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ANALYTICAL SOLUTIONS TO BRAJINSKII’'S EQUATIONS
IN ONE DIMENSION BY USING LAPLACE TRANSFORM
TECHNIQUE

S.N.HOSSEINIMOTLAGH* M.ROOSTAIE ** HKAZEMIFARD***

ABSTRACT. Brajinskii’s equations are the fundamental relations governing
the behavior of the plasma produced during a fusion reaction, especially
ICF plasma. These equations contains six partial differential coupled to-
gether. In this paper we have tried to give analytical solutions to these
equations using a one dimensional method. Laplace transform technique is
the main tool to do that with an arbitrary boundary and initial conditions
for some special cases.
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1. INTRODUCTION

Fusion is divided into cold and warm fusions .One of the important branches
of warm fusion is known as inertial confinement fusion(ICF). ICF by a laser
is called laser fusion.Our studies on the ICF show that Brajinskii’s equations
can describe the physics of ICF very well .Therefore ,in this work the au-
thors survey the major areas of research. In section I, the basic equations
for ICF (Brajinskii’s equations)are given,while section II describes the ana-
lytical solutions for these equations in one dimension ,for the first time ,by
using Laplace transform technique. The Laplace transform is just a theo-
retical and mathematical concept (outside of the real world) . The Laplace
transforms are considered as a tool to make mathematical calculations eas-
ier.It is pointed out that the method of the Laplace transform has found an
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increasing number of applications in the fields of physics and technology.The
term transform refers to a mathematical operation that takes a given func-
tion and returns a new function.The transformation is often done by means of
an integral formula.Commonly used transforms and named after Laplace and
Fourier. Transforms are frequently used to change a complicated problem into
a simpler one.The simpler problem is then solved, usually using the inverse
transform.A standard example is the use of the Laplace transform to solve a
differential equation.A brief review of the Laplace transform is given here. The
Laplace transform is useful in the modeling of a linear, time-invariant analog
system as a transfer function. The Laplace transform may also be used to
obtain the response of the system. If s > 0 , and the integral fooo f(x)e **dx
exists, we call F(s) = [;° f(z)e **dzx, the Laplace transform of f(z) and de-
note it by L[f(z)] .Laplace transform can be defined for functions with more
variables than one.The inverse Laplace transform is given by the complex inte-
gral f(z) = L7Y(F(s)) = % Ci_jj;o F(x)e™™%ds , where c is any real constant
that is greater than the real parts of all the poles of F(s) .Laplace transform
and inverse Laplace transform , form the Laplace transform pair.Properties of
the Laplace Transform are given in Appendix A.

2. BAsic EQUATIONS FOR ICF PHYSICS

The Brajinskii’s equations terms which describe a very wide range of phys-
ical phenomena .For this reason ,they are exteremely complicated. Properties
of produced plasma through ICF method are determined from Brajinskii’s
equations. This system includes the following equations (see 1,2).

d
aTi = VT (1)
du
P~ VP 2)
de; — — i
P = —PV.u —V.q; + Qei + 8, (3)
dee

p aft = —P.V.U — V.G — Qei + 51+ 5 + 85 (4)

1 811/ -~ 1% 124 v gUr
Eat+Q'VI =n"—x"I (5)

0 _ 0™

— o Voo = —
52+ v Spr + ( 5 )eoll (6)

In equation (1) p is the mass density andw the flow velocity. The electron
density can be neglected compared to the ion density and p = m;n;, where m;
and n; are the average ion mass and the number density of ions, respectively.
In equation (2), P is the total pressure in the form:

P:Pe(vae)+Pi(paT’i) (7)
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where P.(T.) and P;(T.) are the electron and ion pressures, respectively. In
the case of fully ionized plasmas, those pressures should tend to the forms
P. = Zkpn;T, and ,P; = kpn;T;, where Z is the charge number of nuclei. In
equation (3),e; is the ion internal energy per unit mass and is a function of p
and 7T; under the assumption of local thermal equilibrium. Using chain rule,
we have
ﬁzﬁeldﬂ_i_%@ (8)
dt  O0T; dt Odp dt
The first term on the right-hand side in equation (3) is the pressure work term.
In equation (3), g is the ion heat flux,it can be given by the diffusion type
expression :

1
@) = _gliUiVTi = —k,‘lVTz (9)

In equation (9),l; , v; and k; are the ion mean-free-path, thermal velocity,
and heat conductivity, respectively. In equation (3), Q.; is the ion-electron
energy relaxation term proportional to (7, — T;). The term s, in equation (3)
represents the energy source to the ions through the alpha particle heating.
Equation (4) is the equation for the electron internal energy e, , which is a
function of p and T¢. . Similar to the case of equation (3), equation (4) is solved
by replacing the left-hand side with

dee _ Decdp | Oz dT,

at ~ opdt T oT dt
In equation (4), g¢ is the electron heat flux, which is the most dominant energy
transport term similar to the case of the ions, the electron heat flux can also
be given by the diffusion type expression

(10)

1
G = —gleveVTe = k. VT, (11)

Where [, , ve and k. are the electron mean-free-path, thermal velocity, and
heat conductivity, respectively. In the ideal plasmas, I, o< T2 and ve o< /T,
and k. has the well known form of Spitzer-Harm thermal conductivity . In
equation (4), Qe; is the electron-ion relaxation term and s; , s, and s¢, are the
energy sources by laser heating, radiation and alpha particles, respectively .It
is noted that the energy source term s, could be positive or negative depending
on the dominance of photon absorption or emission, respectively. Equation
(5) represents the kinetic equation of the radiation with the energy of hv. In
e_()quation (5), I is the spectral radiation intensity, c is the speed of light, and

) represents the unit vector of the direction of radiation propagation. On the
right-hand side of equation (5), n”is the spontaneous emission rate per unit
volume, unit time, unit spectral interval of v , and unit solid angle. The ab-
sorption coefficient x* consists of pure absorption minus the induced emission
contribution. The effective absorption and emission coefficients x”and 7" are
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determined after specifying the atomic state of the plasmas. In what follows,
we call x¥ and n” (spectral) opacity and emissivity,respectively. When we
assume a quasi steady state, the atomic state is uniquely specified for a given
density p and temperature T, .As a result, we can represent the emissivity and
opacity with the form

n” =n"(p,Te) (12)

X" =x"(p,Te) (13)
Equation (6) is a kinetic equation of particles generated by nuclear reactions,
where we only discuss the alpha particles produced by the DT fusion reaction
(see 3,4,5,6). The right-hand side of equation (6) represents the source term
Spr and the term for the slowing down by collisions with background ions
and electrons (aai:)co”.

3. ANALYTICAL SOLUTIONS FOR BRAJINSKII’S EQUATIONS

Brajinskii’s equations can be simplified using some assumptions. If we ap-
ply these assumptions, we can obtain exact solutions for this set of differential
equations. Our basic assumption is that the system is considered for one-
dimensional case. In our solutions, we have also that ion temperature and
electron temperature are the same approximately ,therefore, every where that
the term (7T; — T,) is present, we neglect it. Also, we suppose that the tem-
perature is almost constant throughout the plasma. By these assumptions ,
we try to give an analytical solution to each set Brajinskii’s equations.Let us
begin with the first two equations coupled each other(equations 1 and 2) .In
one dimensional case these equations takes the following form:

dp 0
-y 2 = 14
P T 50 =0 (14)
ou Ou  2kpT dp
We have made use of:
d o0 _
- == . =mn, P = kg(Zn;T, + n;T; 1
7 8t+vV,p min kp(ZniTe + niT;) (16)
Suppose that T; ~ T, = constant and Z=1. So, (14),(15) can be written as:
dp 0
-z, = = 1
5 T 5, P (17)
ou ou 2kpT O

The set of equations (17),(18) includes partial differential equations to solve
them we apply the interesting trick: w and p are functions of x and t. We
expect that for long times, i.e. when t — 00,p — 0 . On the other hand,
expansion of plasma hints us that p should be diminish when x increased.
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If p decreases exponentially with x, the simplest form for p could be p =
poexp(—4E) ,in which pg and o are constant values that should be determined
.Also ,the equation of (18) suggest that p must be in the form of exponentially.

oxr

By replacing p = p, exp(—4<%) into the equation of (17) we obtain:

ou « «
— g = — 1
or ¢ 2" (19)

This equation has a solution in the following form :
oaxT :L‘
=clet 1+ = 20
u=-cet +a(l+ - t) (20)

Since u should be finite when + — 0o and ¢t — oo ,therefore ¢; = 0 . Hence,
u = (1l + 7). Since the speed of pressure wave should be equal to the speed
of the sound at x = 0, thus a = ¢s .pg is the density at £ = 0 which is equal
to the density of solid fuel (ps)(see 6,7,8). Therefore, we have

p=ps exp(—%) (21)
u=cs(1+ %) (22)

The second set of equations which should be solved is related to the variation
of ion energy and electron energy(equations (3) and (4)). In order to reduce
of the complexity of the problem, suppose that the terms s?, , s; ,s, and s,
are so small that one could neglect them. Moreover, if we consider the system
with constant temperature for both ions and electrons and T; =~ T,.,Q; will
vanish, because this term is proportional to (T; —7T¢) .As a result of the above
assumptions the system of equations (3)and (4) becomes:

de;
p i pyvw v (23)
dt
dee — —
P = —P.V.u —V.¢ (24)
In one dimensional case the above set equations can be written as
de; ou  Og;
Lt =_p— = 2
P it or Ox (25)
de, ou  0ge
=-P— — 2
P or Oz (26)
Using P, = kpn;T and P, = Zkgn;T and Z =1 , we have
de; ou  Og;
== kg T— — 22 27
Pt B e T Br (27)
dee ou  0qe
= —kpn,T— — 28
Prat Bt 5 ox (28)
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Also, in one-dimensional case, ¢; and ¢, have the following forms:

oT;

g = —k; 3 ' =0 — since, T; = constant (29)
x
oT.

Ge = —ke 3 ¢ =0 — since, T, = constant (30)
x

By using equations (29) and (30), equations(27)and(28) are changed into the
following set of equations:

d&i k}BT 8u

& moor (3D)
Using equations (8) and (10) for ¢; and e, respectively, we have

considering equations (21) and (22) and with doing some simplification we
obtain:

kgT
= — 35
e =2 (35)
kgT
o= (36)

This is a result that we could expect from physical considerations. Because
the temperature is constant for both ions and electrons. So far, we have given
the solutions for four Brajinskii’s equations. They included two sets of coupled
equations. The last two equations are two separate partial differential equa-
tions(equations (5) and (6)), one for the intensity of light (laser) propagation
in plasma and the other for the flux of alpha particles. To solve these two
equations, we apply Laplace transform technique. .

In the fifth equation of Brajinskii’s system of equations we choose €2 in
the direction of x therefore the equation(5) has the following form in one-
dimensional case:

101 01
4 —p—~] 37
cot Taw 1T X (37)
Suppose that the initial condition is I(Z,0) = f(z) and the boundary condi-
tion is given by I(0,t) ~ 0 .Taking Laplace transform from the both sides of
equation (3), we have(see 9,10,11):
9 n

Giln+sLlt] = T =X (38)
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Note that we have made use of the following theorem in Laplace transform
technique:

df (x)

L) = spif ()] - £(0) (39)
For writing the equation (38), we have supposed that x and n are constant.
Equation (38) is a differential equation. Solving this equation in terms of t,
we have

L) = ke—eOctot 4 T 40
1= ket I (10)

In which k is a constant that should be determined using initial condition

I(Z,O):f(z), .

k= L[f(x)] - m

(41)

Now we have

LGl = LS00 = s e g )

Using inverse Laplace transform, we have

I(x,t) = e X f(x — ct)u(x — ct) — (1 —exp(—x(x —ct))) + E(1 —e X%) (43)

X
In which, u(z — ct) = { 0, x<ct and we have made use of the following
1, x> ct
theorem:
L7 Ye ™ F(s)] = u(x — a)e® ¥ (44)

The last equation of Brajinskii’s equations describes the variation of alpha par-
ticles flux(equation(6)). We assume that the right-hand side of this equation
is constant. If alpha particles move with constant velocity @', the equation
(6) for one dimensional case takes the following form:

9o Op

pu— 4
e +v R = k = constant (45)

Suppose that the initial condition is ¢(z,0) =
Laplace transform from both sides of equation

x) and ¢(0,t) = g(t). Taking
45)(see 12,13,14), we have

i \/‘\

L) pd?) = (46)
or 8
g Lip] +vsL[p] = k + vg(t) (47)

The above differential equation has a solution as

Lgl = GV 4 L (k + (1) (48)
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C} is a constant determined from initial condition such that by using ®(z,0) =
f(z) we will find:

C1 = LIF ()] = —(k+ug(0)) (19)

Inserting C into equation (48), we obtain

Llo(a, 1] = {LLF@)] — — (k + vgO)e V" 4 ~(k+g(1)  (50)

Using inverse Laplace transform,
k+vg(t)

¢z, 1) = u(z, ) [f(z — ct) = J+—

this is the exact solution for differential equation describing variation of ¢
(flux of alpha particles).Therefore, the Laplace transform is basically math-
ematics but mathematics can be interpreted and in the physical world, the
experiments and empirical data, etc. are represent with a model to analyze
it and that data became abstract. It is not the real world; its a description
of kind of process as it might take place. The theoretical process might take
place in the real world but, is the solution that you get with the computing
using the Laplace transform, is the solution in the process that we find in the
real world.(see 15,16 )

k +vg(0) (51)

4. APPENDIX A

Properties of the Laplace Transform are given in the below:
We assume, for these properties, that F'(s) = L(f(¢)) ,G(s) = L(g(t)).
1. Linearity
Llaf(t) + bg(t)] = a[L(F(D)] + b[L(g(t)] = aF (s) + bG(s)
a,b- real constants
2. Differentiation
LIZHO] = 57 F(s) — s"71f(0) — s"72£(0) — ... — sf72(0) — f*~1(0)
3. Integration
LIfY [t 22 f () dtdts...dt,—1] = £
4. Tlme Delay
LIf(t — Tus(t— )] = e~ F(s)
5.Shifting Property
LIF()3()] = £(0) LIt — a)d(t — 7)] = f(r — a)e~"
where §(t) is the Dirac delta function.
6.Exponentially Weighted Function
Lle~atf(t)] = F(s + a)
7. Time Weighted Function
LI f (1) = (=1)" T

8. Real Convolutlon

fO flt—m1) fO g(t — 1)dr] = F(s)G(s)
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9.Initial Value Theorem

limi—of(t) = lims—cosF(s) ,if the limit exists

10.Final Value Theorem

limy—oo f(t) = lims_osF(s) ,if sF(s) has all its poles in the LHP
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