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Abstract

In this work, we study a fractional two-strain epidemic SIjIsR model with different incidence rates: A general
incidence rate for the first strain and a bilinear incidence rate for the second strain, incorporating treatment
of each strain. The proposed model consists of four ordinary differential equations describing interactions
among the susceptible, Infected and recovered individuals. Our first mathematical study focuses of proving
the existence and uniqueness of positive solutions. To show the global stability of the model equilibria,
suitable Lyapunov functions are used. Numerical simulations are performed to support the analytical results
and to show the effect of the fractional derivative on convergence toward equilibria. Moreover, the role of
treatment efficiency in minimizing the density of infected individuals is studied.
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1. Introduction

Multi-strain epidemic models are vital mathematical tools that enable the analysis and understanding
of the mechanisms governing the spread and evolution of infectious diseases caused by various mutations or
variants. Many pathogens, including tuberculosis [46], human immunodeficiency virus HIV[7, 23] 39, 26] 5],
COVID-19[19, 44 27, 29], hepatitis B infection (HBV)[51), 18, 22] and hepatitis C infection (HCV)[42] 40}, [34],
exhibit multiple both or competing strains that can significantly alter disease dynamics and control strate-
gies [0, 48, 50]. Consequently, multi-strain compartmental models have been developed to better capture
the complexity of such infections and to evaluate the interplay between viral competition, reinfection and
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treatment efficiency [15] 44, 17, [53]. Among the various compartmental frameworks, SIR models dividing
the population into susceptible (S), infectious (Z), and recovered (R) classes remain particularly useful for
directly transmitted diseases, especially when the latent period can be neglected or suitably approximated.
In multi-strain extensions, the infectious population is subdivided into two or more compartments, each
corresponding to a specific strain, leading to the SI;IsR framework considered in this work. The classi-
cal SIR model, introduced by Kermack and McKendrick in 1927 [28], has served as a fundamental tool
for determining key epidemiological indicators such as the basic reproduction number R, peak infection
prevalence, and herd immunity thresholds. Building on this seminal work, numerous extensions have been
proposed to account for multiple strains, age structure, vaccination strategies, and optimal control interven-
tions [9] [32], 24], 38, 14]. In this context, our work focuses on the interaction of two competing strains under
general transmission functions.

A central component of epidemic modeling is the incidence function, which governs how suscepti-
ble individuals become infected. While the classical bilinear form SSZ is commonly used [52], it often
fails to capture saturation effects or nonlinear behaviors arising from contact limitations or behavioral
changes. Throughout this work, we formulate the model using a mixed incidence function: A general func-
tion f(S,Z1)Z; for the first strain, which allows for nonlinear and saturating effects, and the classical bilinear
form B.SZ, for the second strain, which is appropriate for direct transmission under mass-action assumptions.
This formulation enables a more flexible yet tractable model structure. In particular, the function f(S,Z;)
may exhibit non-monotonic behavior with respect to Z;, allowing the model to capture saturation effects
and behavioral responses, especially when the number of infected individuals becomes large.

Most existing studies employ integer-order differential equations, which describe the average disease dy-
namics but may not capture memory effects, delays, or hereditary properties inherent in biological processes,
previous multi-strain SEIR models with general incidence and treatment [4] provide important insights but
assume instantaneous transitions, limiting their ability to model long-term memory or delayed immune re-
sponses. To overcome these limitations, we adopt fractional-order derivatives in the sense of Caputo, which
naturally incorporate memory and hereditary effects, providing a more realistic framework for epidemics
with delayed or history-dependent dynamics [2, 37, 36, 8, 41, 21I]. Recent studies have demonstrated the
effectiveness of fractional-order and fractal-fractional models in capturing environmental effects, social dis-
tancing, seasonality and memory-dependent dynamics in epidemic and biological systems [I1], 12} 13]. More
recently, several works have addressed fractional modeling of viral infections and biological systems using
advanced analytical and numerical approaches [35, [1], 30, 45} [33], [16] [31].

The primary contribution of this work is the formulation and analysis of a fractional-order SIjIsR model
with a mixed incidence function, combining a general function for one strain and a bilinear form for the
other, while incorporating memory effects through fractional derivatives and explicitly including two control
variables, u; and wg, representing intervention strategies. We derive conditions for existence, positivity and
global stability of the disease-free and endemic equilibria, emphasizing the role of the basic reproduction
numbers Ry and Ry2. Moreover, we provide a Lyapunov-based stability analysis under biologically rea-
sonable assumptions on the transmission function f(S,Z;), extending previous stability results established
for fractional-order SIR models with bilinear incidence rate [43] to the fractional-order SI;IoR context.

Accordingly, the following system of fractional differential equations formalizes the dynamics of the
proposed model:

CDES(t) = A — (1 —u1) f(S,T1) T1 — (1 — uz) BSTa — uS,

“DYTi(t) = (1 —w) f(S,T1) Ty — (01 + p) T, (1)
CDOTH(t) = (1 — ug) BSTy — (09 + ) T,

CDPR(t) = 01Ty + 02Ts — uR.

with initial conditions
SO > 07 Il,O > 07 IZ,O > 07 72’0 > 0.
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Here, S(t) denotes the susceptible population, Z; (¢) and Z»(t) the infectious classes and R(t) the recovered
class. The parameter A represents the recruitment rate, p the natural mortality, o1 and oy the recovery
rates. The general incidence functions f(S,Z;) describe the transmission dynamics of each strain and satisfy
standard biological conditions:

(Hl) f S Cl(RiaR-‘r)v with f(oal.l) = Oa VIMIQ > 07
of

(H2) 55(S,7) >0, Y8 >0,VD, T > 0;
of

(H3) -2(S, 1) <0, ¥§>0,71,T, > 0.
1

All the model (|1.1)) parameters are given in Fig.

0

14

Figure 1: The flowchart of the two strain SIjIsR model.

This present work is divided into five sections: Section 2 provides the foundational definitions of the
fractional derivative. Then, Section 3 presented the existence, uniqueness, positivity and boundedness of
the fractional model. In Section 4, we prove the global stability of the model equilibria. Numerical
simulations and some discussions are given in section 5. The last section concludes this work.

2. Preliminary results

Definition 2.1. [I0] Let ¢ : [0,00) — R be a differentiable function and 0 < a < 1. The Caputo derivative
of fractional order « is defined as

CD&p(t) = F(ll— 3 /0 (Ki;a ds, t>0.
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Definition 2.2 (Mittag-Leffler function). [25] For a > 0, the Mittag-Leffler function of parameter « is
defined by

Eals) = ];0 T(ak+1)

Let f: R™ — R™ where n > 0 . We consider the following fractional-order system:
DX (t) = f(X(t)), 0<a<l. (2.1)
With X(0) = Xy, Xg € R” and 0 < o < 1. To demonstrate the global stability of solutions of system
(2.1) we will need the following lemmas:

Lemma 2.3. If the function f satisfies the two following conditions:

1. f(X) and g)f((X) are continuous on R™.

2. |[f(X)|| < @1 + @2 | X|| for all X € R™, with 1 and g2 are two positive constants.
Then, the system (2.1) has a only solution defined on R} .

Lemma 2.4. Let X (t) be a solution of the Caputo fractional differential system ©Dg X (t) = F(X(t)), 0<
a < 1, with initial condition X (0) € R7}.

If the vector field F satisfies F;(X) >0 whenever X; =0, i=1,...,n, then the nonnegative orthant
R is positively invariant. That is, the solution satisfies X (t) € RY for all t > 0.

3. Existence, positivity and boundedness

In this section, we prove that the solutions of the proposed fractional SI;I3R model remain positive and
bounded for all ¢ > 0. For biological relevance, we consider non-negative initial conditions: S(0) = Sp,
7:(0) = Ty, Z2(0) = Za9, R(0) = Rp, with all components in R;. The results are summarized in the
following proposition.

Proposition 3.1. For any non-negative initial conditions Sy, L1 0, oo and Ro, the fractional system
CDeX(t) = F(X(t), O<a<l,

admits a unique global solution which remains positive and bounded on [0, c0].

Proof. We rewrite system in compact vector form:

S A — (1 — ul)f(S,Il)Il — (1 — U2)BSI2 — ;LS
A (1—w)f(S, )T — (01 + )T,

X(t) = T | F(X) = (1 —u2)BSIy — (o2 + p)Zo

R 01114-0'21.2—/[]3

Since f € C 1(R3_), the function F is locally Lipschitz on Ri. By standard results on Caputo fractional
differential equations, the system

“DpX(t) = F(X(1), X(0)=Xo
admits a unique local solution.

Now we will prove the positivity of model solutions. First, we will assume that all model parameters are
positive, we have
C _
D?S!SZO =A>0,

CD?Il\L:o = (1 —uy)f(S,71)I; — (o1 + )0 = 0,
“DPTo|, o= (1 —u2)BSTs — (09 4 p)0 =0,
“DfR| sy = 01T + 02Ty > 0.
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Thus, the nonnegative orthant Ri is positively invariant. More rigorously, using standard invariance results
for Caputo fractional-order systems Lemma (2.4)), the nonnegative orthant Ri is positively invariant. Since
the vector field F is nonnegative on the boundary of Ri, any solution starting with nonnegative initial
conditions remains nonnegative for all ¢t > 0.

Finally, we will show the boundedness of the solutions. Let the total population
N(t) = 8(t) + T1(t) + Za(t) + R(t).
Summing the four equations yields: “DEN (t) = A — uN(t). This linear Caputo equation has solution

N(®) = 2+ (N(0) = =) Eul-t?).

where E,(-) denotes the Mittag—Leffler function. Since 0 < E,(—ut®) < 1 for all ¢ > 0, we obtain

0 < A1) < max {N(0), 2}

Thus, the biologically feasible region
A
24— {(S,Il,Ig,R) ERL S+ + T+ R < ﬁ}

is positively invariant. Therefore, X (¢) remains bounded for all ¢ > 0.

The Lipschitz continuity of F together with invariance of H provide uniqueness of the solution. O

4. The steasy states

This subsection establishes the existence of the disease-free equilibrium and the endemic equilibria of
the fractional SIjIsR model. Since the equation for R depends only on 77, Zo and R, the equilibria can be
determined from the subsystem satisfied by S, Zy, Zo. Thus, the system ({1.1)) reduces to

CDPS(t) =X — (1 —w1) f(S,Ti) 1 — (1 — ug) STy — S,
CD)?Il(t) = (1 — ul)f(S, Il)fl — (0'1 + ,u)[l, (4.1)
C_D?IQ(t) = (1 — UQ)BSIQ — (0'2 + ,u)IQ,

with the recovered population given by
R(t) = N(t) — S(t) — i (t) — To(t),
where N (t) satisfies the scalar fractional equation: “ DN (t) = X — pN(t).

4.1. The basic reproduction number

The basic reproduction number represents the average number of secondary infections produced by a
typical infected individual introduced into a fully susceptible population. To compute it, we use the next-
generation matrix. Let F' denote the matrix of new infection terms and V' the matrix describing transition
terms among infected compartments for the reduced system . Evaluated at the disease-free equilibrium,
the matrices F' and V for the infected variables 77, Zo are

A
1- =0 0
P ( u1)f(H ) NE V:<01+u 0 >
0 (1-uz) B2 0 o2ty
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Thus A
(1 - ul)f(ﬁuo)
Fv—1= o1+ 0
0 (1 —ug)BA
(o2 + p)

The basic reproduction number is the spectral radius of the matrix FV !, hence
Ro = maX{Ro,l, Rog},

where

A A

(1—wu1) f(—,0) (1—up)B—

_ K _ 1%

Roq1 = ; Ryg = ——"—.
o1+ p

o2+ p

Ry,1 is the base reproduction number associated with the first strain and Ry is associated with the other
strain.

The basic reproduction number Ry = max{Ry 1, Ro2} represents the threshold parameter governing
disease invasion in the population. If Ry < 1, the disease-free equilibrium is stable and both strains die out.
If Ry > 1, at least one strain can invade the population and persist.

Moreover, Rp1 and Rg2 describe the transmission potential of each strain. If Rg; > Rpg, the first
strain tends to dominate, whereas if Rgo > R 1, the second strain becomes dominant. If both exceed unity,
coexistence of the two strains may occur.

Theorem 4.1. The system (4.1) admits the disease-free equilibrium E; and three endemic equilibria: the
strain 1 endemic equilibrium Eg,, the strain 2 endemic equilibrium Es,, and the both equilibrium Es,. More-
over:

o If Ro1 > 1, then the strain 1 endemic equilibrium Eg, exists.
o If Ro2 > 1, then the strain 2 endemic equilibrium Eg, exists.
o Ifmin{R}, R} > 1, then the both strains endemic equilibrium Es, exists.
Proof. In order to find the equilibria of the system , we solve the following
0=A—(1—wu)f(S,71)T1 — (1 — u2)BSZy — uS,
0=01—-w)f(S, 1), — (o1 + u)Iy,

0= (1 — 'UQ)BSIQ — (0'2 + ,LL)IQ,
0= 0111 + JQIQ — /LR.

(4.2)

1. Disease-free equilibrium. When Z; = 75 = 0 the system admits the disease-free equilibrium: &y =

A
(p, 0, 0, 0) .
2. Strain 1 endemic equilibrium. When Z; > 0 and Zs = 0. From the second equation of (4.2]) we get
(1—w)f(S,Th) = o1 + p.

A—uS
o1+p”

From the first equation we have: A — uS = (o1 + )71, hence Z; =
Define the function ¥ : [0,00) — R by

w(s) = (1 —ul)f(S,
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Then,
ov(S) aof af oV (Zy)
ps = (- w) | gas.ne) + ghs.@men- 75|
. A—uS 0Z:1(S) 1
th,  Ty(S) == _ .
i, (S) =" S o1+ p
Hence,
o (S) of pw o Of
=(1- (5,7 — —(S,Z .
rs. = (1w | ges.nis) - A 2L s 1)
of of . .
By hypotheses (H2) and (H3) we have B > 0 and A < 0, hence each term in square brackets is
nonnegative and therefore '
oY (S)
> > 0.
7S >0 forall S >0
Moreover,
W(0)=(1— - —
O == (0.5 ) <o) = (o1 41 <0
and

¥(5) = @ uf (5:0) = ) = (o 4 )Ry = ).

A
Therefore, if Rg; > 1 then W(—) > 0. Since ¥ is continuous and nondecreasing, there exists a unique
1

A
57 € [0, ] such that U(S]) = 0. Hence, a unique strain 1 endemic equilibrium exists:
u

A= uSi oA — qu)>
g — S*, 3 07 bl
. (1 o1+ 4 wor +p)
with 87 € [0, A/] and ZF > 0.

3. Strain 2 endemic equilibrium. When Z, > 0 and Z; = 0. From the third equation of ([E2) we have:
(1 —u2)BS = 02 + , then, S5 = o2t then, Zp = A—uS

(1-u2)B’ oatp
Define now
O(S) = (1 —u2)BS — (02 + ),
ten,
02(S) _

We have: ®(0) = —(o2 + p) < 0 and, @(%) = (02 4+ pu)(Ro2 — 1).

A
Hence if Rg2 > 1 there exists a unique S5 € {0, } , solving ®(S5) = 0, yielding the strain 2 endemic
7

equilibrium

Es, = <S§, 0, A — pS; 02()\_#82)> _

oy +p " p(og+p)
4. Both endemic equilibrium: When Z; > 0 and Zy > 0. From the second and third equations we obtain

(1 —=u)f(S,Th) =01+ p, (1 —u2)BS =02 + p.

Then, S = ~Z2tL_ Substituting into the first equation provides the linear relation
t T (1-u2)B

(o1 + )Ty + (02 + p)Io = X — uS;.
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A both equilibrium with positive components exists if and only if both Rg; > 1 and Rp2 > 1, which
ensures the right-hand side is positive and the pair (Z;,Z;) can be chosen positive satisfying the above

relation. The both equilibrium is then

* * O-ll—it + UQIékyt
gSt = Sta 1,t 127157 [ ;

with Z{ ,, T3, > 0.

4.2. Global stability of equilibria
4.2.1. Global stability analysis of the disease-free equilibrium
Theorem 4.2. If Ry < 1, then the disease-free equilibrium &y with is globally asymptotically stable.

Proof. In R, we first consider the Lyapunov function as follows:

S f(8°,0)

T, L) =8 -8 —
730(57 1 2) ) S 0 f(X,O)

dX + Il +I2,

A
where SY = = denotes the susceptible population at the disease-free equilibrium.

i
The integral is well defined by hypothesis (H1) and (H3) and f(-,0) > 0 for S > 0.

Using properties of the Caputo derivative and differentiating along solutions of the SI;IsR system yields

£(8°,0)

“DpPy = CD?S— 7(5.0)
)

(-

°Des + “DTy + YDYT,

(1 —w)f(S, )T — (1 — u)BSTy — pS)

+01- Ul) ( 1)L — (o1 + )Ty + (1 — u2) BSIy — (02 + p) L.

A
After regrouping terms and using S° = = we obtain
I

CDpPy = s (1~ %) (1- J;((‘? (?))) v <( ul)‘};(fsz’l(—)l)) £(8°,0) — (o1 + M))

S
+ Iy ((1 )5 BS? — (o9 + u)) .
Using the definitions of the reproduction numbers at the DFE,
1—up)f(S°,0 1 — uy)BS°
Ro = (1 —u1)f( )7 Ros = (1 —u)p ’
o1+ u o2+ [

we can bound the last two terms to obtain

0
“DPy < uSO(l - i) (1— uc ’0)> +Z1(Ro1 f5 1) 1)(al+u)+12(R0,2% -

s\ .0 S0 s~ Dozt n).

We now analyze two cases.

~If S < 8% By (H2) and (H3) we have CH

f(Sazl)
Tu(Ron 550y ~



Aarir, et al ., Journal of Prime Research in Mathematics, 2026, 290-308 298

and
)
Z5(Ro,2 S0 1) (o2 + p) < Zo(Roz — 1) (02 + p).
. 0 S . f(8°,0)
Moreover, since S < §” one has 1 — S0 > 0, by monotonicity of f the factor 1 — 7(S8.0) < 0, hence the
product ’
S £(8°,0)
s(1-5)(1-250) <o.
8 50 8,0/ =
Therefore, if Rp; <1 and Rp2 < 1, each term is nonpositive and CD?PO <0.
T 0
~If S > 8% By (H2) we have f(8. 1) > 1 and S > 1, while J(5,0) < 1, so the first term is again

f(8,0) ~ S° f(8,0)

negative. Using Rp1 < 1 and Rp2 < 1 we obtain

f(S8,1h)
f(S,0)

hence again CD?‘PO < 0. Thus, in both cases, provided Ry <1 and Rp2 < 1, we have

S
—1)(o1 4+ p) <0, Iz(Ro,zfo —1)(o2 +p) <0,

71 (Ro,1 S

CDYPY(S,T1,T2) <0,

and equality holds only at the £;. By the direct Lyapunov method for Caputo fractional systems, this
implies that & is globally asymptotically stable. O

4.2.2. Global stability analysis of the strain 1 endemic state
We assume that the incidence function f satisfies the structural condition used to establish the global
stability of &, :

f8T) \ (ST T
(1_1’(8,1181))( A —Iiﬂ)go, V8,1 > 0. (4.3)

Theorem 4.3. If Ryo < 1 < Ro1, then the strain—1 endemic equilibrium &, 1is globally asymptotically
stable.

Proof. We introduce the Lyapunov function

S (ST, Iy ) 7y 7
PUS, T TpR) =S -8 — | =l belgy o [ 2L o
1( 1,42 ) 1 st f(X7I1,sl) 1,51 T T

1,81 1,51

1) +Io +R.

Computing its Caputo derivative, we obtain

f(S1, 10,

I*
CD?'Pl = /L(Sik —3) (1 — ) + (01 +M)Iik,sl — (01 -l-u)Il (1 — 1’81>

f(8.17,,) I
—(1—w)f(S,h)Z Iisl — f(ST’IT’Sl) —uR+To (1 —u2)BS — 1) (4.4)
1 yL1)4a 7 f(Svlik,sJ 1% 2 2 2 .

We now reorganize the nonlinear terms in Z;. Write
(01 + )i, = 1 —u)f(ST, Ly s,) Lo s, -

Using this identity and collecting all contributions involving (1 — u1)f(S,Z1)Z1, we obtain the compact
factorization

(1 - ul)Iik,sl [5(8711) + 6(8711)] )
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where the first bracket .
f(ST I ) 7y

8,1y, Ii,’

1,51

5(‘9711) =
is nonpositive by the monotonicity assumptions (MA-MG) on f, and the key bracket

f(8, 17 ) f8Th) Tn L
(&) (S5 ,)T Iy

1,s1 1,s1

— 1.

(S, 7)) =

By the arithmetic—geometric inequality,
O(S,7;) <0.

Hence all nonlinear terms involving Z; are nonpositive.
For the Zo—component, using again MA-MG and the condition Rp2 < 1, one obtains

ST Iy
f( 1> 1781)> S0

IQ ((1 — Ug)ﬁS — ,u) — (1 — Uz)/BSIQ (1 — f(S,Iik’sl)

Finally the term —u 'R is nonpositive.
Collecting all contributions in (4.4]), we conclude

“DePy(S,Th,To, R) < 0.

Equality holds only when Zo = 0, R = %Il and the brackets £(S,Z;) = 0, O(S,Z;) = 0, which implies
§ =87 and 7y = I7 ;. Therefore the largest invariant set is the singleton {&;, }.

Applying LaSalle’s invariance principle for Caputo fractional systems, the equilibrium &, is globally
asymptotically stable whenever Ry> <1 < Ry . O

4.2.3. Global stability analysis of the strain 2 endemic equilibrium

Theorem 4.4. If Ryp1 < 1 < Ry, then the strain-2 endemic equilibrium &, is globally asymptotically
stable.

Proof. We introduce the Lyapunov function

S BS;T;
s; BXI;

T T
dX+I§‘<2—1n2—1) +T+R

Pa(S,Th,ITo,R) =S - S5 — T T
2 2

The function Py is nonnegative and vanishes only at &, .

The Caputo derivative along the solutions is

*

C’D?PQ = (A= f(S,Il>Il — ﬂSIQ — IU,S:| (1 — %) + |:BSIQ — (0'2 + ILL)IQ:| ( — g)

+ f(S, )Ty — (o1 + p)Ty + 01Ty + 02T — pR.
Using the equilibrium relations
A=pS; +BSIy, (o2 +p)Iy = BS;I5,
we obtain after rearrangement:

)

°DEPy = u(si - ) (1- 3

I*
) + < - Iz> (BSIy — BS3T5) + f(S.Th)Th — (o1 + )T + 01Ty — pR.

We now show how the conditions Ry <1 and Rp2 > 1 guarantee the nonpositivity of each block.
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—For Ry1 <1, since Ry = 13‘197_27_73) < 1, the infection pressure of strain 1 is insufficient to sustain Z; > 0.

In particular, the linearized coefficient satisfies
f(S;7O) <o + .
Thus the Z;-dependent block reduces to

(ST — (o1 + )y + 017y = —pZy <0.

— For Rpo > 1, Since Rp2 = % > 1, strain 2 admits a positive endemic equilibrium Z5 > 0. This
yields the identity
(02 + p)Iy = BS, 15,
which ensures that the block

(1-2) s - 85333
2

has the classical form
(1 —a"/x)(F(x) — F(z")),
hence it is always nonpositive.

— The S-term satisfies P
s - ) (1- 2) <o,

and the R-term is simply
—uR <0.

Collecting all estimates, we obtain
“DePy < 0.
By LaSalle’s invariance principle for fractional-order systems, the largest invariant set contained in
{€DgPy = 0} is exactly the endemic equilibrium &, .
Therefore, under the condition Rp1 <1 < Rp2, the strain-2 endemic equilibrium &, is globally asymp-

totically stable.
O

4.2.4. Global stability of the both endemic equilibrium
Theorem 4.5. If Ry1 > 1 and Ry > 1, then the both endemic equilibrium Es, is globally asymptotically
stable.

Proof. We define the Lyapunov function

S8 I I} + BS'T;
s+ (X, ID) 17 + XT3

P(S, 71, I3,R) =S - S —

1y 1y Lo b R
+I7 (*m*l) +1 <*ln*1> +R-R"=R'n .
A 1 75 75 R

Its Caputo derivative along the trajectories of the system is

C’D?'Pc = (A — f(S,Il)Il — BSTy — (58) (1 - :SS'*) + (f(S,Il)Il — <0'1 + (5)_'[1) <1 — g)

* R*

 (BSTy — (02 + 6)T) (1 - 2) (1T + 03T, — 6R) (1 - R) .
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Substituting the both endemic equilibrium conditions:

A =08"+ f(S*,I})IT + BS*I;,
F(S* T))Tf = (o0 + 0)T5,
BS*Is = (02 + 0)Z5,

o1Lf + o915 = OR”.

Now we expand each term.

Term for S: (A — f(S,71)Z1 — BSTy — 6S) (1 - i)

§(S =892 (f(S, )Ty — f(S*,I1)IT)(S — S*)

B(T2S —~ TS")(S - 8°) _

S S

Term for Z; : (f(S,71)Z1 — (01 + 0)T1) ( _ IT)

(G -T049)
T -

Term for Zp :  (BSZy — (02 + 6)I2) <

(o — I3)? (02 + 6)

R*

)

= — < 0.
I <0
Term for R: (0121 + 092Zs — dR) <1 - —
(R —R*)?
= —-6——— <0.
R <

Hence, every term of © D&P, is non-positive, with equality only at

(S,T1,T5, R) = (S*, I, T3, R).

L,

-7)

By LaSalle’s invariance principle for fractional-order systems, all trajectories converge to the endemic

equilibrium &. Thus, the coexisting endemic equilibrium is globally asymptotically stable whenever

RO,l >1 and RO’Q > 1.

For clarity, we summarize the stability results of the equilibria in Table

Table 1: Stability of equilibria

Condition Equilibrium Stability

Ry <1 Disease-free equilibrium Globally asymptotically stable
Ro1>1 First strain equilibrium Globally asymptotically stable
Ryo >1 Second strain equilibrium  Globally asymptotically stable

Ro1>1, Ry >1 Coexistence equilibrium Globally asymptotically stable
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5. Numerical simulations

In this section, we will give some numerical simulations to show the effect of fractional derivative and
the treatment parameters on infection. These numerical simulations are performed using Matlab. The
first numerical simulation was done using an algorithm presented [3]. More precisely, we use a fractional
Adams—Bashforth—-Moulton predictor—corrector scheme [20] given by:

ha
Ut-:i('—lo‘“—'— —1'“) Ut Ult
G
e DR NCES P VR eS| ~_~_1a+1> ;
+F(a+2>;(<y i+ 1) =2 — i) (- i = 1)) FU )
+ L}'(U(t ) + L}"(U(t- )
T(a+2) T Dla+1) =1
Where t; =t(j — 1)+ h, for j =0,1,....... , N —1.
The stability behavior of the endemic equilibrium &, is investigated under a non-monotonic incidence
function f(S,71) = 5 f;fﬁ The parameter values used in the numerical simulations are chosen based on
1

typical ranges reported in the literature on multi-strain epidemic models [47, 49]. Although these values are
not fitted to a specific dataset, they are selected to illustrate the qualitative behavior and stability properties
of the model. The values of the parameters used in the simulations are summarized in Table .

Table 2: Description of the model parameters

Parameter Description Value

A Recruitment rate 1 year~?
I Natural death rate 0.2 year—!
15} Transmission rate 0.6

01,09 Recovery rates 0.15

For the numerical simulations, We illustrate the system dynamics in Fig. 2| Fig. B} Fig. ] and Fig.
for a =1, a = 0.9, o = 0.7 and a = 0.5, respectively. We perform numerical simulations using the
parameter set and different values of the treatment control parameters u; and uo: A=1, [=0.6, o1 =
o2 =0.15, p=20.2, m = 0.14. Under these conditions, we observe convergence toward the steady state
(0.8982,0.8433,0.8309,1.2557) and obtain Rg; = Rp2 = 6.1224. In this case, both basic reproduction
numbers satisfy Ro; > 1 and Rgpe > 1, which confirms that the endemic equilibrium &, is locally
asymptotically stable.

This equilibrium is characterized by the persistence of both strains in the population, with non-zero
latent and infectious compartments for each strain. These numerical results illustrate that the proposed
generalized model captures a wide variety of incidence functions, providing a comprehensive framework for
the study of stability and coexistence dynamics in multi-strain epidemic models.
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Figure 2: The dynamics of the population for &« = 1 and the different values of treatment parameters.

Fig. [2| displays the temporal dynamics of the four epidemiological compartments for the classical deriva-
tive case a = 1, under different choices of the control functions u; and us. The simulations show that
the susceptible class S(t) converges to a positive equilibrium level, while both infectious classes Z;(t) and
Z5(t) approach non-zero equilibria, reflecting the coexistence of the two circulating strains. The recovered
population R(t) also stabilizes as a result of infection recovery combined with the action of the controls.
These numerical observations confirm the local asymptotic stability of the both equilibrium &s,, at which
both strains persist in the population. In addition, the effect of the controls is clearly visible: varying the
intensities of u; and ug modifies the height and timing of the peaks in Z;(¢) and Z(t), highlighting the role
of the proposed intervention strategies in reducing the infectious burden of each strain while maintaining
the overall stability of the system.
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Figure 3: The dynamics of the population for a = 0.9 and the different values of treatment parameters.
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Fig[3 illustrates the time evolution of the four compartments for the fractional-order case @ = 0.9,
under several choices of the control parameters u; and we. In comparison with the classical case a = 1,
the fractional derivative introduces memory effects that slow down the epidemic dynamics, producing a
smoother and more gradual convergence toward equilibrium. The susceptible class S(¢) and the recovered
class R(t) stabilize at values close to those obtained in the integer-order framework, while the infectious
populations Z;(¢) and Zy(t) exhibit noticeably slower decay or stabilization phases, reflecting the influence
of past states on the present transmission process. These numerical findings indicate that the both endemic
equilibrium &, remains locally asymptotically stable for a = 0.9 and they demonstrate how the fractional-
order formulation modifies the transient behavior of the two-strain system while preserving the long-term
persistence of both infections.
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Figure 4: The dynamics of the population for a = 0.7 and the different values of treatment parameters.

Fig[4 shows the evolution of the four epidemiological compartments for the fractional-order case o =
0.7, under various choices of the control parameters u; and us. When the fractional order decreases, memory
effects become more significant, which slows down the epidemic progression and prolongs the transient phase
before reaching equilibrium. The susceptible population S(¢) and the recovered population R(t) stabilize at
levels similar to those observed for higher values of a;, whereas the infectious classes Z;(t) and Z»(t) exhibit
a markedly slower approach to their equilibria. These numerical results confirm that the both endemic
equilibrium &, remains locally asymptotically stable even for o = 0.7 and they highlight the impact of the
fractional-order derivative on the timing and magnitude of the infection peaks while preserving the long-term
persistence of both strains in the population.
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Figure 5: The dynamics of the population for o« = 0.5 and the different values of treatment parameters.

Figl5| presents the dynamics of the four epidemiological compartments for the fractional-order case
a = 0.5, considering different values of the control parameters u; and us. At this lower fractional order,
the memory effects become even more pronounced, which further slows down the evolution of the system.
The susceptible population S(¢) and the recovered population R(¢) stabilize at levels comparable to those
obtained for higher values of «, while the infectious classes Z;(¢) and Zs(t) require significantly more time
to approach their equilibria. This prolonged transient behavior reflects the strong influence of past states
on the current dynamics. The numerical simulations confirm that the both endemic equilibrium &, remains
locally asymptotically stable when o = 0.5, and they underline the impact of the fractional-order derivative
on the timing and intensity of the epidemic peaks, while maintaining the persistence of both strains within
the population.

A comparative analysis of the system dynamics for the four fractional orders o = 1, 0.9, 0.7 and 0.5
highlights the significant effect of memory on the epidemic evolution. As « decreases, the trajectories of the
infectious classes Z; (t) and Zy(t) converge more slowly toward the both endemic equilibrium &s,, indicating
that past states exert a stronger influence on the current dynamics. In contrast, the long-term levels of
the susceptible population S(t) and the recovered class R(t) remain nearly unchanged across the different
values of a.

The main differences appear in the transient behavior: lower fractional orders lead to delayed and
smoother peaks of infection, as well as extended convergence times for both infectious compartments. These
observations confirm that the fractional-order formulation captures a wide range of memory-driven dynamics
while preserving the local asymptotic stability and persistence of the two strains. Overall, this comparison
underlines the crucial role of fractional derivatives in modeling memory-dependent epidemic processes and
illustrates how the control parameters u; and uo remain effective across different dynamical regimes.
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6. Conclusion

In this work, we analyze a fractional two-strain epidemic SIjIsR model with different incidence rates;
a general incidence rate for the first strain and a bilinear incidence rate for the second strain. The four
epidemiological compartments that make up the suggested structure are: The susceptible population, two
infectious classes and the recovered individuals. We demonstrate the existence of solutions, positivity and
boundedness. The following formula is used to determine the disease-free equilibrium, the strain-1 endemic
equilibrium, the strain-2 endemic equilibrium and the both endemic equilibrium involving both strains. We
determine the global stability of the equilibria based on the value of the basic reproduction number Ry
by constructing an appropriate Lyapunov functional. A numerical simulation was provided to validate our
theoretical results and to demonstrate the effect of the fractional derivative o on the stability. Additionally,
constant control measures u; and wue were incorporated for each strain to evaluate their impact on the
epidemic dynamics. We conclude from all the figures that the different values of the fractional derivative
order do not affect the stability of the equilibria but only the convergence time of the solutions toward the
equilibria. For high values of this parameter, corresponding to long memory, the solutions converge very
slowly to the equilibrium points; for low values, corresponding to short memory, the solutions converge more
quickly to the equilibria. Moreover, higher values of the controls u; and us effectively reduce the exposed
and infectious populations, confirming the efficiency of constant control in mitigating the spread of the
disease.

Although constant control parameters are considered in this study, time-dependent control strategies
may provide a more realistic description of intervention policies and will be investigated in future work.
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