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Abstract

This study investigates the numerical solutions of the time-fractional telegraph equation formulated using
the Caputo derivative. Employing both first-order and second-order finite difference schemes, we establish
stable discretization methods to approximate the solution of the equation. Theoretical stability analyses are
presented for each scheme. To assess the accuracy and performance of the methods, we conduct numerical
experiments comparing the results of the fractional-order model with those of the classical integer-order
case. The comparison demonstrates that the second-order scheme yields superior accuracy over the first-
order scheme, and that the fractional-order formulation offers improved approximations compared to its
classical counterpart. The analytical and numerical solutions are graphically illustrated using MATLAB,
confirming the reliability and efficiency of the proposed methods.
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1. Introduction

Partial differential equations (PDEs) have numerous applications in sciences such as electrodynamics,
hydrodynamics, electromagnetism, thermodynamics, fluid dynamics, elasticity, materials science and wave
propagation [8, 30, 27]. Many studies have been done on classical and fractional order partial differential
equations. Fractional calculus is defined as the study of non-integer order integral and differential opera-
tors. Models using fractional order differential operators have been discovered to have a significant role in
explaining physical occurrences, and fractional differential evolution models are more precise and efficient
than previously employed in classical models. [4, 27, 29, 16, 33, 22]. A wide range of disciplines, such as
biology, engineering, seismology, and finance, have studied the benefits of fractional derivative operators
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[13, 20, 12, 24].The analytical and approximative solutions of fractional order equations have been obtained
via the use of several effective and potent approaches. Some of these techniques are; Elzaki transform
method [21], theta-method [19], a wavelet operational method [31], homotopy perturbation Sumudu trans-
form method [28], a hybrid interpolation method [9], fractional Laplace differential transform method [25],
new two step Laplace Adam-Bashforth method [7], Laplace Adomian decomposition method [15], a unified
Petrov–Galerkin spectral method [34], Crank–Nicholson finite difference method [1], the combined Shooting-
Pseudo-Arclength method [17], modified double conformable Laplace transform method [23], the Laplace
optimized decomposition method [5], new iterative method [32], and a novel approach, called (MHB-DQM)
in [10].

The telegraph equation, which describes signal propagation with finite speed in transmission lines, has
long been studied in mathematical physics and engineering [18, 11]. It models wave-like phenomena with
damping effects and appears in various fields including electrical engineering, viscoelasticity, and heat con-
duction [14]. Traditional integer-order models often fall short in accurately capturing memory and hered-
itary properties of complex media. In response, fractional-order generalizations especially those involving
Caputo derivatives have gained attention for their improved realism in modeling such systems. Despite the
growing body of research on fractional telegraph equations, many existing studies rely on analytical or semi-
analytical methods, with relatively limited work focusing on robust numerical schemes [6, 3]. The novelty of
this research lies in developing and analyzing both first- and second-order finite difference methods for the
time-fractional telegraph equation with dual Caputo derivatives, providing stability proofs and conducting
a detailed accuracy comparison with the classical model. This dual-level comparison offers new insights into
the performance benefits of fractional modeling and the effectiveness of higher-order numerical schemes.

Now, we shall give some basic definitions about fractional derivates and then introduce the studied
problem.

Definition 1.1. The definition of the gamma function is

Γ(z) =

∞∫
0

e−ttz−1dt, for all z ̸= 0,−1,−2, ... ∈ C. (1.1)

Definition 1.2. Dα
ξ y(ξ, x) is called α order time fractional Caputo derivative and defined by

∂αy(ξ, x)

∂ξα
= Dα

ξ y(ξ, x) =
1

Γ(n− α)

ξ∫
0

1

(ξ − p)α−n+1

∂ny(p, x)

∂pn
dp, (n− 1 < α < n)

and for α = n ∈ N defined by:

Dα
ξ y(ξ, x) =

∂αy(ξ, x)

∂ξα
=

∂ny(ξ, x)

∂ξn
.

In this work, we consider following time fractional order telegraph partial differential equation

C
0 D

β
ξ y(ξ, x) +

C
0 Dα

ξ y(ξ, x) + λy(ξ, x) = yxx(ξ, x) + f(ξ, x),

0 < ξ < T, 0 < x < l,

y(0, x) = v0(x), yξ(0, x) = v1(x), 0 ≤ x ≤ l,

y(ξ, 0) = y(ξ, l) = 0, 0 ≤ ξ ≤ T,

1 < β ≤ 2, 0 < α ≤ 1

(1.2)
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where v0(x), v1(x) and f(ξ, x) are the smooth functions for x ∈ (0, l) and ξ ∈ (0, T ), and y(ξ, x) is the

solution of time fractional order pde (1.2). C
0 D

β
ξ y(ξ, x) is β order Caputo derivative and C

0 D
α
ξ y(ξ, x) is α

order Caputo derivative.
For the rest of the paper, we give the abstract form of the problem and its solution, stability analysis

and a numerical test example to confirm the theoretical statements.

2. Abstract form and solution of the problem

In the H = L2 space defined on [0, l], using the method [2], we can write the problem (1.2) as the
following abstract ordinary differential equation form

C
0 D

β
ξ y(ξ) +

C
0 Dα

ξ y(ξ) + Py(ξ) + λy(ξ) = f(ξ) (0 ≤ ξ ≤ T ),

y(0) = v0, y
′(0) = v1

(2.1)

where f(ξ) = f(ξ, x) is given abstract function and y(ξ) = y(ξ, x) is an abstract function to be determined.
In equation (2.1), P is a positive definite operator with the property of self-adjointness and has the following
definition; P x = P ≥ δI, δ > 0 and

P xy(x) = −yxx + δy(x) (2.2)

with the domain
Ω(P x) =

{
y(x) : y, yx, yxx ∈ L2[0, l], y(0) = y(l), y′(0) = y′(l)

}
.

The function y(ξ) is considered to be a solution to the problem (2.1) if it is twice continuously differentiable,
y(ξ) ∈ Ω(P ) and Py(ξ) is continuous for all ξ ∈ [0, T ]. In addition y(ξ) satisfies the equation (2.1) and the
given initial conditions.

It is obvious that the fractional order telegraph equation’s problem (2.1) has a unique solution provided
by the formula

y(ξ) = (λ+ P )−1

[
(
β sinβπ

π
ξ−β +

α sinαπ

π
ξ−α)y(0)+ (2.3)

f(t) +
β sinβπ

(1− β)π
ξ1−βy′(0)− β2 sinβπ

π

ξ∫
0

(ξ − z)−1−βy(z)dz

−α2 sinβπ

π

ξ∫
0

(ξ − z)−1−αy(z)dz

 .

Using the definition (1.2) and partial integration, the formula (2.3) can be obtained easily. Here, π
sinβπ =

βΓ(1− β).

3. Constructed finite difference schemes and stability estimates

In this section, we build both first order finite difference scheme (FOFDS) and second order finite
difference scheme (SOFDS) for the problem (1.2) and give their stability estimate theorems. The boundary
conditions are incorporated directly into the finite difference scheme at each time level. In particular, the
boundary values are imposed explicitly at the boundary grid points and are used to update the solution at
the interior points. These prescribed boundary values ensure that the numerical solution satisfies the given
physical constraints throughout the computational domain. Consequently, at every time step, the scheme is
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applied only to the interior nodes while the boundary nodes are updated according to the given boundary
conditions. For the numerical solution of the problem (2.1) to approximate in ξ, we give the FOFDS

τ−β

Γ(3−β)

k−1∑
j=0

w
(β)
j (yk−j+1 − 2yk−j + yk−j−1) +

τ−α

Γ(2−α)

k∑
j=0

w
(α)
j (yk−j+1 − yk−j) + Pyk + λyk = fk,

fk = f(ξk), 1 ≤ k ≤ N − 1, Nτ = T,

y0 = v0,
m1+m2

m1

y1−y0
τ + τ−1 (P + λI) y0 = v1

(3.1)

where m1 =
τ−β

Γ(3−β) and m2 =
τ−α

Γ(2−α) .

For the numerical solution of the problem (2.1) to approximate in ξ, we give the SOFDS

τ−β

Γ(3−β)

k−1∑
j=0

w
(β)
j (yk−j+1 − 2yk−j + yk−j−1) +

τ−α

Γ(2−α)

k∑
j=0

w
(α)
j (yk−j+1 − yk−j)

+P
2 (yk+1 + yk−1) +

λ
2 (yk+1 + yk−1) = fk,

fk = f(ξk), 1 ≤ k ≤ N − 1,

y0 = v0,
y1−y0

τ = v1 +
τ
2
y2−2y1+y0

τ2
, f0 = f(0),

(3.2)

where, w
(β)
j = (j + 1)2−β − j2−β and w

(α)
j = (j + 1)1−α − j1−α.

The formula (3.1) can be rewritten as follows

m1yk−1 − (2m1 +m2 − λ− P ) yk + (m1 +m2) yk+1

= fk − τ−β

Γ(3−β)

k−1∑
j=1

w
(β)
j (yk−j+1 − 2yk−j + yk−j−1)

− τ−α

Γ(2−α)

k∑
j=1

w
(α)
j (yk−j+1 − yk−j) = Fk, 1 ≤ k ≤ N − 1,

y0 = v0, y1 = (1− λ+P
m1+m2

)v0 +
1

m1+m2
τv1.

(3.3)

For the stability estimates formula (3.3), we will present the following theorem.

Theorem 3.1. Suppose that v0 ∈ Ω(P ), v1 ∈ Ω(P ). Below stability estimate inequalties are satisfied for
the first order difference scheme (3.3)

∥y1∥H ≤ K(α, β) {τ ∥ v1 ∥H + ∥ v0 ∥H}

max
1≤k≤N

∥yk∥H ≤ K

{
max

1≤k≤N−1
∥fk∥H+ ∥ v1 ∥H + ∥ v0 ∥H

}
. (3.4)

Theorem 3.1 may be readily proven by employing

yk+1 = τ
2m1 +m2 − λ− P

m1 +m2
yk −

m1

m1 +m2
yk−1 +

1

m1 +m2
Fk.

For the second order, the formula (3.2) can be rewritten as follows
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

(P2 + λ
2 +m1)yk−1 − (2m1 +m2) yk +

(
m1 +m2 +

P
2 + λ

2

)
yk+1

= fk −m2

k−1∑
j=1

w
(β)
j (yk−j+1 − 2yk−j + yk−j−1)

−m1

k∑
j=1

w
(α)
j (yk−j+1 − yk−j) = Fk, 1 ≤ k ≤ N − 1,

y0 = v0, (m1 +m2 +
λ+P
2 )y1−y0

τ = (m1 − λ+P
2 )τv1 + f0

+(λ+P
2 +m1)

τ
2
y2−2y1+y0

τ2
.

(3.5)

For the stability estimates formula (3.5), we will present the following theorem.

Theorem 3.2. Suppose that v0 ∈ Ω(P ), v1 ∈ Ω(P ). Below stability estimate inequalty is satisfied for the
second order difference scheme (3.5)

max
1≤k≤N

∥yk∥H ≤ K(α, β) {∥fk∥H+ ∥ v1 ∥H +τ ∥ v0 ∥H} . (3.6)

Proof of the Theorem 3.2 can be easily done by using

yk+1 =
2m1 +m2

m1 +m2 +
λ+P
2

yk − τ
m1 +

λ+P
2

m1 +m2 +
λ+P
2

yk−1 +
1

m1 +m2 +
λ+P
2

Fk.

4. Numerical Applications

We offer a numerical example for comparison and testing the first and second order accuracy of the
Caputo time fractional order and classic integer order telegraph equation. To numerically calculate the
solution of the problem (1.2), we take the grid space defined as Sτ,h = [0, T ]τ × [0, l]h . We use the same
notation in [26] and take

C
0 D

β
ξ y(ξ, x) ≈

τ−β

Γ(3− β)

k−1∑
j=0

w
(β)
j (yk−j+1

n − 2yk−j
n + yk−j−1

n ), (4.1)

C
0 D

α
ξ y(ξ, x) ≈

τ−α

Γ(2− α)

k∑
j=0

w
(α)
j (yk−j+1

n − yk−j
n ). (4.2)

Using Taylor series method, we can obtain first order difference scheme in x

yxx(ξk, xn) ≈
ykn+1 − 2ykn + ykn−1

h2
, (4.3)

and second order difference scheme

yxx(ξk, xn) ≈
1

2

yk+1
n+1 − 2yk+1

n + yk+1
n−1

h2
+

1

2

yk−1
n+1 − 2yk−1

n + yk−1
n−1

h2
. (4.4)

Using the formulas (4.1), (4.2) and (4.3), we discritize the problem (1.2) and obtain the following FOFDS
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

τ−β

Γ(3−β)

k−1∑
j=0

w
(β)
j (yk−j+1

n − 2yk−j
n + yk−j−1

n ) + τ−α

Γ(3−α)

k∑
j=0

w
(α)
j (yk−j+1

n − yk−j
n ) + ykn − ykn+1−2ykn+ykn−1

h2 = fk
n ,

xn = nh, ξk = kτ, 1 ≤ k ≤ N − 1, 1 ≤ n ≤ M − 1,

y0n = v0(xn),
y1n−y0n

τ = v1(xn), 0 ≤ n ≤ M,

yk0 = ykM = 0, 0 ≤ k ≤ N.
(4.5)

Using the formula (4.1), (4.2) and (4.4), we discritize the problem (1.2) and obtain the following SOFDS

τ−β

Γ(3−β)

k−1∑
j=0

w
(β)
j (yk−j+1

n − 2yk−j
n + yk−j−1

n ) + τ−α

Γ(3−α)

k−1∑
j=0

w
(α)
j (yk−j+1

n − yk−j
n )− 1

2

yk+1
n+1−2yk+1

n +yk+1
n−1

h2

−1
2

yk−1
n+1−2yk−1

n +yk−1
n−1

h2 + 1
2

(
yk+1
n + yk−1

n

)
= fk

n ,

xn = nh, ξk = kτ, 1 ≤ k ≤ N − 1, 1 ≤ n ≤ M − 1,

y0n = v0(xn), xn = nh,

y1n−y0n
τ = v1(xn) +

τ
2
y2n−2y1n+y0n

τ2
, 0 ≤ n ≤ M,

yk0 = ykM = 0, 0 ≤ k ≤ N.

(4.6)

Example 4.1. Let’s consider the following example equation,



C
0 D

β
ξ y(ξ, x) +

C
0 Dα

ξ y(ξ, x) + λy(ξ, x) = yxx(ξ, x) + f(ξ, x),

f(ξ, x) = (6 ξ3−β

Γ(4−β) + 6 t3−α

Γ(4−α) + (1 + π2)(ξ3 + 1)) sin(πx), 0 < ξ < 1, 0 < x < 1,

y(0, x) = sin(πx), yξ(0, x) = 0, 0 ≤ x ≤ 1,

y(ξ, 0) = y(ξ, l) = 0, 0 ≤ ξ ≤ 1,

λ = 1, 1 < β ≤ 2, 0 < α ≤ 1.

(4.7)

Using the Laplace transform method, the analytical solution of the problem (4.7) can be easily obtained
as

y(ξ, x) = (ξ3 + 1) sinπx.

To solve the difference equations (4.5) and (4.6), we use modified Gauss elimination method. Therefore,
for j = M − 1, ..., 2, 1 the matrix solution is:

yj = ηj+1yj+1 + θj+1, yM = 0.

Here, ηj is a square matrice with size (N +1)× (N + 1), and θj is a column matrices with size (N +1)× 1.
They are defined as

ηj+1 = −(B + Cηj)
−1A,

θj+1 = (B + Cηj)
−1(Dϕ− Cθj), j = 1, 2, ...,M − 1.
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Table 1 and 2 are constructed for the approximate solutions for N and M with N2 = M (or h2 = τ) and
α = 0.5, β = 1.5. The choice of the time step size τ and the spatial grid size h plays a crucial role in the
accuracy and stability of the numerical scheme. In this study, these parameters are selected sufficiently
small to ensure convergence of the proposed method and to capture the behavior of the solution with high
accuracy.

In general, decreasing the values of τ and h improves the accuracy of the numerical solution; however,
it increases the computational cost. On the other hand, larger values reduce the computational effort but
may lead to a loss of accuracy and possible instability. Therefore, a suitable balance between computational
efficiency and accuracy is maintained throughout the simulations.

The numerical experiments are carried out using fixed values of τ and h that satisfy the stability require-
ments of the method, and convergence of the scheme is verified through the obtained results. For different
grid points of N, M and by using the following formula, we compute the errors between exact and numerical
solution.

εMN = max
1≤k≤N−1,1≤n≤M−1

∣∣∣y(ξk, xn)− ykn

∣∣∣ ,
where ykn represents the numerical solution at (ξk, xn) and the errors are recorded in Table 1 and 2. Also
plot of the exact solution is given in Figure 1.

Figure 1: Graph of the analytical solution of the problem (4.7), where N=900 and M=30.

We give Table 1 and Figure 2,3,4,5 to present a comparison of the fractional order case with integer
order case for the first order accuracy of the problem (4.7) using finite difference method.

Table 1: Error Calculation for first order difference scheme (4.5)

First order accuracy (εMN )

N,M α = 0.5, β = 1.5 α = 1, β = 2

N = 25,M = 5 0.12286 0.16761

N = 100,M = 10 0.030783 0.042811

N = 400,M = 20 0.0075601 0.010623

N = 900,M = 30 0.003342 0.0047149

N = 1600,M = 40 0.001875 0.0026509

N = 2500,M = 50 0.0011982 0.0016962
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Table 1 shows that the fractional order case outperforms the standard integer order case in terms of
absolute errors. We provide approximate solutions for fractional and integer order equations (1.2) utilizing
first-order finite difference formulas (4.5).

Figure 2: Set N=900, M=30, α = 0.5, β = 1.5.
Approximate solution for the fractional order case
of the problem (4.7).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1

1.2

1.4

1.6

1.8

2

approximate sol

exact sol

Figure 3: Shows exact and approximate solution for
the fractional order case of the problem (4.7) are fit-
ting together, where N=900, M=30, α = 0.5, β = 1.5.

Figure 4: Approximate solution for the integer or-
der case of the problem (4.7), where N=900, M=30,
α = 1, β = 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

1

1.2

1.4

1.6

1.8

2

approximate sol

exact sol

Figure 5: Shows exact and approximate solution for
the fractional order case of the problem (4.7) are fit-
ting together, where N=900, M=30, α = 1, β = 2.

Also in Figure 6, the 2D residual heatmap indicates that the numerical scheme satisfies the governing
equation with high precision, as the residual values are uniformly close to zero throughout the domain. This
further validates the robustness and reliability of the proposed method.

Next, we give Table 2 and Figure 7,8,9,10 to present a comparison of the fractional order case with
integer order case for the second order accuracy of the problem (4.7) using finite difference method.

Table 2 shows that the fractional order case outperforms the standard integer order case in terms
of absolute errors. We provide approximate solutions to the fractional and integer order equations (1.2)
utilizing second order finite difference formulas (4.6).

In Figure 11 the residual distribution is illustrated using a 2D heatmap via the imagesc function. The
results indicate that the residual values remain very small throughout the computational domain, confirming
the accuracy of the proposed method.

From Table 1, 2 and all figures, computer simulations confirm that both difference schemes are efficient,
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Figure 6: Graph of the residual heatmap of the problem (4.7), where N=400 and M=20, α = 0.5, β = 1.5 .

Figure 7: Set N=900, M=30, α = 0.5, β = 1.5.
Approximate solution for the fractional order case
of the problem (4.7).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1.2

1.4

1.6

1.8

2

approximate sol

exact sol

Figure 8: Shows exact and approximate solution for
the fractional order case of the problem (4.7) are fit-
ting together, where N=900, M=30, α = 0.5, β = 1.5.

Figure 9: Approximate solution for the integer or-
der case of the problem (4.7), where N=900, M=30,
α = 1, β = 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1.2

1.4

1.6

1.8

2

approximate sol

exact sol

Figure 10: Shows exact and approximate solution for
the fractional order case of the problem (4.7) are fit-
ting together, where N=900, M=30, α = 1, β = 2.
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Table 2: Error Calculation for second order difference scheme (4.6)

Second order accuracy (εMN )

N,M α = 0.5, β = 1.5 α = 1, β = 2

N = 25,M = 5 0.018495 0.04356

N = 100,M = 10 0.0042047 0.012148

N = 400,M = 20 0.0009338 0.0030817

N = 900,M = 30 0.00039641 0.0013734

N = 1600,M = 40 0.00021764 0.00077325

N = 2500,M = 50 0.00013722 0.0004951

Figure 11: Graph of the residual heatmap of the problem (4.7), where N=1600 and M=40, α = 0.5, β = 1.5
.

with the SOFDS providing greater accuracy than the FOFDS. To enhance the clarity of the numerical
results, the figures are annotated to highlight the key features of the solutions. In particular, the differences
between the fractional-order and integer-order cases are emphasized in the graphical representations. These
annotations help to clearly illustrate the effect of the fractional parameters on the solution behavior.

5. Conclusion

In this study, we analyzed the time-fractional telegraph equation using the Caputo derivative and de-
veloped both first-order and second-order finite difference schemes to approximate its solution. Rigorous
stability analyses were performed for each scheme, confirming their reliability under appropriate conditions.
A comprehensive numerical experiment was conducted to compare the accuracy of fractional-order and
classical integer-order models using a test problem with a known exact solution.

The results clearly indicate that the fractional-order model provides a more accurate approximation
of the solution than the classical model, particularly when using the second-order finite difference scheme.
Furthermore, the second-order method consistently outperforms the first-order method in terms of precision,
making it a more suitable choice for solving such fractional partial differential equations. The close agreement
between the numerical and analytical solutions, as illustrated in the figures, validates the effectiveness of
the proposed methods.

These findings highlight the advantages of incorporating fractional calculus into mathematical modeling
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and demonstrate the potential of the proposed finite difference schemes for solving more complex real-world
problems governed by fractional dynamics.

The proposed numerical approach can be extended to a variety of fractional-order models arising in
physics and engineering, such as diffusion, wave propagation, and financial models. As a future direction,
the method may be applied to higher-dimensional problems and more complex nonlinear fractional systems.
In addition, the development of more efficient and adaptive schemes could further improve the accuracy and
computational performance of the approach.
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