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Abstract

We provide a complete classification of the homogeneous 3-local representations of the twin group 7,,, the
virtual twin group V7T,, and the welded twin group WT,, for all n > 4. Beyond this classification, we
examine the main characteristics of these representations, particularly their irreducibility and faithfulness.
More deeply, we show that all such representations are reducible, and most of them are unfaithful. Also,
we find necessary and sufficient conditions of the first two types of the classified representations of T;, to
be irreducible in the case n = 4. The obtained results provide insights into the algebraic structure of these
three groups.
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1. Introduction

A Coxeter group C with r generators ci,co,...,¢, is a fundamental group in Algebra that can be

presented as follows.
C= <01762)-"7CT | Cz2 = 17 (Cicj)mij = 17 1 < Za.] < 7“>,

where m;; = 1if ¢ = j and m;; > 2 if i # j. One of the famous Coxeter groups is the twin group on
n strands, often denoted by T),, where n > 2. The twin group was introduced first by G. Shabat and V.
Voevodsky [22] and it has appeared in history under different names, such as the flat braid group and the
planar braid group; see, for instance, [9, 10} 14} 16}, 21, 4]. The twin group T,, is a Coxeter group with n — 1
generators si, So, ..., S,—1 under the following defining relations.

2 .
s; =1, 1=1,2,...,n—1,
S$iSj = 5554, ’Z—]| > 2.

The twin group T;, has a geometrical interpretation similar to that for the known braid group, namely
B, [9, 10]. The twin group and the braid group both arise in the study of permutations of n strands.
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They are deeply related in concept but also distinct. For instance, the twin generators s; of T}, represent a
transposition-like move between strands ¢ and ¢ + 1, while the braid generators o; of B, represent an over-
crossing of strand ¢ over ¢ + 1. On the other hand, although both groups share the commutative relations
sisj = sjs;, 1 <4 < n — 1, the relations sf =1,1 <1t <n—1, are not satisfied for the generators of B,
while the relations o;0;110; = 0410041, 1 <1 < n — 2, are not satisfied for the generators of Tj,.

On the far side, studying extensions of braid groups explores deeper algebraic and geometric properties
of braids and their applications in other mathematical and physical branches. In [3], V. Bardakov, M. Singh,
and A. Vesnin introduced the virtual twin group on n strands, namely V'T},, and the welded twin group on
n strands, namely WT,,, in analogy with the known virtual and welded braid groups V' B,, and W B,,. Both
groups V1, and WT, are group extensions of T}, and they are generated by two families of generators: the
twin generators si, S9,...,S,—1 and another family of generators denoted by p1, p2,...,pn—1. We show the
relations between the generators in Section 2.

Group representations and their characteristics allow us to study the group structure, both from algebraic
and geometric points of view. In particular, the existence of a faithful representation of a group solves its
word problem. A group representation is said to be faithful if it is injective. Till now, there is no discovered
faithful representation of V'I;, and WT,, unless in very special cases. Another important characteristic of a
representation that helps to discover the group structure is its irreducibility. A representation is said to be
irreducible if it has no nontrivial subrepresentation. Otherwise it is reducible.

One of the famous and important types of group representations in the field is called the k-local repre-
sentation. A representation of a group G with a finite number of generators a1, as, ..., a,_1 to GL,(Z[t*]),
where t is indeterminate, is said to be k-local if the image of the generator a;, 1 <i <n — 1, has the form

110 0
0o | M| o0 |,
0 0 In—i—l

where M; € GL(Z[t*']) with & = m — n + 2 and I, is the 7 x r identity matrix. For example, Burau
representation [5], Wada representations of types 1 and 2 [24], the standard representation [23], and the
F-representation [2] are k-local representations of B,, with different degrees k, while Lawrence-Krammer-
Bigelow representation [11] is a non-local representation of By,. In history, many k-local representations of
the braid group and its extensions has been classified and studied (see for instance [15, 6], 12} 18 §]).

In [I3], T. Mayassi and M. Nasser did a complete classification and examined the main characteristics of
the homogeneous 2-local representations of the twin group 7,,. The goal of this article is to generalize the
work done by Mayassi and Nasser. More precisely, we aim to classify and examine the main characteristics
of the homogeneous 3-local representations of the twin group 7, and its extensions V'T;, and WT,, as well.

The paper is organized in the following way. Section 2 includes the main definitions and previous results
we need in our work. In Section 3, we classify all homogeneous 3-local representations 7 : T,, — GLjy4+1(C)
for all n > 4 (Theorem and we prove that all such representations are reducible to the degree n
(Theorem [3.2). In addition, we make a complete study for the irreducibility of the two representations
71 : Ty — GL5(C) and 72 : Ty — GL5(C) (Theorems and [3.7). Likewise, in Section 4, we
classify all homogeneous 3-local representations § : V1, — GL,4+1(C) and v : WT,, — GL,41(C) for all
n > 4 (Theorems and . Also, we prove that all such representations are reducible to the degree n
(Theorems and [4.4)), and we show that most of such representations are unfaithful (Theorems and

15).
2. Preliminaries

We start this section by introducing the presentation of the braid group B, introduced by E. Artin in
1926 [1].
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Definition 2.1. [I] The braid group B,,n > 2, is defined by its generators o1, 09, ...,0,—1 that satisfy the
following relations.
0i0i110; = 04100541, ©=1,2,...,n—2, (2.1)

0;05 = 0504, |l —j| Z 2. (22)
We then introduce the presentation of the twin group 7}, introduced by G. Shabat and V. Voevodsky in

1990 [22]. The generators of T,, are called involutions according to the first type of relations given in the
following definition.

Definition 2.2. [22] The twin group T,,,n > 2, is defined by its generators si, s2, ..., sp—1 that satisfy the
following relations.
s? =1, i=1,2,...,n—2, (2.3)

]

sisj = sj8;,  |i—j| > 2. (2.4)
Note that we have the following particular cases.
o Ty = (51 | 82 = 1) = Zy is the cyclic group of order 2.
o T3 = (s1,52 | 82 = 82 = 1) = Zy * Zy is the infinite dihedral group.

We now introduce the presentation of the virtual twin group VT, introduced by V. Bardakov, M. Singh,
and A. Vesnin in 2019 [3].

Definition 2.3. [3] The virtual twin group VT,,n > 2, is an extension of 7, that is generated by the
generators si, So,...,Sp—1 of T, besides the generators p1,p2,...,pn—1. In addition to the relations ({2.3)
and (2.4) of T},, the generators s; and p;, 1 <i < n — 1, of VT, satisfy the following relations.

PiPi+1Pi = Pit1pPiPi+1, 1=1,2,...,n—2 (2.5)
PiPj = PjPi, i —jl > 2, (2.6)

p? =1, i=1,2,...,n—1, (2.7)

Sipj = PjSis li —j] > 2, (2.8)
PiPit18i = Sit1PiPit1s i=1,2,...,n—2. (2.9)

We give now the definition of the welded twin group WT,, introduced also by V. Bardakov, M. Singh,
and A. Vesnin in 2019 [3].

Definition 2.4. [3] The welded twin group WT,,n > 2, is an extension of T,, that is defined as the quotient
of VT, by adding the following relations.

PiSi+1Si = Si+1SiPi+1, 1= 1,2,...,77,— 2. (2.10)

In what follows, we give the concept of k-local representations of a group G with a finite number of
generators introduced by M. Nasser in 2025 [19].

Definition 2.5. Let G be a group with generators ay, as, ..., a, 1. A representation 6 : G — GL,,(Z[t*!])
is said to be k-local if it is of the form

Ii—1] 0 0
0(a;) = 0 | M; 0 for 1<i<n-—1,
0 |0 | Th—i1

where M; € GL.(Z[t*']) with k = m — n + 2 and I, is the 7 x 7 identity matrix. The representation 6 is
said to be homogeneous if all the matrices M; are equal.
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Remark that if G’ is a group with 2(n — 1) generators aj,as,...,ay,—1 and by,be,...,b,—1, then the
concept of k-local representations could be extended in the following way.

Definition 2.6. A k-local representation 6 : G’ — GL,,(Z[t*!]) is a representation of the form

Ii—l 0 0 Ii—l 0 0
Oa)=|"0 [M;| 0 | and 6(b;)=| 0 |N:| 0
0 |0 |In—ia 0 |0 | Th—ia

for 1 <i < n—1, where M;, N; € GLi(Z[t*']) with k = m — n + 2 and I, is the r x r identity matrix. In
this case, 6 is homogeneous if all the matrices M; are equal and all the matrices N; are equal.

The next two definitions are addressed here as examples of famous known k-local representations of the
braid group B,, of different degrees k. The first representation was introduced by W. Burau in 1936 [5], and
the second representation was introduced by V. Bardakov and P. Bellingeri in 2016 [2].

Definition 2.7. [5] The Burau representation pg : B, — GL,(Z[tT!]), where ¢ is indeterminate, is the
representation defined by

I 0 0
o — 0 1=t 1 0 for 1<i<n-—1.
1 0
0 0 In—i—l

Definition 2.8. [2] The F-representation pr : B, — GL,41(Z[t*']), where t is indeterminate, is the
representation defined by

I 0 0
1 1 0
o; — 0 |0 —t O 0 for 1<i<n-—1.
0 t 1
0 0 In_i1

From the shapes of the previous two representations, we see that Burau representation is a homogeneous
2-local, while the F-representation is a homogeneous 3-local. For more information on the characteristics of
these two representations, see [7] and [17] respectively.

On the other side, regarding k-local representations of the twin group 7}, M. Nasser constructed two
2-local representations of the twin group 7, and studied their irreducibility and faithfulness in many cases
[20]. In the following two definitions we introduce these two representations, and we call them N; and N
representations.

Definition 2.9. [20] The Nj-representation 7y : T, — GL,,(Z[tT']), where t is indeterminate, is the repre-
sentation defined by

I 4 0 0
1—1¢ t
. <731<n-1.
S; — 0 9t +-1 0 for1<i<n-—1
0 0 i1
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Definition 2.10. [20] The Nj-representation 7o : T, — GL,(Z[t*']), where ¢ is indeterminate, is the
representation defined by

Ii_1 0 0
0 f(t) .
Si — 0 ) 0 0 for1 <i<n-—1,
0 0 In_i 1

where f(t) is invertible in Z[t*!] and f~1(t) = ﬁ

One of the natural questions that could be addressed regarding k-local representations of T}, is given in
the following.

Question 2.11. Let 7 : T, — GL,,(Z[t*Y]) be a k-local representation of T,,. What are the possible forms
of T? And what are their characteristics?

In [I3], T. Mayassi and M. Nasser answered this question in the case k = 2. In the next section, we
answer this question in the case k = 3.

3. On the 3-local representations of T,

In this section, we classify all homogeneous 3-local representations of T, for all n > 4. Moreover, we
prove that they are all reducible to the degree n. In addition, we completely study the irreducibility of the
first two types in the case n = 4.

3.1. Classification of the 3-local representations of T,

We start by classifying all homogeneous 3-local representations of T, for all n > 4.

Theorem 3.1. Consider n > 4 and let T : T,, — GLy+1(C) be a homogeneous 3-local representation of T, .
Then, T is equivalent to one of the following eleven representations 7;, 1 < j < 11, where

Ii_110 0
Tj(Si) = 0 Mj 0
0 |0 |In—i1
for all1 <i <n —1 and the matrices M;’s are given below.
1 0 O 1 0 0
(1) My=|d -1 f], (2) My =10 —/1—fh / ;
0 0 1 0 h 1—fh
1 0 0 1 b 0
(8) Mz =10 1—fh f ; (4) My = -1 0],
0 h —/1—fh 0 h 1
—+v1—bd b 0 1—bd b 0
(5) Ms = d vVi—-bd 0], (6) Mg = d —v/1-=bd 0],
0 0 1 0 0 1
1 0 0 -1 0 O
(7) M7=10 -1 0 |. (8) Ms=1 0 -1 0
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100 -1 0 0
(9) Mg= {0 1 0]. (10) M= 0 -1 0
00 1 0 0 -1
~10 0
(11) Muy=[0 1 0
0 0 -1

Here, b, d, f,h,e C.

Proof. Set
;110 0
T(si) = 0 | M 0
0 0 Infzfl
for all 1 <i¢ <n — 1, where
a b c
M=\|d e f
g h 1

with a,b,c,d, e, f,g,h,© € C. Note that T preserves the relations of T},, that is

7(s1)% =1, 1=1,2,...,n—1,
T(8:)7(s5) = 7(s5)7(si), |i —j|>2.

Remark that the only relations we need are: 7(s1)? = 1 and 7(s1)7(s3) = 7(s3)7(s1) and all other relations
give similar results. Applying these two relations gives a system of twenty four equations with nine unknowns.
Two of these equations imply directly that ¢ = g = 0. The following is the new system of equations after
substituting ¢ and g by 0.

eh + hi =0, (3.8)
~1+4+a®+bd =0, (3.1)
-2
ab+ be =0, (3.2) —1+4 fh+1" =0, (3.9)
bf =0, (3.3) Cftaf=o, (3.10)
ad + de = 0, (3.4)
~1+4+bd+e*+ fh=0, (3.5) h—ah =0, (3.11)
ef +1i=0, (3.6) b+ bi=0 (3.12)
dh =0, (3.7) ’
d—di = 0. (3.13)

Equation (3.3 implies that b = 0 or f = 0 which leads to the following cases.

(a) The case b = 0. In this case, we have from Equations (3.1)), (3.5), and (3.9) that a®> = 1 and e? = % =
1 — fh. We then consider the following subcases.

(i) If h = 0 then we get a® = e? = i2 = 1 and so we have the following.
e [fa=1,e=1, and i = 1 then we get from Equations and that d = f = 0 and so
T is equivalent to Tg.
e Ifa=1,e=—1, and ¢ = 1 then 7 is equivalent to 7.
e Ifa=1,e=—1, and i = —1 then we get from Equations and that d = f =0

and so T is equivalent to 77.
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Ifa=1,e =1, and i = —1 then we get from Equation (3.13]) that d = 0 and so 7 is equivalent
to a special case of 73.

Ifa=—-1,e =1, and i = 1 then we get from Equation (3.10) that f = 0 and so 7 is equivalent
to a special case of 7s.

If a =—1,e = —1, and i = 1 then we get from Equations (3.4) and ( - ) that d = f =0
and so T is equivalent to 7g.
Ifa=—1,e=—1, and i = —1 then we get from Equations (3.10|) and (3.13|) that d = f =0
and so T is equivalent to Tyg.
If a=—-1,e=1, and i = —1 then we get from Equations (3.10) and (3.13) that d = f =0
and so T is equivalent to 711.

(ii) If h # 0 then we get from Equations (3.7), (3.8)), and (3.11]) that d =0, e = —i, and @ = 1 and

so T is equivalent to special cases of o or 3.

(b) The case f = 0. In this case, we have from Equatlons , and that a®> = €2 =1 —bd and

i = 1. We then consider the following subcases.

(i) If d = 0 then we get a? = €? = i? = 1 and so we have the following

Ifa=1,e=1, and i = 1 then we get from Equations (3.2]) and . that b = h = 0 and so
T is equivalent to 7g.

Ifa=1,e=—1, and ¢ = 1 then 7 is equivalent to 74.

If a=1,e = —1, and i = —1 then we get from Equations (3.8]) and ( - ) that b =h =0

and so 7 is equivalent to 77.

Ifa=1,e=1, and i = —1 then we get from Equation that b = 0 and so 7 is equivalent
to a special case of 73.

Ifa=—-1,e=1, and i = 1 then we get from Equation that h = 0 and so 7 is equivalent
to a special case of 75.

If a=—-1,e = —1, and ¢ = 1 then we get from Equations (3.2]) and ( - that b=h =10
and so T is equivalent to 7g.

Ifa=—1,e =—1, and i = —1 then we get from Equations and that b=h =0
and so T is equivalent to T19.

Ifa=—-1,e=1, and i = —1 then we get from Equations (3.11]) and (3.12) that b=h =0
and so T is equivalent to 711.

(ii) If d # 0 then we get from Equations (3.4}), (3.7), and (3.13) that h =0, a = —e, and ¢ = 1 and
so T is equivalent to special cases of 75 or 4.

O

3.2. On the irreducibility of the 3-local representations of T,

In this subsection, we prove that every homogeneous 3-local representation of T;, is reducible for all

n > 4.

Theorem 3.2. Consider n >4 and let 7 : T, — GLy4+1(C) be a homogeneous 3-local representation of T, .
Then, T is reducible.

Proof. According to Theorem we know that 7 is equivalent to one of the representations 7;,1 < j <11,
and so we consider the following cases.

(1) In the case 7 is equivalent to 71 we have two subcases.

e If f # 0 then we see that the vector (1,z,22,...,2™)7, where z = 1= Vfl_df and T is the transpose,
is invariant under 7y (s;) for all 1 < i <n — 1. Thus, 7 is reducible and so 7 is reducible.
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e If f =0 then we see that the vector (0,...,0,1)7 is invariant under 7 (s;) for all 1 <i < n — 1.
Thus, 7 is reducible and so 7 is reducible.

(2) In the case T is equivalent to 7;,2 < j < 4, we see that the vector (1,0,...,0)T is invariant under
7j(s;) for all 1 <4 <n — 1. Thus, 75 is reducible and so 7 is reducible.

(3) In the case T is equivalent to 7;,5 < j < 6, we see that the vector (0,...,0,1)T is invariant under
7j(si) for all 1 <i <n — 1. Thus, 75 is reducible and so 7 is reducible.

(4) If 7 is equivalent to 75,7 < j < 11, then clearly 7 is reducible.

O

Notice that, from the shapes of the representations 7;,1 < j < 11, we can see that many representations
share similar shapes. So, in the next two subsections, we completely study the irreducibility of the first two
representations 71 and 7o in the case n = 4, and the work would be similar for the remaining representations.

3.8. The irreducibility of 71 in the case n =4

In this subsection, we answer the question of the irreducibility of the representation 7 given in Theorem
in the case n = 4. We take here f # 0 in 71 since the case f = 0 is straightforward. We start with the
following theorem.

Theorem 3.3. Consider the representation 11 : Ty — GL5(C) given in Theorem with f # 0. Then,

71 has a composition factor, namely 7'1(1) : Ty — GL3(C), which is given by acting on the generators of Ty,

si, 1 <1< 3, as follows.

-1 f 0 1 0 0 10 0
7’1(1)(81) =10 1 0}, 7'1(1)(32) =\|d -1 f], and 71(1)(33) =0 1 0
0 0 1 0O 0 1 0 d —1
Proof. By Theorems and we have seen that the vector X = (1, z,22, 2%, 2%, where x = 1= fl_df,

is invariant under the matrices 71 (s;) for all 1 < i < 3. Consider the new basis {X, e, €3, €4, €5} of C®> where
ebs are the standard unit vectors of C5. We can see that

T1(s1)(X) = X, T1(s2)(X) = X, T1(s3)(X) = X,
m1(s1)(e2) = —ea, T1(s2)(e2) = ez + (d)es, T1(s3)(e2) = ea,

1 (81)(63) = (f)eg + €3, 7'1(82)(63) = —es, 1 (83)(63) = €3 + (d)€4,
71(s1)(ea) = e, T1(s2)(ea) = (f)es + eu, 71(s3)(ea) = —eq,
T1(s1)(es) = e, T1(s2)(e5) = es, T1(s3)(es5) = (f)ea + e5

We write the representation 71 on the new basis { X, e2, e3,e4, €5} and we get the following.

1 0 0 0 O 1 0 0 0 O 1 0 0 0 O
0 -1 f 00 01 0 00 01 0 0 O
T1(s1) =10 0 1 0 0, T1(s2) = [0 d =1 f 0|, and7i(s3)=]0 0 1 0 O
0O 0 0 1 0 00 0 10 0 0 d -1 f
0 0 0 01 00 0 01 000 0 1

By removing the first row and first column, as well as the last row and last column, in each of the matrices
above, we obtain the desired result. This reduction is justified by the fact that the subspace spanned by
{X,e2,e3,e4} is invariant under the group action; indeed, in the new basis, the generators have fifth row
(0,0,0,0,1), which allows us to restrict to a 4-dimensional invariant subspace prior to quotienting out the
invariant vector X. O

Now we study the irreducibility of the representation 7'1(1) : Ty — GL3(C).
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Theorem 3.4. Consider the representation 7'1(1) : Ty — GL3(C) given in Theorem . We have the
following two cases:

(1) If d =0, then 7‘1(1) is reducible.
(2) If d # 0, then 7'1(1) is irreducible if and only if d # %

Proof. Recall that the representation 7'1(1) : Ty — GL3(C) is given by acting on the generators of Ty,

s;, 1 <1 < 3, as follows.

1 f 0 1 0 0 10 0
Pep=(0 1 0], Py =1d -1 f], and TP (s5) = [0 1 0
0 0 1 0 0 1 0 d -1

We consider each case separately in the following.

(1) If d = 0 then we clearly see that (1,0,0)7 is invariant under 71(1)(51-) for all 1 < i < 3 and so 7‘1(1) is
reducible.

(2) Suppose that d # 0. For the necessary condition, if d = %, then direct computations implies that

the vector (%, 1, %)T is invariant under 7'1(1)(31-) for all 1 <4 < 3 and so we get that Tl(l) is reducible.
Now, for the sufficient condition, suppose that d %, and assume to get a contradiction that 7'1(1) is

reducible. Let U be a nontrivial invariant subspace of C? and let u = (u1, u2,u3)” € U be a nonzero
element. Then, we have the following.

v =1 (s1)(u) —u=(—2uy + fug)e; € U,

vy = 7 (s9) (v1) — v1 = d(=2u1 + fus)es € T,

vs = 71" (s3)(v2) — v2 = d*(~2u1 + fuz)es € U.

As d # 0, we obtain that —2u; + fus = 0 since otherwise we get that ej,eqs,e3 € U, which is a
contradiction as U is nontrivial. So, u; = %1@ and so u = (%UQ,’LLQ,’LL?,)T. Similarly, we also have the
following.

wy = 7 (s3)(u) — u = (dug — 2uz)es € T,

wy = 71 (s9) (w1) — wy = f(dug — 2ug)es € U,

wg = 71 (51) (ws) — wy = f2(dus — 2ug)e; € U.

Similarly, as f # 0 and U is nontrivial, we get that dus — 2us = 0. So, uz = qu, which gives that

U= (guz, U2, %UQ)T. Therefore, as u is a nonzero element in U, we conclude that

= (1))

Now, we have that 7'1(1)(51)(2) —z = (=2 +df)ez € U with —2 + df # 0 by our suggestion, which
implies that es € U, and so we have ey is a multiples of z, a clear contradiction as f # 0 and d # 0.

(1)

Hence, 7,7 is irreducible in this case, as required.

U

O
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8.4. The irreducibility of 7o in the case n =4
In this subsection, we answer the question of the irreducibiliy of the representation 7o given in Theorem
in the case n = 4. We start with the following theorem.

Theorem 3.5. Consider the representation 1o : Ty — GL5(C) given in Theorem . Then, ™ has a
composition factor, namely 7'2(1) : Ty — GL4(C), which is given by acting on the generators of Ty, s;,1 < i <

3, as follows.

Li 0 0

1 —/1—fh
)= 0 Vh f 1fﬂl 0
0 0 I

Proof. By Theorems and we have seen that the vector (1,0,...,0)7 is invariant under the matrices
T9(s;) for all 1 <4 < 3. So, eliminating the first row and the first column of each of the matrices m»(s;) gives
the required result. O

Theorem 3.6. The representation 7'2(1) : Ty — GL4(C) given in Theorem is reducible. Moreover, we
have the following.

e If f =0, then the composition factor of 7'2(1), namely 7'2(2) : Ty — GL3(C), is the mapping that takes

every generator to a lower triangular matriz.

o If f £ 0, then the composition factor of 72(1) namely, 72(2) : Ty — GL3(C), is given by acting on the

generators s;, 1 <1 < 3, as follows.

1 0 0 o S - f 0
2 . _
T2(2)(81): _(7”_];’”1) 1 0 ’ Ty (32)— g 10fh (1) 5
(VI=FR+1)’
s =[0 —vI=Fh
0 h 1—fh

Proof. We consider two cases in the following.

e If f =0, then clearly we can see that the vector (1,0,0,0)7 is invariant under 72(1)(31-) forall 1 <1 < 3.

Thus, 72(1) is reducible. Now, eliminating the first row and the first column implies that the composition

factor of 72(1), namely 7'2(2)

triangular matrix.

: Ty — GL3(C), is the mapping that takes every generator to a lower

e Suppose that f # 0. We can see that the vector X = (1,z,22,2%)7, where z = H2=/h V}_fh, is invariant

under 7'( )(si) for all 1 <4 < 3. Thus, 72(1) is reducible. Now, consider the new basis {X, e, e3,e4} of
C* where eis are the standard unit vectors of C*. We can see that there is inconsistence in the shape
of the action of tau’s to the basis.

7 (s1) (X) =X,
73 (s1)(e2) =(F)er + (VI = fh)ea
=f( — (z)e2 — (5'32)63 — (2%)ea) + (V1 — fh)es
HX+ (V1= fh— fr)es—( 2f)63—(££3f)64
) ((ﬁm) (tr=sme)
=(f)X —e2 — e3 — e4,

f f?



Mohamad N. Nasser, Journal of Prime Research in Mathematics, 22(1) (2026), 104-119 114

7 (s1)(es) = e, 7 (s2)(ea) = e, 73 (53)(X) = X,
75 (s1)(ea) = ea, 7y (52)(X) = X, 73 (s3)(e2) = e,

7 (s2)(e2) = (—vV/T— Fh)es + (R)es, M (s3)(e3) = —(vVI— Fh)es + (h)ea,
M (s2)(e3) = (f)ez + (VI = [R)es, M (s3)(ea) = (f)es + (VI — fh)ea

Writing 7'2(1) in the new basis {X, ez, e3,e4} of C* and eliminating the first row and the first column gives

our required result for 7'2(2). O

Now we find necessary and sufficient conditions for the representation 7'2(2) : Ty — GL3(C), in the case
f # 0, to be irreducible. The case f = 0 is straightforward.

Theorem 3.7. Consider the representation 7'2(2) : Ty — GL3(C) given in Theorem with f # 0. Then,
72(2) is irreducible if and only if h #£ 0.

Proof. For the necessary condition, if ~ = 0 then we can see that the vector (1, %, %)T is invariant under

72(2)(31-) for all 1 <+¢ < 3, and so 72(2) is reducible. Now, for the sufficient condition, we have h £ 0. Assume

to get a contradiction that 72(2) is reducible and let U be a nontrivial subspace of C? which is invariant under

(

722). Then, the dimension of U is 1 or 2. We consider each case separately.

(1) The case dim(U) = 1. In this case, set U = (u) where u = aje; + ages + ages, where e}s are the
standard unit vectors of C3. We have the following

T

7'2(2)(32)(U) = (‘(\/ 1 — fh)ai + fag, hay + (/1 — fh)O<2,O<3) ev,

which implies that there exists a scalar § such that

(—(M)Oq + fag, har + (/1 — fh)as, a3)T = Pu = B(a1, a2, a3).
This means that § = 1 and so we get the following two equations.
—(v1—=fh)as + faz = aq, (3.14)
hai + (/1 — fh)as = as. (3.15)
Doing the same work for 72(2)(33) instead of 72(2)(32) gives the following two additional equations.
—(V1=fh)ag + faz = as, (3.16)

has + ( 1-— fh)Oég = Q3. (317)
This gives that

_1+V1I=TJh
042—#041

(1Jm/1—]fiz>2
ag=\——7F—"—"] o1,

and

f

and so we have that

oo (el (vt
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Now, we have

1— fh+I—fh
) f )

which implies that there exists a scalar & such that
(1 1—fh+v1—fh
) f )

This implies that £ = —1 and so we get that

1+yT—Fh 11— fh+T—Jh
f B f ’

which gives that fh = 0, a contradiction since both f and h are nonzero.

77\ 1
( 1_fh)1+1_fh> EU,

o (5) () = — (1 =

i\ T
( 1_fh)1+1_fh> = tu.

f2

(2) The case dim(U) = 2. In this case, set U = (u, v) where u = uje;+uges+usges and v = vye1+vaea+uvses.
We consider here two subcases.

o If uy = vy = 0, then we have TQ(Z)(SQ)(’U,) = (fu2)er + (V1 — fh)(us)ea + uz € U. But f # 0,
which implies that us = 0. In a similar way we can see that that vo = 0. So we get that both
vectors u and v are multiple of e3, and so they are linearly dependent, a contradiction.

e Suppose, without loss of generality, that u; # 0. Then, we have the following.

1 VI—Fh+1)? (VI=fh+1)3\"
W1=u1(72(2)(81)(U)—u>:—(2,( ";,+ S ]{2+ )) eU
and so .
W2 = flh (7’2(2)(82)(W1) — Wl) = (1, 1_’ffh_1,0> S U
and then

T
Wy = 1 (72 (53) (W) — W5 ) = (0, 1, 1_th_1) eu.

Now, elementary linear algebra gives that Wi, Ws, and W3 are three linearly independent vectors
in U which is of dimension 2, a contradiction.

(2)

Therefore, 7, is irreducbile in this case and the proof is completed. O
4. On the 3-local representations of VT,, and WT,,

In this section, we classify all homogeneous 3-local representations of VT, and W, for all n > 4.
Moreover, we study the irreducibility and faithfulness of these representations in most cases.

4.1. Classification of the 3 local representations of VI, and W',

We start by classifying all homogeneous 3-local representations of VT, for all n > 4.

Theorem 4.1. Consider n > 4 and let § : VT, — GL,+1(C) be a homogeneous 3-local representation of
VT,. Then, 0 is equivalent to one of the following fourteen representations 6;, 1 < j < 14, where

Ii—l 0 0 Ii—l 0 0
53'(81') == 0 Mj 0 and (S](pz) == 0 Nj 0
0 |0 |In—ia 0 |0 |In—ia1

for all1 <i <n —1, and the matrices M;’s and N;’s are given below.
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(1) My =

(2) My =

(3) M3 =

(4) My =

(5) M5 =

(6) Mg =

(7) M7 =

(8) Mg =

(9) My =

(10) My =

(11) My =

(12) My =

(13) Mys =

10 0 1 0 0
0 e % and Ny =10 0 p|, wheree e C, h,p € C*.
0 h —e 0 5 0
—e =20 0 k 0
d e 0] andNo= |1 0 0|, wheree€C, d,k € C*.
0 0 1 0 0 1
1 0 0 1 0 0
d —1 2p—dp?| and N3 = % -1 p|, whered € C, p € C*.
0 O 1 0 0 1
1 2k—hk* 0 1 kK 0
0 -1 0] and Ny= |0 —1 0|, where he C, k e C*.
0 h 1 0 ¢ 1
1 b 0 0 k£ O
0 =1 0] andNs= |7 0 O], wherebeC, ke C*.
0 0 1 0 0 1
-1 b 0 0 k£ O
0 1 0] and Ng= % 0 0|, wherebe C, k € C*.
0 0 1 0 0 1
1 00 1 00
0 1 0| and Ny = % 0 p|, wherep e C*.
0 1 0 01
1 00 1 k£ 0
0 1 0 and Ng= |0 —1 0], where k € C*.
00 1 0 ¢ 1
1 0 0 1 00

—1 0 | and Ng= |0 0 p|, wherepe C*.
0 0 -1 0 5 1
1 0 0 1 00

-1 0| and Nig= [0 0 p |, wherepe C*.
0 0 1 0 4 1
1 00 1 00
01 0) and Niy=1|0 0 p|, wherepe C*.
001 011

p

-1 0 0 1 k0

0 —1 0] and Nio = % 0 0], where k € C*.

0 0 1 0 0 1
1 00 1 k0
0 1 0| and N1z = % 0 0], where k € C*.
0 01 0 01
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1 0 0 1 0 0
(14) Mia= [0 1 0] and Nu={0 1 0
0 01 0 01
Proof. The proof is similar to the proof of Theorem O

We now classify all homogeneous 3-local representations of WT,, for all n > 4.

Theorem 4.2. Consider n > 4 and let v : WT,, — GL,+1(C) be a homogeneous 3-local representation of
WT,. Then, v is equivalent to one of the following five representations v;, 1 < j <5, where

Liei | O 0 Ii 1] 0 0
yj(si) = 0 Mj 0 and ’)/j(pl') = 0 Nj 0
0 10 |In—ia 0 |0 |In—i
for all1 <i <n—1, and the matrices M;’s and N;’s are given below.
1 0 0 1 0 0
(1) My=[0 0 }| and Ny= [0 0 p|, where h,p € C*.
0 h 0 0 4+ 0
P
0 Lo 0 kO
(2) Mo=[d 0 0] and No= |+ 0 0], whered,k € C*.
0 0 1 0 01
1 0 0 1 0 0
(3) Mz = % —1 p| and N3 = % —1 p |, wherep € C*.
0 0 1 0 0 1
1 k£ 0 1 k£ 0
(4) My=10 —1 0] and Ny= |0 —1 0|, where k € C*.
1 1
0 L 1 0 L1
100 1 00
(5) Ms= [0 1 0] andNs={0 1 0
0 01 0 01
Proof. The proof is similar to the proof of Theorem O

4.2. On the irreducibility of the 3-local representations of VI, and WT,
In this subsection, we prove that every homogeneous 3-local representation of VT, or WT,, is reducible

for all n > 4. We start by the following theorem regarding the group V'T,,.

Theorem 4.3. Consider n > 4 and let 6 : VT,, — GL,+1(C) be a homogeneous 3-local representation of
VT,. Then, 6 is reducible.

Proof. According to Theorem we know that ¢ is equivalent to one of the representations d;,1 < j < 14,
and so we consider the following cases.

(1) In the case d is equivalent to 6;,7 = 1,4,8,9,10,11,12, 14, we can see that the vector (1,0,...,0)T is
invariant under §;(s;) and 0;(p;) for all 1 <4 <n — 1. Thus, J; is reducible and so § is reducible.

(2) In the case § is equivalent to §;,j = 2,5,6,13, we can see that the vector (0,...,0,1)7 is invariant
under §;(s;) and 0;(p;) for all 1 <4 < n — 1. Thus, J; is reducible and so § is reducible.
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(3) In the case 0 is equivalent to d;,5 = 3,7, we can see that (1,0,...,0).0;(s;) = (1,0,...,0) and
(1,0,...,0).05(pi) = (1,0,...,0) for all 1 <¢ <mn — 1. Thus, J; is reducible and so ¢ is reducible.

O

Now, the next theorem is regarding the irreducibility of homogeneous 3-local representations of WT,, for
all n > 4.

Theorem 4.4. Consider n > 4 and let v : WT,, — GL,+1(C) be a homogeneous 3-local representation of
VT,. Then, v is reducible.

Proof. The proof is similar to that of Theorem O

4.8. On the faithfulness of the 3-local representations of V1, and WT,

In this subsection, we study the faithfulness of all homogeneous 3-local representations of V'T,, and WT,,
for all n > 4. We start by the following theorem regarding the group V'T,,.

Theorem 4.5. Consider n > 4 and let 6 : VT,, — GL,+1(C) be a homogeneous 3-local representation of
VT,. By Theorem 0 1is equivalent to one of the representations d;, 1 < j < 14. The following hold true.

(1) If § is equivalent to 01, then & is unfaithful if e = 1.
(2) If ¢ is equivalent to 02, then 0 is unfaithful if e = 1.

(8) If & is equivalent to O3, then 0 is unfaithful if d =

S

(4) If 6 is equivalent to d4, then 0 is unfaithful if h = %

(5) If 6 is equivalent to 65,5 < j < 14, then § is unfaithful.

Proof. We consider each case separately.
1) In the case § is equivalent to 6; and e = 1, we have 61((S;pit1)?) = Inq1 for all 1 < i < n — 2 with
Pi+ +
(sipix1)* are nontrivial elements in V'7T},. Hence, 01 is unfaithful and so § is unfaithful.
2) In the case ¢ is equivalent to d> and e = 1, we have 6a((si11pi)*) = Inq1 for all 1 < i < n — 2 with
+1P +
(si+1pi)* are nontrivial elements in VT},. Hence, & is unfaithful and so § is unfaithful.
3) In the case § is equivalent to 83 and d = L, we have §3(s;) = d5(p;) for all 1 < i <n — 1 with s; # p;.
p
Hence, §3 is unfaithful and so § is unfaithful.
(4) In the case § is equivalent to d4 and h = 1, we have d4(s;) = 64(p;) for all 1 <i < n —1 with s; # p;.
Hence, 64 is unfaithful and so § is unfaithful.
(5) In the case ¢ is equivalent to d;,5 < j < 14, we consider the following subcases.

e If § is equivalent to J5 then we have &5((s;pir1)?) = Inq1 for all 1 <4 < n — 2 with (s;p;11)* are
nontrivial elements in VT},. Hence, d5 is unfaithful and so § is unfaithful.

e If § is equivalent to d then we have &g((si11pi)*) = Ini1 for all 1 <i < n — 2 with (s;41p;)* are
nontrivial elements in VT,,. Hence, g is unfaithful and so ¢ is unfaithful.

e If § is equivalent to J7 then we have d7(s;) = I,41 for all 1 < i < n — 1. Hence, J; is unfaithful
and so ¢ is unfaithful.

e If § is equivalent to Jg then we have dg(s;) = I, 41 for all 1 < i < n — 1. Hence, Jg is unfaithful
and so ¢ is unfaithful.

e If § is equivalent to dg then we have 8g((s;s;41)%) = I,11 for all 1 < i < n — 2 with (s;s;41)? are
nontrivial elements in V'T},. Hence, dg is unfaithful and so § is unfaithful.

e If § is equivalent to d19 then we have d10((8;8541)%) = Iny1 for all 1 < i < n—2 with (s;s;41)? are
nontrivial elements in V'T},. Hence, d1¢ is unfaithful and so ¢ is unfaithful.

e If 0 is equivalent to d11 then we have d11(s;) = I,41 for all 1 <17 < n— 1. Hence, 17 is unfaithful
and so ¢ is unfaithful.
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e If § is equivalent to d12 then we have d12((8;8;41)%) = Iny1 for all 1 < i < n—2 with (s;s5;41)? are
nontrivial elements in V'T,,. Hence, 012 is unfaithful and so ¢ is unfaithful.

e If § is equivalent to d13 then we have d13(s;) = I,41 for all 1 <i < n— 1. Hence, d13 is unfaithful
and so ¢ is unfaithful.

e If 0 is equivalent to 614 then we have d14(s;) = In41 for all 1 <i <n—1. Hence, d14 is unfaithful

and so ¢ is unfaithful.
Now, we study the faithfulness of all homogeneous 3-local representations of WT,, for all n > 4.
O
Theorem 4.6. Consider n > 4 and let v : WT,, — GL,+1(C) be a homogeneous 3-local representation of

WT,. Then, ~v is unfaithful.

Proof. By Theorem 7 is equivalent to one of the representations v;, 1 < j < 5. We consider each case
separately.

(1) In the case v is equivalent to ~y;, j = 1,2, we have v;(s;si+15;) = In41 for all 1 <i < n—2 with s;5i415;
are nontrivial elements in WT,,. Hence, v; is unfaithful and so v is unfaithful.

(2) In the case v is equivalent to 7;,3 < j < 5, we have v;(s;) = vj(p;) for all 1 <i <n —1 with s; # p;.
Hence, v; is unfaithful and so « is unfaithful.
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