 (4.4)
Finally, Eq. (4.4) proves that ©(p, ) satisfies the result of the original problem Eq. ({3.1).
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5. g—HASTM Solution of Fractional WBK Equation
The fractional Whitham-Broer-Kaup equations ([1.2)) with Caputo fractional derivative can be rewritten
(5.1)

Do + + b = O,
d* w(gﬂ—)

as
“DY (0,7) + 2 (0,7)
CDlv (0.7) + v (0,7) 4™ +¢(Q, )a”("’)Jra o

Pv(or) _
b 8@2 - 07

(5.2)

subject to initial conditions
Y (0,0)=f(o), v(00) =g(o),

where 0 < 3 < 1 and ¢D,? present the Caputo fractional derivative of order d
Taking the Shehu transform to equation (5.1) and on simplification, we get
3 oY(o, ov(p,T
L5 (o) + (2)° { [0 (o) 2242} 4 2402
(5.3)

(2

S W (Qa 7_)] )
9?2 T

+ bigég )}} 8:0,

Slviem)]—E£g(0)+(4) {[V (e,

+a831£é§,7) _ b82g(992’7)} } _ O.

81/; , ov(o,T)
7) 24T 4y (g, 7) LD

128 [Ty (0,7:4)

Now, we define a non-linear operator as
(5.4)

N'[Y1(0,739), T2 (0,739)] = S[T1 (0, 759)] — & (0) + (
» 6T1((9@g77;q) + BTzégé i) | p O Té(gw Q)} ,

N2 [Tl (Qa 5 Q) 7T2 (@7 T C.I)] S [TQ (Q} T3 Q)] - 79 (%) 5
XM + 71 (0,73 9) 8T2g_;,7' q) + aa Té(gg i9) _p 9 Tg(ggmq)
] is an embedding parameter. Liao [25] [26] constructed zeroth-order deformation equation

TZ QaT Q)

1
(5.5)

here q € [0, -
such as
(1—ng)S[Y1(0,7359)

(1—nq)S[Y2 (0, 759) —v
here, S represent the Shehu transform, A is nonzero auxiliary parameter, H (o, 7) # 0 denoted an auxiliary
T i .

function, 1 (g,0) and v (p,0) indicates initial guesses of 1 (o, 7) and v (g, T), respectively. Let ¢ = 0 and ¢

ion. 0
= 1 in equation (5.5)), we get
Y1 (o,73q) = o (0, 7), (5.6)
T2 (0, m59) =1 (0,7), To (075 5
Thus, if ¢ increase from 0 to %, then Y1 (g, 7;¢q) varies from initial guess ¥y(g, 7) to the solution ¥ (g, ), and
Y2(0,T;q) varies from initial guess vy(o, ) to the solution v(p, 7), respectively. Upon expanding 11 (g, 7;q)

¥ (0,0)] = hH (0, 7) N* [T1 (0,73 9), T2 (0,75 q)]
(0,0)] = hH (o, 7) N*[Y1 (0, 759) , T2 (0,73 q)] -

T (0,732

and Ya(p, 7;q) according to Taylor’s series near ¢, we have

o (0,7) + i’f Uy (0.7) P,

T1(0,735q) =
Y2 (0,759) =vo(0,7) + Z vp(0,7) ¢,
where -
P T
Yy (0,7) = HEALlera) Q)’q o
_ 1 0PYa(oT; Q)‘ (5'8)
dqP

VP(QuT)_ pl
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By proper choosing of ¢y(o,7) , vo(0,7) , h, and H (o, T), the series in equation (5.7 converges at q = % ,
we will get

v (e7) = to(e7) + § U (e7) ()"

(5.9)
v(e.7) = vo(0.7) + zlup@, ) ()"
We define the vectors Q,TP(Q, 7), and vy(0,7) as
—
w (977—) = {¢0(97T), ¢1(Q>T)’ """" ) wp(QaT)}a
V_pf(g, 7) = {voo, ), v1(0;T), cvrern , vp(o,7)} . (5.10)

First, differentiating equation (5.5)) p- times with respect to q, then evaluate at ¢ = 0 and finally dividing
by I'(p+ 1), we get

S[¢P( ) Xpwp 1 (97 )] - hH (97 Rlp [ p— 177p71:| ) (5 11)
_) .
S [vp (0.7) = XpVp1 (0.7)] = hH (0,7) Ray [ ¥, 7,
where,
%
Rip [0, 7,] = Slopr (0.m)] = (1-22) £ 1 (0)]
+(H)5S le Bwp 1—k 8l/p 1 +ba PYp— 1:|
— = o i (5.12)
Rop |0, . 7,] :S[VH <g, ) - (1— x2) g (o)]
(25 [T nlt + ' i o o B],
and
_J 0 p=l
Xp = { n,  otherwise . (5.13)
Next, applying inverse ST to both sides of equation and H (o, 7) = 1, we get
%
wp (Qv T) = Xpwp—l (Qa T) + Sil |:th;) [¢p,17 7;771 :| ) (5 14)

vp (0,7) = Xptp—1 (0,7) + S~ [thpr,lﬁp,l}

Finally, we compute (o, 7) by using equation (5.14)) for p > 1. Hence the M*" order approximate solution
of equation (5.1)) can be represented as

M

(0 (Q? T) = 1o (977-) + Z ¢p (977-) (%)pa
Pt (5.15)
v(er)=w(en)+ X wleT ™) (%)

Moreover, for M — co , we get

¥ (0.7) = o (o,7) + i’f oy (0:7) (),
v (o) = 1o (0, )+va( ) ()"

p=1

(5.16)
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6. Applications of Fractional WBK equation

Example 1 If a =0 and b = %, then the fractional WBK equation (1.2]) reduces to the approximate
long wave (ALW) equation [16, [4T]

0 T ov(o, 02 s
“D (0,7) 4 (0,7) PG + SR 4 5 TG =0, 61)
DR o)+ (07) P 1 () 248 ) G =0,
subject to initial conditions
(0 (Qa 0) = 0 — k1 coth [’%1 (0+ L)] ) (6.2)

v (0,0) = —r12esch? [k (0 + 1)) -
According to Egs. (5.12))-(5.14])), we get following results

Yo (o, _0—/1100th(/€1(g+['))7

7)
vo (0, 7) = — k12 cesch? (k1 (0 +1)), }
¥1(0,7) = h6 k1% csch® (k1 (0 + 1)) INCESOE
v1 (0,7) = 2h k13 Ocsch? (k1 (0 + ¢)) coth (k1 (o + L)) I‘(giil)’
T) =

= h(n+h) Ori%2csch? (k1 (o + 1)) m
— 21?02 k1% esch® (k1 (0 + 1)) coth (k1 (0 + 1)) F(%il),
vy (0,7) = 2h(n+h) 0 k1° csch? (ky (0 + 1)) coth (k1 (0 + 1)) F(giil)
— 21202 5yt esch? (k1 (0.4 1)) (2 + Beseh? (k1 (0 + 1)) Ty

and so on.
If we set n=1,0 =1 and h = —1, then the solutions of (6.1)) can be written as

M
Yan (0:7) = 3 Uy (07) (2)7,
p=0

- o (6.3)
I/(M) (Q? T) = ZOVZJ (QvT) (ﬁ) y
p:
When M — oo, then solutions (6.3|) converges to exact solution of (6.1))
Y (0,7) = 0 — K1 coth (k1(0 — 671)), (6.4)

v(o,7) = — k12 csch?(k1 (0 — 07)).

Example 2 If a = 1 and b = 0, then the fractional WBK equation (1.2]) reduces to the modified
Boussinesq equation [16], [41]

(e, ov(o,t
DY (0.7) + v (0,7) G + g =0, 65)
CD (0,7) + v (0,7) P42 + ¢ (0,7) 2427 4 25IeT) —

subject to initial conditions

¥ (0,0) = 6 — 2K coth [k1 (0 + ¢)],
14 (Q7 0) = —21'£12CSCh2 [/11 (Q —+ L)] . (6.6)
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v
V()

(a) Approximate solution of (g, T) (b) Exact solution of (o, 7)

Figure 1: 3 — D plot of approximate Vs exact solutions of ¢ (g, 7) for example 1 at d = 1, § = 0.005,
k1 =0.10,: =10, n =1 and h = —1.

0
100

(a) Approximate solution of v(p, 7) (b) Exact solution of v(p,7)

Figure 2: 3 — D plot of approximate Vs exact solutions of v(p,7) for example 1 at d = 1, § = 0.005,
k1 =0.10,: =10, n =1 and A= —1.
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Figure 3: Impact of order d on analytical and exact solution of example 1 with 6 = 0.005, k1 = 0.10,
t=10,n=1,p0=1and h = —1.
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Table I: Comparative analysis between OHAM, ADM, VIM, RPSM and q-HASTM for ¢ (o, 7) at h = -
n=1,¢.=10,0 =0.005, k1 =0.10 of example 1.

(0,0) [VEca. —YoHAM| |YEza. —YaDM| |¥Bza. —YviM| |¥Eca. — YRPSM|  |¥Bza. — Yg—HASTM|
(0.1,0.1)  3.17634 x 10~° 8.02989 x 10~6  3.17634 x 107  6.73913 x 10~18 6.73913 x 1018
0.1,0.3 9.54269 x 10~° 7.38281 x 1078 9.54273 x 107%  1.08892 x 10~17 1.08892 x 10~17
(

(0.1,0.5)  1.59274 x 10~* 6.79923 x 1076 1.59274 x 10~*  1.12040 x 10~18 1.12040 x 1018
(0.2,0.1)  3.09465 x 10~° 3.23228 x 107°  3.09466 x 107%  4.72239 x 10718 4.72239 x 1018
(0.2,0.3)  9.29723 x 1075 297172 x 107%  9,29725 x 10~°  7.10655 x 10~18 7.10655 x 1018
(0.2,0.5)  1.55176 x 10~ 2.73673 x 10%  1.55176 x 10~%  1.00389 x 10~17 1.00389 x 10~17
(0.3,0.1)  3.01549 x 10~® 7.32051 x 107°  3.01549 x 107%  2.12448 x 10~17 2.12448 x 1017
(0.3,0.3)  9.05932 x 1075 6.73006 x 107%  9.05935 x 10™°  1.44235 x 10~17 1.44235 x 10~17
0.3,0.5 1.51204 x 10~4 6.19760 x 107> 1.51204 x 10~*  1.06299 x 10~17 1.06299 x 10~17
( )

(0.4,0.1)  2.93874 x 1075 1.31032 x 10=%  2.93874 x 1075 4.36379 x 10~17 4.36379 x 10~17
(0.4,0.3)  8.82870 x 10~® 1.20455 x 107%  8.82871 x 1075  3.95777 x 1017 3.95777 x 1017
(0.4,0.5)  1.47354 x 10~* 1.10919 x 10~ 1.47354 x 10~%  3.40839 x 10~17 3.40839 x 10~17
(0.5,0.1)  2.86432 x 10~® 2.06186 x 10~%  2.86433 x 107®  2.05053 x 10718 2.05053 x 1018
(0.5,0.3)  8.60506 x 10~° 1.89528 x 10~ 8.60509 x 107°  5.94932 x 10~ 17 5.94932 x 10~ 17
(0.5,0.5)  1.43620 x 10~% 1.74510 x 107*  1.43620 x 10~%  3.02966 x 10~17 3.02966 x 1017

Table II: Comparative analysis between OHAM, ADM, VIM, RPSM and q-HASTM for v (g, 7) at h = -
n=1,¢.=10,0 =0.005, k1 =0.10 of example 1.

(0:1) [YEza. — Yomam| |¥Eza. —YaDM| |¥Eza. —¥vim| |¥Bze. — YrPSM|  |YEza. — Yq—HASTM]|
(0.1,0.1)  8.29711 x 10—6 4.81902 x 1074 8.29711 x 10~ 1.58608 x 10! 1.58608 x 10~1
(0.1,0.3)  2.49346 x 10~° 4.50818 x 10™%  2.49346 x 1075  5.43944 x 10~ 1° 5.43944 x 1019
(0.1,0.5)  4.16299 x 1075 4.22221 x 107%  4.16299 x 10~%  1.36881 x 10~ 18 1.36881 x 1018
(0.2,0.1)  8.04063 x 1076 9.76644 x 10~%  8.04063 x 1076 1.21449 x 10~18 1.21449 x 10718
(0.2,0.3)  2.41634 x 10~° 9.13502 x 10~%  2.41634 x 10~%  1.68513 x 10~19 1.68513 x 1019
(0.2,0.5)  4.03419 x 1075 8.55426 x 10~*  4.03419 x 10~ 1.75768 x 10~18 1.75768 x 10~18
(0.3,0.1)  7.79401 x 10~6 1.48482 x 1073 7.79401 x 10~% 593717 x 10~ 5.93717 x 10~19
(0.3,0.3)  2.34220 x 1075 1.38858 x 1073 2.34220 x 107°  4.17842 x 10~ 4.17842 x 10~19
(0.3,0.5)  3.91034 x 107® 1.30009 x 1073 3.91034 x 107>  2.11323 x 10~ 18 2.11323 x 1018
(0.4,0.1)  7.55675 x 1076 2.00705 x 10~3  7.55675 x 1076 1.70872 x 10~18 1.70872 x 1018
(0.4,0.3)  2.27087 x 107® 1.87661 x 1073 2.27087 x 107°  1.89994 x 10~ 18 1.89994 x 10~ 18
(0.4,0.5)  3.79121 x 10~° 1.75670 x 1073 3.79121 x 10~®  1.08612 x 10~18 1.08612 x 1018
(0.5,0.1)  7.32847 x 1076 2.54396 x 1073 7.32847 x 1076 3.88866 x 10718 3.88866 x 1018
(0.5,0.3)  2.20224 x 1075 2.37815 x 1073 2.20224 x 107  9.10368 x 10~18 9.10368 x 1018
(0.5,0.5)  3.67658 x 107° 2.22578 x 1073 3.67658 x 107%  2.09445 x 10718 2.09445 x 1018




S.L. Nitharwal et al., Journal of Prime Research in Mathematics, 2026, 101-118 113

(a) Approximate solution of (g, 7) (b) Exact solution of ¥ (g, T)

Figure 6: 3 — D plot of approximate Vs exact solutions of ¢ (g, 7) for example 2 at d = 1, § = 0.005,
k1 =0.10,: =10, n =1 and A= —1.

According to Eqgs. (5.12))-(5.14])), we get following results

o (0,7) = 6 —2k1coth (k1 (0+1))

vo (0, 7) = —2r1%csch? (k1 (0 +1)),

V1 (0,7) =210 k1% esch? (k1 (0 + 1)) F(5+1),

v (0,7) = 4hk13Ocsch? (k1 (04 1)) coth (k1 (0 + 1)) F(giil),
Yo (0,7) = 2h(n+h) Ori%csch? (k1 (0 + 1)) #j_l)

— 4 1% 60% k13 esch? (k1 (0 + 1)) coth (k1 (0 + 1)) F(%il),
.

(
vy (0,7) = 4h(n+h) 0 k1®csch? (ky (0 + 1)) coth (k1 (0 + 1)) NGEmY)
9
—4h%60% k1% esch? (k1 (04 1)) (2+ 3esch? (k1 (0 + 1)) %,

and so on.
If we set n =1, 0 =1 and h = —1, then the solutions of (6.5 can be written as

M
Yo (0.7) = X ¥y (0:7) ()"

M o (6.7)
von (@.7) = 2 v (0.7) (3)"
p:
When M — oo, then solutions converges to exact solution of (6.5]
Y (o, 7) = 0 — 2k coth (k1(0 — 67)), (6.8)

v(o,7) = — 212 esch? (k1 (0 — 07)).

7. Results and Discussions

The numerical results reported in Tables 1-4 display the absolute errors corresponding to the values
0=1 h=-1, n=1, =10, 0 = 0.005, k1 = 0.10. The obtained results confirm that the
proposed method (q-HASTM) exhibits superior accuracy when compared to several established techniques
available in the literature: [13] 16l 34 [4T]. Figures 1-2 illustrates the comparative behavior between the
analytical and exact solutions of equation , while figure 3 shows the 2-D nature of the approximate and
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V(o1

(a) Approximate solution of v(g, 7)

Figure 7: 3 — D plot of approximate Vs exact solutions of v(p,7) for example 2 at = 1, § = 0.005,

k1 =0.10,: =10, n =1 and h = —1.
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Table ITI: Comparative analysis between OHAM, ADM, VIM, RPSM and q-HASTM for v (o, 7) at h = -
1, n=1,:.=10, 6 =0.005, k1 = 0.10 of example 2

-

o)

WJExw

—YoHAM|

|wEa:aA

—Yapm|

[YEza. —Yvim|

I'L/)EacaA

— YrPSM]|

|wEacaA

— g—HASTM|

0.1,0.1
0.1,0.3
0.1,0.5
0.2,0.1
0.2,0.3
0.2,0.5
0.3,0.1
0.3,0.3
0.3,0.5
0.4,0.1
0.4,0.3
0.4,0.5
0.5,0.1
0.5,0.3
0.5,0.5

AA,_\A,_\A,_\,_\A/_\AAA,_\AA
D o DD DD DD D —

6.35267 x 10~°
1.90854 x 104
3.18548 x 10~ 4
6.18930 x 10~°
1.85945 x 10~
3.10352 x 10~4
6.03095 x 10~°
1.81187 x 10~
3.02408 x 104
5.87746 x 1072
1,76574 x 10~4
2.94707 x 104
5.72867 x 104
1.72102 x 10~4
2.87241 x 10~4

8.16297 x 10~7
7.64245 x 10~
7.16083 x 10~ 7
3.26243 x 106
3.05458 x 10~6
2.86226 x 106
7.33445 x 10~6
6.86758 x 1076
6.43557 x 10~
1.30286 x 10~°
1.22000 x 1072
1.14333 x 1075
2.03415 x 1075
1.90489 x 10~5
1.78528 x 1072

6.35267 x 107°
1.90854 x 10~4
3.18548 x 10—+
6.18930 x 1075
1.85945 x 10~4
3.10352 x 10~4
6.03095 x 1075
1.81187 x 10~
3.02408 x 104
5.87746 x 10>
1,76574 x 10~4
2.94707 x 10~*
5.72867 x 104
1.72102 x 10~
2.87241 x 10~*

1.34780 x 10~17
2.17823 x 1017
2.24972 x 1018
9.38089 x 1018
1.43996 x 10~ 17
1.97731 x 10~17
4.24677 x 10717
2.87822 x 1017
2.11487 x 10~17
8.72342 x 10~17
7.90451 x 1017
6.79998 x 1017
4.07931 x 1018
1.19703 x 10~ 17
6.07085 x 1017

1.34780 x 1017
2.17823 x 1017
2.24972 x 1018
9.38089 x 1018
1.43996 x 10~17
1.97731 x 10-17
4.24677 x 10717
2.87822 x 10~ 17
2.11487 x 1017
8.72342 x 10~ 17
7.90451 x 1017
6.79998 x 1017
4.07931 x 1018
1.19703 x 10~ 17
6.07085 x 1017

Table IV: Comparative analysis between OHAM, ADM, VIM, RPSM and ¢-HASTM for ¢ (o, 7) at A = -
1,n=1,:.=10, 6 =0.005, k1 = 0.10 of example 2

-

ot

WJE:::(L

—YorAM|

|wEa:aA

—Yapum|

[YEza. — YviMm]

|'¢}E‘xaA

— YrPSM]|

|wExaA

— Yg—HASTM |

0.1,0.1
0.1,0.3
0.1,0.5
0.2,0.1
0.2,0.3
0.2,0.5
0.3,0.1
0.3,0.3
0.3,0.5
0.4,0.1
0.4,0.3
0.4,0.5
0.5,0.1
0.5,0.3
0.5,0.5

AAAA,_\A,_\A,_\/_\AAAAAA
N N N NI N > NI N N NS NI

1.65942 x 1075
4.98691 x 10~°
8.32598 x 1075
1.60813 x 10~5
4.83269 x 10~°
8.06837 x 1075
1.55880 x 10~°
4.68440 x 10~°
7.82068 x 10~°
1.51135 x 1075
4.54174 x 1075
7.58243 x 10~
1.46569 x 107°
4.40448 x 10~°

7.35317 x 1075

5.88676 x 1075
5.56914 x 107>
5.27169 x 1072
1.18213 x 10~4
1.11833 x 10~
1.05858 x 10~4
1.78041 x 10~
1.68429 x 10~4
1.59428 x 10~4
2.38356 x 10~
2.25483 x 104
2.13430 x 10—+
2.99162 x 104
2.83001 x 10—+
2.67868 x 104

1.65942 x 1075
4.98691 x 1075
8.32598 x 10~°
1.60813 x 10~5
4.83269 x 1075
8.06837 x 10~5
1.55880 x 1075
4.68440 x 10~5
7.82068 x 10~°
1.51135 x 1075
4.54174 x 1075
7.58243 x 1072
1.46569 x 1075
4.40448 x 1075
7.35317 x 1075

3.17215 x 1071

1.08813 x 10718
2.73648 x 1018
2.42893 x 1018
1.39638 x 10~18
3.50926 x 1018
1.18742 x 10~18
8.35230 x 1019
4.22825 x 1018
3.41750 x 10~ 18
3.80156 x 1018
2.18005 x 10~18
7.77731 x 10718
1.82067 x 10718
4.18858 x 1018

3.17215 x 10!

1.08813 x 10718
2.73648 x 1018
2.42893 x 1018
1.39638 x 10~18
3.50926 x 1018
1.18742 x 10~ 18
8.35230 x 10~19
4.22825 x 1018
3.41750 x 1018
3.80156 x 1018
2.18005 x 1018
7.77731 x 10718
1.82067 x 1018
4.18858 x 1018
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exact solutions of equation for different values of 0. Figure 4 presents the variation of the approximate
solution with respect to different values of h. Figure 5 demonstrates the hA-curves for at n = 1, which
help to control the convergence rate of the proposed method.

Additionally, figures 6-7 compares the approximate and exact solutions of equation withd=1, h=
-1, n=1, ¢=10, 6=0.005, k1 =0.10. Figures 8 examine the variation in approximate solution Vs
exact solution for distinct values of 0, while figure 9 present the impact of A. Finally, Figure 10 depicts the
behavior of the A-curves associated with equation , offering further validation of the method’s robustness
across different parametric conditions.

8. Conclusions

In this study, the -Homotopy Analysis Shehu Transform Method (q-HASTM) is employed to investigate
the time-fractional coupled WBK equations. Analytical and numerical solutions are obtained for two spe-
cific cases: the fractional Approximate Long Wave (ALW) and Modified Boussinesq (MB) equations. The
results highlight the efficiency and accuracy of the proposed approach. Notably, the method yields a conver-
gent series solution with components that are straightforward to compute, without requiring perturbation
techniques, linearization, or restrictive assumptions. Additionally, the influence of varying fractional-order
values on the approximate solutions is examined, revealing that the method produces more precise and
efficient results as the order approaches unity (0 — 1). The numerical and graphical findings affirm the
computational reliability of -HASTM, establishing it as an effective alternative for solving time-fractional
linear and nonlinear differential equations. In the future, we intend solve some new fractional models, such
as in [31) [9] and make comparisons with other numerical methods [31), 4], 9.
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