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Abstract

In this paper, we examine the oscillatory behavior of solutions to nth-order neutral dynamic equations
with advanced arguments in the non-canonical form. Unlike previous studies, we introduce new criteria to
ensure the oscillation of the considered equation. The results presented here generalize and enhance several
existing findings, applicable to arbitrary time scales. To demonstrate the applicability and effectiveness of
our results, An illustrative example is provided.
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1. Introduction

In this article, we introduce new oscillation criteria for the higher-order dynamic equations of the form

(r(ϑ)(κα(ϑ) + p(ϑ)κ(η(ϑ)))∆
n−1

)∆ + q(ϑ)f(κ(ϱ(ϑ))) = 0, ϑ ≥ ϑ0 > 0, (1.1)

where n ≥ 2 is even , the following assumptions will be essential

(H1) α > 1 is a ratio of two odd natural numbers;

(H2) r ∈ C1
rd ([ϑ0,∞)T , (0,∞)) , r∆(ϑ) > 0, p(ς) ∈ Crd ([ϑ0,∞)T , (0, 1)), q(ϑ) ∈ Crd ([ϑ0,∞)T , (0,∞)), p, q

are not identically zero for large ϑ;

(H3) η, ϱ ∈ C1
rd ([ϑ0,∞)T , (0,∞)) , η(t) ≤ ϑ, ϱ(ϑ) ≥ ϑ, ϱ∆(ϑ) > 0 and limϑ→∞ η(ϑ) = ∞;
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(H4) f ∈ C(T,T),κf(κ) > 0 for all κ ̸= 0, and there exists a positive constant k such that f(κ)
κα ≥ k for

all κ ̸= 0.

Inspired by Trench [1], we define Eq. (1.1) as being in canonical form if the following condition holds:∫ ∞

ϑ0

∆s

r(s)
= ∞. (1.2)

Conversely, Eq. (1.1) is considered to be in non-canonical form if:∫ ∞

ϑ0

∆s

r(s)
<∞. (1.3)

A solution of (1.1) is understood to be a real-valued function κ ∈ C ([ϑκ,∞)T,R), defined for all ϑκ ≥ ϑ0,
that satisfies (1.1) on [ϑκ,∞)T. Additionally, κα(ϑ) + p(ϑ)κ(η(ϑ)) and r(ϑ) (κα(ϑ) + p(ϑ)κ(η(ϑ))) must
be continuously differentiable for t ∈ [ϑx,∞)T. We concentrate on solutions κ(ϑ) of (1.1) that satisfy
sup{|κ(ϑ)| : ϑ ≥ ϑa} > 0 for all ϑa ≥ ϑκ, and we assume the existence of such solutions.

A solution of (1.1) is termed oscillatory if it has an infinite number of zeros on [ϑ0,∞)T; otherwise, it is
considered nonoscillatory. Equation (1.1) is classified as oscillatory if all its solutions are oscillatory.

The initial development of dynamic equations on time scales is attributed to Hilger [2] as a unifying
framework for differential and difference equations. Over the years, significant theoretical advancements
have been made in this field. For foundational insights into time scales, refer to [3, 4].

A time scale, denoted by T, is defined as a nonempty closed subset of the real numbers, inheriting the
standard topology of R. Intervals on T are represented as the intersection of conventional intervals with
T. Key operators include the forward jump operator σ(ϑ) := inf(ϑ,∞)T and the backward jump operator
ρ(ϑ) := sup(−∞, ϑ)T, which describe the evolution of points on T. The graininess function µ(ϑ) := σ(ϑ)−ϑ
quantifies the step size between consecutive points. Points on T are classified as right-dense if σ(ϑ) = ϑ (or
µ(ϑ) = 0) and right-scattered otherwise, with analogous definitions for left-dense and left-scattered points
using ρ(ϑ). Crd(T,R) represents the set of all rd-continuous functions f : T → R.C1

rd(T,R) denotes the
subset of Crd(T,R) containing functions with rd-continuous derivatives.

Taylor monomials hn : T× T → R, n ∈ N0 (see [3], Sec. 1.6), are recursively defined as:

h0(ϑ, s) = 1, h1(ϑ, s) = ϑ− s, and hn+1(ϑ, s) =

∫ ϑ

s
hn(δ, s)∆δ,

for ϑ, s ∈ T and n ≥ 1. Computing hn(ϑ, s) for n ≥ 2 is generally nontrivial, but for specific time scales like
T = R or T = Z, these functions can be easily determined:

hn(ϑ, s) =
(ϑ− s)n

n!
for all s, ϑ ∈ R,

hn(ϑ, s) =
(ϑ− s+ n− 1)(n)

n!
for all s, ϑ ∈ Z.

The following results are essential for subsequent analysis:

Theorem 1.1. [3] Let Ω : T → R be strictly increasing, and let T̃ := Ω(T) be a time scale. If Ψ : T̃ → R
satisfies Ψ∆̃[Ω(ϑ)] and Ω∆(ϑ) exist for ϑ ∈ Tk, then:

(Ψ[Ω(ϑ)])∆ = Ψ∆̃[Ω(ϑ)]Ω∆(ϑ).

Lemma 1.2. [5] Let n ∈ N, Λ ∈ Cn
rd(T,R), and supT = ∞. Suppose Λ is either positive or negative, Λ∆n

is not identically zero, and is either nonnegative or nonpositive on [ϑ0,∞)T for some ϑ0 ∈ T. Then, there
exist ϑ1 ∈ [ϑ0,∞)T and m ∈ [0, n)Z such that:
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• Λ(ϑ)Λ∆ȷ
(ϑ) > 0 for all ϑ ∈ [ϑ0,∞)T and ȷ ∈ [0,m)Z,

• (−1)m+ȷΛ(ϑ)Λ∆j
(ϑ) ≥ 0 for all ϑ ∈ [ϑ0,∞)T and ȷ ∈ [m,n)Z.

Lemma 1.3. [6] Let supT = ∞, n ∈ N, and Λ ∈ Cn
rd([ϑ0,∞),R+

0 ) with Λ∆n ≤ 0 on [ϑ0,∞)T. If Lemma
1.2 holds with m ∈ [0, n)Z and s ∈ [ϑ0,∞)T, then:

Λ(ϑ) ≥ hm(ϑ, s)Λ∆m
(ϑ) for all ϑ ∈ [s,∞)T. (1.4)

Lemma 1.4. [7] Let supT = ∞ and Λ ∈ Cn
rd(T,R+), (n ≥ 2). Suppose Kneser’s theorem holds with

m ∈ [1, n)N and Λ∆n
(ϑ) ≤ 0 on T. Then, there exists a sufficiently large ϑ1 ∈ T such that:

Λ∆(ϑ) ≥ hm−1(ϑ, ϑ1)Λ
∆m

(ϑ) for all ϑ ∈ [ϑ1,∞)T.

Recent years have seen significant progress in the study of oscillatory behavior in delay differential
equations. Works such as [8, 9, 10, 11, 12] have established criteria for the oscillation of neutral second-order
differential equations. Similarly, [13, 14, 15, 16, 17] have contributed novel results on third-order equations.
Higher-order equations have also been explored in [28, 18, 19, 20, 21, 22], with improved techniques for
analyzing their oscillatory behavior. Extending these findings to dynamic equations remains an active area
of research.

Much of the literature on the oscillation of dynamic equations has relied on comparison, integral aver-
aging, and Riccati transformation techniques [7, 28, 23, 24, 25, 26, 27, 29]. However, there is a noticeable
gap in the study of higher-order dynamic equations.

For Example, Grace [30] introduced new criteria for the oscillation of even-order dynamic equations in
canonical form: (

r(ϑ)
(
κ∆n−1

(ϑ)
)α)∆

+ q(ϑ)(κ(ϑ))α = 0.

Recently, El-sheikh et al. [31] provided sufficient conditions for the oscillation of solutions to nonlinear
neutral delay dynamic equations:(

r(ϑ)
(
(κ(ϑ) + p(ϑ)κ(τ(ϑ)))∆

n−1
(ϑ)
)α)∆

+ q(ϑ)f(κ(δ(ϑ))) = 0, ϑ ∈ [ϑ0,∞)T,

where α ≥ 1 is a quotient of odd positive integers, and 0 ≤ p(ϑ) ≤ p0 < ∞, in both canonical and
noncanonical cases.

Grace et al. [32] recently presented oscillation criteria for noncanonical higher-order nonlinear neutral
dynamic equations: (

a(ϑ)
(
(κ(ϑ) + p(ϑ)κγ(δ(ϑ)))∆

n−1
(ϑ)
)α)∆

+ q(ϑ)κβ(τ(ϑ)) = 0,

covering both sublinear and superlinear neutral terms.
In [33], Mert established oscillation conditions for nth-order neutral dynamic equations with distributed

deviating arguments:

[κα(ϑ) + p(ϑ)κ(τ(ϑ))]∆
n

+

∫ d

c

2∑
i=1

λiqi(ϑ, ξ)fi (κ (ηi(ϑ, ξ)))∆ξ = g(ϑ), ϑ ∈ [ϑ0,∞),

where α ≥ 1 is a quotient of odd positive integers, λ1, λ2 ∈ {−1, 0, 1}, and c, d, ϑ0 ∈ T.
Recent work by Shi et al. [34] focused on second-order half-linear neutral differential equations with

advanced arguments: (
r(ϑ)

(
(κ(ϑ) + p(ϑ)κ(τ(ϑ)))′

)α)′
+ q(ϑ)κα(σ(ϑ)) = 0, ϑ ≥ ϑ0,

under the conditions π(ϑ) =
∫∞
ϑ r−

1
α (s)ds <∞, σ(ϑ) ≥ ϑ, and infϑ≥ϑ0

(
1− p(ϑ)π(τ(ϑ))π(ϑ)

)
> 0.
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Muhib [35] extended the techniques in [34] to derive oscillation criteria for second-order differential
equations: (

r(ϑ) (κα(ϑ) + q(ϑ)κ(λ(ϑ)))′
)′
+

m∑
i=1

hi(ϑ)g (κ (σi(ϑ))) = 0,

where α > 1 is a ratio of odd natural numbers, under the conditions
∫∞
ϑ0

1
r(s)ds <∞, 0 < 1−q(ϑ)π(λ(ϑ))π(ϑ) < 1,

and infθ≥ϑ1

(
1− q(ϑ)π(λ(ϑ))π(ϑ)

)
> 0.

Motivated by these advancements, we establish new sufficient conditions for the oscillation of all solutions
of (1.1), where infϑ≥ϑ0

p(ϑ)

φ1− 1
α (η(ϑ))

̸= 0 and φ(ϑ) is a positive decreasing function converges to zero as ϑ→ ∞.

These results generalize and improve upon previous findings, even for special cases such as T = R and T = Z.

2. Our Main Result

To simplify our analysis of nonoscillatory solutions of equation (1.1), we consider only those that are
eventually positive, without loss of generality. The following notation is defined:

𭟋(ϑ) = κα(ϑ) + p(ϑ)κ(η(ϑ)),

ξ(ϑ) =

∫ ∞

ϑ

∆s

r(s)
,

ξ(ϑ) = ξ(ϑ) + k

∫ ∞

ϑ
q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))ξ(σ(s))∆s.

To demonstrate our findings, we shall provide the following Lemma.

Lemma 2.1. Assume that κ(ϑ) is an eventually positive solution of (1.1) on [ϑ1,∞)T , where ϑ1 ≥ ϑ0.
Furthermore, suppose that (1.3) holds and ∫ ∞

ϑ0

q(s)∆s = ∞. (2.1)

Then,
𭟋(ϑ) > 0,𭟋∆(ϑ) > 0, · · ·𭟋∆n−2

(ϑ) > 0, 𭟋∆n−1
(ϑ) < 0, (2.2)

and
(
𭟋∆n−2(ϑ)

ξ(ϑ)

)∆
≥ 0 on [ϑ1,∞)T.

Proof. Suppose that (1.1) has a nonoscillatory solution on [ϑ0,∞)T. We suppose, without loss of generality,
that there exists a ϑ1 ∈ [ϑ0,∞)T such that κ(ϑ), κ(η(ϑ)), κ(ϱ(ϑ)) > 0 on [ϑ1,∞)T. From (1.1), we can
obtain

(r(ϑ)𭟋∆n−1
(ϑ))∆ = −q(ϑ)f(κ(ϱ(ϑ))) ≤ −kq(ϑ)κα(ϱ(ϑ)) ≤ 0. (2.3)

Then, the function (r(ϑ)𭟋∆n−1
(ϑ)) is strictly decreasing. Consequently, 𭟋∆n−1

(ϑ) is either eventually posi-
tive or eventually negative for ϑ ≥ ϑ2 ≥ ϑ1 such that.

1. 𭟋∆n−1
(ϑ) > 0 and (r(ϑ)𭟋∆n−1

(ϑ))∆ ≤ 0;

2. 𭟋∆n−1
(ϑ) < 0 and (r(ϑ)𭟋∆n−1

(ϑ))∆ ≤ 0.

The preceding cases apply to all values of n, while the subcases involving 𭟋∆n ≤ 0 on [ϑ1,∞)T are
excluded because of the condition limϑ→∞ κ(ϑ) > 0.
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Consider the firs case (i) holds, we have 𭟋∆ > 0 for ϑ ≥ ϑ2 . Then

κα(ϑ) = 𭟋(ϑ)− p(ϑ)κ(η(ϑ)) ≥ 𭟋(ϑ)− p(ϑ)𭟋
1
α (η(ϑ)) = 𭟋(ϑ)− p(ϑ)

𭟋(ϑ)

𭟋(ϑ)
𭟋

1
α (η(ϑ))

≥ 𭟋(ϑ)− p(ϑ)
𭟋(ϑ)

𭟋(η(ϑ))
𭟋

1
α (η(ϑ)) = 𭟋(ϑ)

[
1− p(ϑ)

𭟋1− 1
α (η(ϑ))

]
, for ϑ ≥ ϑ2.

The positivity and increasing nature of 𭟋(ϑ) imply the existence of ϑ3 ≥ ϑ2 and a positive decreasing

function φ(ϑ) = 𭟋(ϑ) ξ(ϑ)
ξ(ϑ3)

converges to zero as ϑ tends to ∞ such that 𭟋(ϑ) ≥ φ(ϑ) for ϑ ≥ ϑ3 and
consequently, we have

κα(ϱ(ϑ)) ≥ 𭟋(ϱ(ϑ))

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]
, ϑ ≥ ϑ3. (2.4)

Using (2.4) into (2.3), we obtain

(r(ϑ)𭟋∆n−1
(ϑ))∆ ≤ −kq(ϑ)𭟋(ϱ(ϑ))

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]
. (2.5)

Define the Riccati transformation as follows:

w(ϑ) :=
r(ϑ)𭟋∆n−1

(ϑ)

𭟋(ϱ(ϑ))
. (2.6)

Clearly, w(ϑ) > 0 and

w∆(ϑ) =
(r(ϑ)𭟋∆n−1

(ϑ))∆

𭟋(ϱ(ϑ))
+ (r(σ(ϑ))𭟋∆n−1

(σ(ϑ)))

(
1

𭟋(ϱ(ϑ))

)∆

=
(r(ϑ)𭟋∆n−1

(ϑ))∆

𭟋(ϱ(ϑ))
− 𭟋∆(ϱ(ϑ))ϱ∆(ϑ)

𭟋(ϱ(ϑ))𭟋(ϱ(σ(ϑ)))
(r(σ(ϑ))𭟋∆n−1

(σ(ϑ)))

≤ −kq(ϑ)

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]
− 𭟋∆(ϱ(ϑ))ϱ∆(ϑ)

𭟋(ϱ(ϑ))
w(σ(ϑ))

≤ −kq(ϑ)

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]
.

Upon integrating the inequality from ϑ3 to ϑ, we get

w∆(ϑ) ≤ w(ϑ2)− k

∫ ϑ

ϑ2

q(s)

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]
∆s

≤ −k inf
ϑ≥ϑ3

[
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

]∫ ϑ

ϑ3

q(s)∆s.

Calling the assumption (2.1), we deduce that w(ϑ) < 0 for all large enough ϑ, leading to a contradiction..
As a result, the case 𭟋∆n−1

> 0 is ruled out and 𭟋∆n−1
< 0. By virtue of Lemma 1.2 and Lemma 1.3, we

obtain
𭟋(ϑ) > 0,𭟋∆(ϑ) > 0, · · · ,𭟋∆n−2

(ϑ) > 0, 𭟋∆n−1
(ϑ) < 0, for ϑ ≥ ϑ3.

Furthermore, because r(ϑ)𭟋∆n−1(ϑ) is monotonic, it follows that

𭟋∆n−2
(ϑ) ≥ −

∫ ∞

ϑ

r(s)𭟋∆n−1
(s)

r(s)
∆s

≥ −r(ϑ)𭟋∆n−1
(ϑ)

∫ ∞

ϑ

∆s

r(s)

≥ −r(ϑ)𭟋∆n−1
(ϑ)ξ(ϑ). (2.7)
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Hence, (
𭟋∆n−2

(ϑ)

ξ(ϑ)

)∆

=
ξ(ϑ)𭟋∆n−1

(ϑ)−𭟋∆n−2
(ϑ)ξ∆(ϑ)

ξ(ϑ)ξ(σ(ϑ))∨
=
ξ(ϑ)r(ϑ)𭟋∆n−1

(ϑ) +𭟋∆n−2
(ϑ)

r(ϑ)ξ(ϑ)ξ(σ(ϑ))
≥ 0.

This completes the proof.

Theorem 2.2. Assume that conditions (1.3) and (2.1) hold. If there exists a positive decreasing function
φ(ϑ) converging to zero as ϑ tends to ∞ such that

0 < 1− p(ϑ)

φ1− 1
α (η(ϑ))

< 1, inf
ϑ≥ϑ1

(
1− p(ϑ)

φ1− 1
α (η(ϑ))

)
> 0 (2.8)

and ∫ ∞

ϑ0

(
1

r(u)

∫ u

ϑ0

q(s)hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s

)
∆u = ∞, (2.9)

then (1.1) oscillates.

Proof. Assume that (1.1) is non-oscillatory . Without loss of generality, we may assume that κ(ϑ) >
0, κ(η(ϑ)) > 0 and κ(ϱ(ϑ)) > 0 on [ϑ1,∞)T. By virtue of (2.1), (1.3) and fact that ξ∆(ϑ) = −1

r < 0, it
follows that the integral ∫ ∞

ϑ0

q(s)hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s

is unbounded. Since 𭟋∆(ϑ) > 0, following the proof of Lemma 2.1, we obtain (2.4) for ϑ ≥ ϑ2 ≥ ϑ1.
Moreover, by Lemma 2.1, there exists ϑ3 ∈ [ϑ2,∞)T such that 𭟋(ϑ) satisfies (2.2). Finally, applying
Lemma 1.3 with m = n− 2, we deduce that

𭟋(ϑ) ≥ hn−2(ϑ, ϑ1)𭟋∆n−2
(ϑ), for ϑ ≥ ϑ3. (2.10)

Using (2.4) and (2.10) in (2.3), we get

(r(ϑ)𭟋∆n−1
(ϑ))∆ ≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
𭟋(ϱ(ϑ))

≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)𭟋∆n−2

(ϱ(ϑ)). (2.11)

Using the nondecreasing fact of 𭟋∆n−2
(ϑ)

ξ(ϑ) , then there exists a constant c > 0 such that 𭟋∆n−2
(ϑ) ≥ cξ(ϑ).

Hence, (2.11) takes the form

(r(ϑ)𭟋∆n−1
(ϑ))∆ ≤ −ckq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(ϱ(ϑ)). (2.12)

Integrating (2.12) form ϑ3 to ϑ, we get

r(ϑ)𭟋∆n−1
(ϑ) ≤ r(ϑ)𭟋∆n−1

(ϑ)− r(ϑ1)𭟋∆n−1
(ϑ1)

≤ −ck
∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s.
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I.e.,

𭟋∆n−1
(ϑ) ≤ − ck

r(ϑ)

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s. (2.13)

Integrating (2.13) once more from ϑ3 to ϑ yields

𭟋∆n−2
(ϑ) ≤ 𭟋∆n−2

(ϑ3)−
∫ ϑ

ϑ3

(
ck

r(u)

∫ u

ϑ3

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s

)
∆u

≤ 𭟋∆n−2
(ϑ3)− ck inf

ϑ≥ϑ3

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)∫ ϑ

ϑ3

(
1

r(u)

∫ u

ϑ3

q(s)hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s

)
∆u.

(2.14)

According to assumptions (2.8) and (2.9), the last inequality leads to 𭟋∆n−2 → −∞ as ϑ → ∞, which is a
contradiction. The proof is complete.

Theorem 2.3. Assume that (1.3) and (2.1) hold. If there exists a positive decreasing function φ(ϑ) con-
verging to zero as ϑ approaches ∞ satisfies (2.8) and

lim sup
ϑ→∞

kξ(ϱ(ϑ))

∫ ϑ

ϑ1

q(s)hn−2(ϱ(s), ϑ1)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
∆s > 1, (2.15)

then, (1.1) is oscillatory.

Proof. Suppose on the contrary that (1.1) is non-oscillatory and let κ(ϑ) is an eventually positive solution of
(1.1) on [ϑ0,∞)T. We could assume, without loss of generality, that κ(ϑ) > 0, κ(η(ϑ)) > 0 and κ(ϱ(ϑ)) > 0
for ϑ ≥ ϑ1 ≥ ϑ0. It follows from (2.1) that 𭟋(ϑ) satisfies (2.2). Integrating (1.1) from ϑ1 to ϑ and taking
into account (2.10), we get

−r(ϑ)𭟋∆n−1
(ϑ) = −r(ϑ1)𭟋∆n−1

(ϑ1) + k

∫ ϑ

ϑ1

q(s)κα(ϱ(s))∆s ≥ k

∫ ϑ

ϑ1

q(s)κα(ϱ(s))∆s

≥ k

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
𭟋(ϱ(s))∆s

≥ k

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)𭟋∆n−2

(s)∆s

≥ k𭟋∆n−2
(ϱ(ϑ))

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)∆s.

Taking into account (2.7); it follows that

−r(ϑ)𭟋∆n−1
(ϑ) ≥ −kr(ϱ(ϑ))𭟋∆n−1

(ϱ(ϑ))ξ(ϱ(ϑ))

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)∆s.

By virtue the decreasing fact of r(ϑ)𭟋∆n−1
(ϑ) and ϱ(ϑ) ≥ ϑ, we get

−r(ϑ)𭟋∆n−1
(ϑ) ≥ −kr(ϑ)𭟋∆n−1

(ϑ)ξ(ϱ(ϑ))

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)∆s. (2.16)
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It follows that

kξ(ϱ(ϑ))

∫ t

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)∆s ≤ 1, ϑ ≥ ϑ1 (2.17)

and

lim sup
t→∞

kξ(ϱ(ϑ))

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)∆s ≤ 1.

This is a contradiction. As a result of that, the proof is complete.

Theorem 2.4. Assume that (1.3) and (2.1) hold. If there exists a positive decreasing function φ(ϑ) con-
verging to zero as ϑ approaches ∞ satisfies (2.8) and

lim inf
ϑ→∞

∫ ϱ(ϑ)

ϑ
q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s >

1

ek
, (2.18)

then (1.1) is oscillatory.

Proof. Let κ(ϑ) be a non-oscillatory solution of (1.1). We can assume, without loss of generality, that
κ(ϑ) > 0, κ(η(ϑ)) > 0 and κ(ϱ(ϑ)) > 0 for ϑ ≥ ϑ1 ≥ ϑ0. By virtue of (2.1) and Lemma 2.1, we wee that
𭟋(ϑ) satisfies (2.2). Now, define ψ(ϑ) = 𭟋∆n−2

(ϑ) + r(ϑ)𭟋∆n−1(ϑ)ξ(ϑ) ≥ 0, then

ψ∆(ϑ) = 𭟋∆n−1
(ϑ) + ξ∆(ϑ)(r(ϑ)𭟋∆n−1

(ϑ)) + ξ(σ(ϑ))(r(ϑ)𭟋∆n−1
(ϑ))∆

= (r(ϑ)𭟋∆n−1
(ϑ))∆ξ(σ(ϑ)) ≤ 0. (2.19)

From (1.1) and (2.11); (2.19) takes the form

ψ∆(ϑ) ≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)𭟋∆n−2

(ϱ(ϑ))ξ(σ(ϑ)). (2.20)

Integrating (2.20) from ϑ to ∞ and taking in our account (2.7), we conclude that

ψ(ϑ) ≥ k

∫ ∞

ϑ
q(s)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(s), ϑ1)𭟋∆n−2

(ϱ(s))ξ(σ(s))∆s

≥ k

∫ ∞

ϑ
q(s)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(s), ϑ1)(−r(ϱ(s))𭟋∆n−1

(ϱ(s)))ξ(ϱ(s))ξ(σ(s))∆s

≥ k

∫ ∞

ϑ
q(s)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(s), ϑ1)(−r(s)𭟋∆n−1

(s))ξ(ϱ(s))ξ(σ(s))∆s

≥ k(−r(ϑ)𭟋∆n−1
(ϑ))

∫ ∞

ϑ
q(s)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(s), ϑ1)ξ(ϱ(s))ξ(σ(s))∆s. (2.21)

Using the definition of ψ(ϑ) and (2.21), we have

𭟋∆n−2
(ϑ) ≥ −r(ϑ)𭟋∆n−1

(ϑ)ξ(ϑ). (2.22)

Substituting into (2.11), we obtain

−(r(ϑ)𭟋∆n−1
(ϑ))∆ ≥ kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)(−r(ϱ(ϑ))𭟋∆n−1

(ϱ(ϑ))ξ(ϱ(ϑ)).
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Consider Υ(ϑ) := −r(ϑ)𭟋∆n−1
(ϑ). As a result , Υ(ϑ) is an eventually positive solution of the first-order

advanced dynamic inequality

Υ∆(ϑ)− kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(ϱ(ϑ))Υ(ϱ(ϑ)) ≥ 0.

According to Theorem 2.4 in [36], (1.1) cannot admit an eventually positive solution. On the other hand
(2.18) guarantees the oscillation of (1.1). This contradiction establishes that the assumption of a non-
oscillatory solution is invalid, thereby completing the proof.

The following Theorem introduce a new oscillation criterion using Riccati substitution

Theorem 2.5. Assume that (1.3) and (2.1) hold. If there exists a positive decreasing function φ(ϑ) tends

to zero as ϑ tends to ∞ satisfies 0 < 1− p(ϑ)

φ1− 1
α (η(ϑ))

< 1 and

lim sup
ϑ→∞

∫ ϑ

ϑ0

(
kq(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(σ(s))−

ξ(s))

4r(s)ξ2(σ(s))

)
∆s = ∞, (2.23)

then (1.1) is oscillatory.

Proof. Assume that κ(ϑ) is a non-oscillatory solution of (1.1) on [ϑ0,∞)T such that κ(ϑ) > 0, κ(η(ϑ)) > 0
and κ(ϱ(ϑ)) > 0 for ϑ ∈ [ϑ1,∞)T, so that κ(ϑ) fulfills the conditions outlined of Lemma 2.1 on [ϑ0,∞)T.
Define the following Riccati substitution

υ(ϑ) =
r(ϑ)𭟋∆n−1(ϑ)

𭟋∆n−2(ϑ)
, ϑ ≥ ϑ1. (2.24)

Differentiating (2.24), we obtain

υ∆(ϑ) =
(r(ϑ)𭟋∆n−1

(ϑ))∆

𭟋∆n−2(ϑ)
+ (r(σ(ϑ))𭟋∆n−1

(σ(ϑ)))

(
1

𭟋∆n−2(ϑ)

)∆

≤ (r(ϑ)𭟋∆n−1
(ϑ))∆

𭟋∆n−2(ϑ)
− r(ϑ)(𭟋∆n−1

(ϑ))2

𭟋∆n−2(ϑ)𭟋∆n−2(σ(ϑ))

≤ (r(ϑ)𭟋∆n−1
(ϑ))∆

𭟋∆n−2(ϑ)
− r(ϑ)(𭟋∆n−1

(ϑ))2

(𭟋∆n−2(ϑ))2
. (2.25)

Using (2.11) and (2.24) leads to

υ∆(ϑ) ≤
−kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)𭟋∆n−2

(ϱ(ϑ))

𭟋∆n−2(ϑ)
− υ2(ϑ)

r(ϑ)
. (2.26)

Applying the increasing fact of 𭟋∆n−2
(ϑ)

ξ(ϑ) ; (2.26) takes the form

υ∆(ϑ) ≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)

ξ(ϱ(ϑ))

ξ(ϑ)
− υ2(ϑ)

r(ϑ)
. (2.27)

Multiplying both sides of (2.27) by ξ(ϑ), yields

(υ(ϑ)ξ(ϑ))∆ +
υ(σ(ϑ))

r(ϑ)
= υ∆(ϑ)ξ(ϑ)

≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(σ(ϑ))−

υ2(ϑ)ξ(ϑ)

r(ϑ)
.
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I.e.,

(υ(ϑ)ξ(ϑ))∆ ≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(σ(ϑ))−

υ2(ϑ)ξ(ϑ)

r(ϑ)
− υ(σ(ϑ))

r(ϑ)
. (2.28)

Since r(ϑ)𭟋∆n−1
(ϑ) is negative and decreasing, and 𭟋∆n−2

(ϑ)
ξ(ϑ) is positive and increasing with σ(ϑ) ≥ ϑ, then

we have

υ2(ϑ) =
(r(ϑ)𭟋∆n−1

(ϑ))2

(𭟋∆n−2(ϑ))2
≥ (r(σ(ϑ))𭟋∆n−1

(σ(ϑ)))2

(𭟋∆n−2(ϑ))2
≥ υ2(σ(ϑ))

(
ξ(σ(ϑ))

ξ(ϑ)

)2

.

Substituting into (2.28), we get

(υ(ϑ)ξ(ϑ))∆ ≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(σ(ϑ))−

υ2(σ(ϑ))ξ2(σ(ϑ))

r(ϑ)ξ(ϑ)
− υ(σ(ϑ))

r(ϑ)

≤ −kq(ϑ)

(
1− p(ϱ(ϑ))

φ1− 1
α (η(ϱ(ϑ)))

)
hn−2(ϱ(ϑ), ϑ1)ξ(σ(ϑ)) +

ξ(ϑ)

4r(ϑ)ξ2(σ(ϑ))
.

Performing the definite integral from ϑ1 to ϑ, we obtain

υ(ϑ)ξ(ϑ)− υ(ϑ1)ξ(ϑ1) ≤− k

∫ ϑ

ϑ1

q(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(σ(s))∆s

+

∫ ϑ

ϑ1

ξ(s)

4r(s)ξ2(σ(s))
∆s. (2.29)

From (2.7) and (2.24), we get
−1 ≤ υ(ϑ)ξ(ϑ) < 0, ϑ ≥ ϑ2. (2.30)

Combining (2.29) with (2.30), we conclude that

1 + υ(ϑ1)ξ(ϑ1) ≥
∫ ϑ

ϑ1

[
kq(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), ϑ1)ξ(σ(s))−

ξ(s)

4r(s)ξ2(σ(s))

]
∆s.

Letting ϑ→ ∞, we obtain a contradiction with (2.23). This completes the proof.

Example 2.6. Consider for T = R, the second-order differential equation with q0 > 0(
ϑ2
(
κ3(ϑ) +

1

3ϑ
κ (ϑ− 2)

)′)′

+ q0ϑκ(3ϑ) = 0, ϑ > 2. (2.31)

Here, n = 2, r(ϑ) = ϑ2, α = 3, p(ϑ) = 1
3ϑ , η(ϑ) = ϑ − 2, q(ϑ) = q0ϑ and ϱ(ϑ) = 3ϑ. It is known that for

T = R; hn(ϑ, s) = (ϑ−s)n

n! . Choosing φ(ϑ) = 1

ϑ
3
2
, we observe that

inf
ϑ≥ϑ0

p(ϑ)

φ1− 1
α (η(ϑ))

= inf
ϑ≥ϑ0

ϑ− 2

3ϑ
̸= 0,

0 < 1− p(ϑ)

φ1− 1
α (η(ϑ))

= 1− ϑ− 2

3ϑ
=

2

3
+

2

3ϑ
< 1

and

ξ(ϑ) =

∫ ∞

ϑ

∆s

r(s)
=

∫ ∞

ϑ

ds

s2
=

1

ϑ
<∞.
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It follows that condition (2.9) becomes∫ ∞

ϑ0

(
1

r(u)

∫ u

ϑ0

q(s)hn−2(ϱ(s), ϑ1)ξ(ϱ(s))∆s

)
∆u

=

∫ ∞

ϑ0

(
1

u2

∫ u

ϑ0

q0s

3s
ds

)
du =

∫ ∞

ϑ0

(
1

u2

∫ u

ϑ0

2q0
3
ds

)
du = ∞.

Using Theorem 2.2, every solution of Eq. (2.31) is oscillatory. In addition, we have∫ ∞

ϑ0

q(s)∆s =

∫ ∞

ϑ0

q0sds = ∞

and

lim sup
ϑ→∞

∫ ϑ

ϑ0

(
kq(s)

(
1− p(ϱ(s))

φ1− 1
α (η(ϱ(s)))

)
hn−2(ϱ(s), t1)ξ(σ(s))−

ξ(s))

4r(s)ξ2(σ(s))

)
∆s

= lim sup
ϑ→∞

∫ ϑ

ϑ0

(
q0s

(
2

3
+

2

9s

)
1

s
−

1
s

4s2 1
s2

)
ds = lim sup

ϑ→∞

∫ ϑ

ϑ0

(
2q0
3

+
2q0
9s

− 1

4s

)
ds = ∞.

Using Theorem 2.5, we have the same coclusion that every solution of Eq. (2.31) is oscillatory. Figure 1
presents some numerical solutions of Eq.(2.31)

Figure 1: Solutions of (2.31) for different values of q0
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