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ABSTRACT. In this paper we develop the theory of almost periodic func-
tions defined on R™ with values in locally convex spaces and Fréchet spaces.
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1. INTRODUCTION

The theory of almost periodic functions was started between 1923 and 1926
by Harald Bohr (1887-1951) (13). The theory has attracted many mathemati-
cians for decades. Some generalizations of the concept have been introduced
successfully by V.V. Stepanov and A.S Besicovitch (4). Almost periodic func-
tions with values in Banach spaces was first studied by S. Bochner (16) and
developed by many mathematicians like C. Corduneanu (8), S. Zaidman (17)
, J.A. Goldstein, L. Amerio, G. Prouse (15), and A.M. Fink (2) etc. The the-
ory of almost periodic functions defined on R™ with values in a locally convex
space or in a Fréchet space was first studied by G.M. N Guérékata e.g see (9,
10, 11, 12). In the monograph of S. Zaidman (17) the theory of almost peri-
odic functions defined on R™ with values in Banach spaces is elaborated but
the theory of almost periodic functions defined on R™ with values in Locally
convex spaces or Fréchet spaces was not developed yet. In this paper we define
almost periodicity of functions which are defined on R™ and have values in a
locally convex space or in a Fréchet space and give some results.
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Now we recall the following facts about the Euclidean R"”, locally convex
spaces and Fréchet spaces

2. PRELIMINARIES

Let R™ be the usual Euclidean n-dimensional space. The elements x of R™
are the n-tuples = (21,9, ..., z,) and a norm of x € R" is given by

1
||| = (2% + 23 + ... + 22)2

A closed ball B(zg;r) in R" with center x and radius 7 > 0 is defined by the set

B(wo;r) ={z € R" : ||z — z0|| < 1}
Definition 1. A set P is said to be relatively dense in R™ if there exists a
number r > 0 such that PN B(xz;r) # 0, for all x € R™.

We also have the following two important theorems for the sequel. For the
detailed proofs of these theorems see (17).

Theorem 1. A subset P of R" is relatively dense in R™ if and only if, for
some r > 0, we have the relation R" = UPB(p;r).
pe

Theorem 2. A subset P of R™ is relatively dense if and only if there exists a
compact set K C R™ such that K + P =R" (‘wvector sum of K and P )

Definition 2. Let X be a vector space over the field R or C. Then X is said
to be topological vector space, which we denote X = X (1), if X is equipped
with topology T which is compatible to the algebraic structure of X.

Remark 1. The translation f, : R" — X defined by fo(x) = f(z + a) for
a fired a € R™ is a homeomorphism. Thus if ® is a base of neighborhoods of
the origin 0 of X then ® + a is a base of a. Therefore the whole topological
structure of X can be determined by the base of neighborhoods of the origin 0
of X. Also¥ X € R or C, the mapping fx : R" — X defined by fr(z) = f(A\x)
is homeomorphism, so that if U is neighbourhood of the origin 0 of X then AU
1s also neighborhood of the origin 0 of X. For more about base of neighborhoods
we refer the readers (1). A topological vector space is said to be locally convex
topological space or simply locally convex space if it possesses a base of convex
neighborhoods.

Definition 3. Any complete locally convex space whose topology is induced by
an invariant metric is called a Fréchet space.

To give the idea of Fréchet spaces in terms of semi-norms we have the
following:

Definition 4. Let X be a vector space over R or C. A functionp: X — RT
18 called a a semi-norm if
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() p() 20,V 2 € X;
(ii) p(A\x) = |A|p(z), Vx € X and V¥ X € R or C;
(iif) p(z +y) < p(x) +p(y), ¥,y € X.

Remark 2. Fréchet spaces are also characterized by the existence of a count-
able,sufficient and increasing family of seminorms (p;);cy ( that is pi(x) = 0,
for all i € N implies x = 0, and p;(z) < pi+1(x), for allx € X, i € N ), which
define the pseudonorm:

(e}

1 pi(x)
x| = g —————, z€X
Il £=211 + pi(x) ’
and the metric d(z,y) = ||z —y|| is invariant with respect to translations,

such that d generates a complete ( by sequences ) topology equivalent to that
of locally convex space. That is, d has the properties: d(z,y) = 0 iff x =y,
d(z,y) = d(y,z), d(z,y) < d(z,z) + d(z,y), d(x + 2,y + 2) = d(x,y) for all

2,1,z € X. Also we notice that since pi(2) <1 and 22—11 =1, it follows that
i=0

1+p;(z)
lz|| <1 for allz € X.

Moreover d has also the properties given in the following

Theorem 3. (i) d(cx,cy) < d(z,y) for|c| <1,
(i) d(z +u,y +v) < d(z,y) + d(u, v),

(iii) d(kz,ky) < d(rz,ry) fork,r e R, 0 <k <,

(iv) d(kz, ky) < kd(x,y), Vk € N, k > 2,

(v) d(cx, cy) < (|e| + Dd(x,y), V ¢ € R.

3. ALmostT PERIODIC FuNcTION FROM R”™ INTO A LocaLLy CONVEX
SPACE

Definition 5. Let X = X (1) be a complete Hausdorff locally convex space.
A continuous function f: R™ — X, is called almost periodic function, if for
every neighborhood U of the origin 0 of X we can find a relatively dense set,
which we denote by T'(f;U), and that is contained in R™ such that

fle+y) - f(z) eUVy e T(f;U), Vo e R"

Hence to any neighborhood U of the origin 0, we may associate a number
r =r(U) > 0, in such manner that in any ball B(x;r) there exists at least

one element of the set T(f;U). The elements of set T(f;U) are called U-
translation vectors.

Theorem 4. If f is almost periodic, then the functions \f, (A is any scalar

v Vv
) and f: R"™ — X defined by f (xz) = f(—x) are also almost periodic.
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Proof. (i) Since f : R™ — X is almost periodic function so for every neigh-
borhood U of the origin 0 we may find a relatively dense set T'(f;U) such
that

flx+y) - f(z) eUVyeT(f;U), Vo € R"
Now
M +y)—Af(x) e \UNVyeT(f;U),VxeR"

i.e. for every neighborhood U of the origin 0 we can find a relatively dense set
T(f; A\U) such that

A (z+y) — Af(z) € \UY y € T(f;U),Y z € R

This shows that f is almost periodic.
(ii) Since f almost periodic function, it follows that for every neighborhood
U of the origin 0 we can find a relatively dense set T'(f;U) such that

flx+y)— f(x) eUNyeT(f;U),YzeR"”
Let —z = 2, therefore we have
f(~a' +y) — f(—xl) eUNVyeT(f;U),V z €R"
or
f(=(@' —y) = f(-2) €UV y € T(f;U),V 2’ €R"
Replacing z by z we get

V

v
fla—y)—fx) eUNVyeT(f;U),VzeR"
This proves that f is almost periodic with —y as U-translation vectors.

Theorem 5. Let X be a complete Hausdorff locally conver space and let f :
R™ — X be almost periodic, then the range of f is bounded in X .

Proof. Let U(e,p;,1 < ¢ < n) be any neighborhood of the origin 0 of X
and let the associated relatively dense set be T'(f;U). By Theorem 2 we

have R® = U B(y;r) for some r = r(U). Therefore for any z € R* 3
yeT(f;U)

y € T(f;U) such that ||z —y| < r. Then, if ' = z — y, we have Hx'H <,
yeT(f;U). Now

fl@)=f(z' +y) = f(@' +y) - f(&) + f(a)

therefore for any seminorms p; we have

pi(f@) =pi (f@' +9) = F@) + 1)) <pi (£ +9) = 1)+ (£)
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Since ' — p; ( f (:c/)> is continuous function on the compact set B(0;r),

hence it is bounded there in. Thus from the above inequality we have

pi(f(x)) <e+ sup p; (f(a:')) ,Vx € R™.
' €B(0;r)

This completes the proof of the theorem. O

Theorem 6. Let X be a complete Hausdorff locally convex space.
(i) If f : R™ — X s almost periodic, then f is uniformly continuous
over R™.
(i) If {fu}pe, is sequence of almost periodic functions, fr : R" — X,
1 <k <oo. If fp — f uniformly to f on R™ then f is almost
periodic.

Proof. (i) Let U be an arbitrary neighborhood of the origin 0 and let V' be
the symmetric neighborhood of the origin such that V +V +V C U. Let
r =r(V) > 0 in the definition of an almost periodic function then by Theorem
2 any ¢ € R" can be written as ' = z +y, y € T(f;U),|z| < r, where
T(f;U) is the relatively dense set corresponding to f. Now by the uniform
continuity of f on the closed ball B(0;2r) = {z € R" : ||z|| < 2r} we can find
0 =0(V) > 0 such that f(z1) —f(z2) € V whenever |zi| < 2r, ||z1] < 2r

and ||z; — x2]| < 8. Take now any pair x;,zy € R" such that H:Ull — || < 6.

Then for any given y € T(f; V'), we obtain the decomposition xll =z + v,
where ||z1]] <7, ||z1]] < r in view of Theorem 2. It follows that

o1 = al] = (&' —9) = (@ )| = a1 3 <

Therefore we have
flx1) — flwe) € V.,V 1,20 € R", [Ja1|| <1yl < 7

Now any for y € T(f;V) and V a:/l,m; € R™ such that H:Ell — x;H < 6, we get

flay) = f(w5) = f(or+y) = fw2+y) = [F(21+y) = fl@)] + [f (@1) = F(22)] +
[f(x2) = fla2+y)| €V+V +V CU.
This proves that f is uniformly continuous over R™.

(ii) Let U be the neighborhood of the origin 0 and let V' be the symmetric
neighborhood of the origin 0 such that V +V +V C U. Since fi(z) — f(z)
uniformly over R"™ as k — oo so we can find a natural number kg such that

Vk2k0:>fk(l‘)—f($)ev

Since f : R™ — X is almost periodic for k = 1,2, 3, ..., so for the symmetric
neighborhood V of the origin 0 we can find a relatively dense set T'(f; V') such
that

fk($+y) - fk(x) eViVye T(fk7V),v T e ank =1,2,3....
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Now f(z+y) — f(x) = [f(x+y) = fule + )]+ [frlz +y) = frl@)] +fu(r) -
fle)] cV+V4+V CcUVyeT(fr;V),VaoeR" Hence for the relatively
dense T'(f;U) we have

flaty)—fl@) eUVyeT(f;U),VzeR"
f is proved to be almost periodic. g

Theorem 7. Let X = X(7) be a complete Hausdorff locally convex space. If
f:R® — X s almost periodic function then given any neighborhood U of
the origin 0 we can find two positive numbers r = r(U) and § = 6(U) such
that any ball B(a;r) in R™ contains a ball of radius § which is contained in

T(f;U).

Proof. Let V' be the symmetric neighborhood and U be any neighborhood of
the origin such that V 4+ V C U. Since f is almost periodic function therefore
there exists relatively dense set T'(f;V) in R™ and the associated number
R(V) = R such that

B(z;R)NT(f;V)#0, Vo e R

By the uniform continuity of f over R™ we can find §(V) = § such that if
h € R™ and ||h|| < § then
flx+h)—f(z)CV, Vz e R"

We shall now prove that r(U) = R(V) + 2§(V) and §(U) are our desired
numbers. In fact given a € R™, take z € R™ with ||z|| = 6. Then 3y € T'(f; V)N
B(z+a;R). Hence ||y —a|| < R+ < r, so that y € B(a;r). Furthermore, V
heR™ ||h|| <6, |ly+h—a| < R+8+6 =r, hence y+h € B(a;r). Therefore
the whole ball B(y; ) is contained in the ball B(a;r). Finally, any vector in
this ball belongs to T'(f;U); this is because, if y + h with ||h|| < ¢ is such a
vector that x € R", we have

Faty+h)—f(z) = [f(@+ h+y) — f(@+ R+ [f(z +h) — ()] C V4V C U
where we have used the facts that y € T'(f;V), ||h]| < § and the uniform
continuity of f over R™. This proves the result. O

Theorem 8. Let X be a complete Hausdorff locally conver space. If f :
R™ — X is almost periodic, then the range {f(z) : x € R™} of f is totally
bounded in X.

Proof. Let U be any neighborhood of the origin 0 and V' be a symmetric
neighborhood of the origin 0 such that V 4+ V C U. Let r = (V') > 0 be any
real number. By the continuity of f, the set {f(z):z € B(0;r)} is compact
in X. But in a locally convex space, every compact set is totally bounded,
therefore there exist x1, 2o, ..., 2 in X such that for every x € B(0;r) we have

f@)e O @+V)
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Take now an arbitrary z € R™ and consider y € T'(f; V') then we have
f@+y) - flx)eV

Choose x; among x1, x2, ..., T; such that
flx)em+V = f(z)—x € V,1=1,2,3,...,k

Now f(z) —z = [—f(z+y)+ f(z)] +[flz4+y)—x] € V+V CUor
f(z) € 21+ U. Since x is an arbitrary number, we conclude that

k
{f(z) :z e R"} C ,Ul(a;'i +U)
1=
This completes the proof the theorem. O

Remark 3. If f : R — X is almost periodic with X a Fréchet space then its
range is relatively compact in X, since in every complete metric space, rela-
tively compactness and total boundedness are equivalent notions. We conclude
in this case that every sequence { f(xy)}re, contains a convergent subsequence

{F (=)}

Theorem 9. Let X be a Fréchet space. Then the function f : R" — X
is almost periodic iff for every sequence {xp}r—, there exists a subsequence
{x;c}zo_l, in R™ such that {f(x + a:;c)}:j_l converges uniformly over R™.

Proof. Let {z;,}?2 | be a given sequence in R™ and consider the sequence { f;, }
functions f;, : R — X defined by f;, (z) = f(z + z1),1 < k < oco. Let
S = {nk}72, be a countable dense set in R". Since the range {f(z) : x € R"}
of f is relatively compact therefore we can extract from {f(m + xx)}2, a
convergent subsequence. Let {f; r}72, be a subsequence of the sequence
{fer 132, which is convergent at n;. We apply the same argument to the
sequence {fz, x}72, to choose a subsequence {fs, r}3>, which converges at
n2. We continue the process, and consider the diagonal sequence {fz, r}72,
which converges at each 7 in S. Call this last sequence { fx; 122 ,- We shall

prove that this last sequence is uniformly convergent over R”, that is, for every
neighborhood U of the origin 0, there exists natural number ky = ko(U) such
that

fla+z) = fz+x) €UV k1>kyVaeR"
Consider now an arbitrary neighborhood U of the origin 0 and a symmetric
neighborhood V' of the origin 0 such that V+V +V +V +V C U. Let

r = r(V) > 0, then by the uniform continuity of f over R™ we can find
9 =40(V) > 0, such that

H:c—x,H<6:>f(x)—f(x/)EV,Vac,:L‘/€R" (1)
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Since B(0;r) is compact in R so we can suppose that B(0;r) is contained in

the union of finite number of v balls (say) of radii smaller than ¢ and choose

from each ball a point of S, we obtain Sy = {&1, &2, ...§, }. Since Sy is finite set,
o

{ Iy }k . is uniformly convergent over Sy ; therefore there exists a natural
k =

number ky = ko(V') such that
f&+a) — f(&+x) €V, i, 1 <i<vand k> ko (2)

Let z € R™ be arbitrary and y € T'(f;V) then f(z +y) — f(z) € V this is
because of almost periodicity of f. Let us choose 7; such that ||z +y + &|
< J then

F@+y+ay) — f&+a) €V ¥k (by(1)) (3)

Now f(z+ay) = f(a+ay) = [f(atay) —f(atapty)l+[f (@ +agty) = F(Etay)
Hf(&+ay) = F(&+a)]+ (Gt am) - flaty+a) +H (@ +y+m) - f+z).
Then it appears that f(z+z,) — f(z+2) EV+V+V +V+V C U, Vk,1 >
ko [By (2), (3) and almost periodicity of f ]. Which proves the uniform
convergence of the sequence {f(x + xy)},, over R™.

We now prove the sufficiency of the Theorem. Suppose, by contradiction,
that f is not almost periodic, so there exists a neighborhood of the origin U
such that for every real number r > 0, there exists a closed ball B(a;r) which
contains no element of T'(f;U). Consider now an arbitrary vector z; € R”
and take 73 ||z1]| > 0 so 3 a ball B(z2;r2) which is disjoint of T'(f;U). Note
that xo —x1 € B(xg;72) hence 9 —x1 ¢ T(f;U). Next take rg > ||a1]| + ||z2|
and find a ball B(zs;r3) which is disjoint of T'(f;U). Now both the z3 —x
and xy —x3 belong to B(zs3;r3) but x3 —r1,22 —x3 ¢ T(f;U). Continuing
this procedure, we can find an infinite sequence {xy}r.; C R™ such that

VEJIeEN k#1l =z —x; ¢ T(f;U)
It also follows that
fle+zr+x) — f(x) ¢ U Vk,l € Nk #1
If we put y = = — x; we get
fly+an) = fly+a) ¢ UVK, L e Nk #1..()

Suppose there exists a subsequence {z; 1}, of {x3}2, such that {f(z +
x;c)}zozl converges uniformly over R"”. Now for every neighborhood U of the
origin 0, there exists a natural number ky = ko (U) such that

Vk,l >k = flz+z) — f(z+2)) € U Vo € R

This contradicts (x) and thus the sufficiency of the theorem is established.
This also completes the proof of the theorem. O
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Theorem 10. Let X be a Fréchet space and let f, g, f1, fo be almost periodic
functions from R™ into X. Then

(i) f+ g is almost periodic
(ii) The function F : R" — X x X defined by F(x) = (f1(x), fa(z)) is

almost periodic

Proof. (i) Let {x}32, be sequence in R". By almost periodicity of f and g
there exists a subsequence {x, }3°, C {24}, such that both {f(z +z,)}3%,
and {g(z + z,)}52 ,are uniformly convergent z in R™ in view of Theorem 9.
Consequently {(f +g)(x +z,)}$° , is also uniformly convergent = in R”. This
completes the proof again by Theorem 9.

(i) Let {x3}32, be sequence in R”. One can find a subsequence {z, }3* | C
{21,352, such that both {f(z + )}, and {g(z + x,)}3°,are uniformly con-
vergent x in R™ in view of Theorem 9. Thus {F(z + x,)}?2, = {(fi(z +
x,), fa(x +x,)) 152 | is uniformly convergent z in R™, which proves the almost
periodicity of F. O

Corollary 11. If X is a Fréchet space and f1, fo are almost periodic func-
tions, then for every neighborhood U of the origin 0 of X the functions f1 and
fo have common U -translation vectors.

Proof. Let U be a neighborhood of the origin 0 of X then by theorem 10
(ii) the function F'(z) = (fi(x), f2(x)) from R™ to X x X is almost periodic.
Consider now y a U-translation vector of F', then

Flz+y)—F(x) eUxUV,zeR"
and therefore
filz+y) — filr) eU,i=1,2V,z € R"
This proves that y is a U-translation vector for each of f;,7 =1, 2. ]

Remark 4. Theorem 10 (ii) and corollary 11 hold true even for k function
k> 2.

Theorem 12. Let X be a Fréchet space. Then the set of all almost periodic
functions from R™ to X is a Fréchet space.

Proof. Let Cy(R™, X) denote the linear space of all continuous bounded func-
tions R” — X and {q}, k¥ € N, the family of seminorms which generates
the topology of X. Without loss of generality we may assume that gx+1 > g,
pointwise, for k € N. Define

0:(f) = sup q(f(x)), k € N
reR?
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Then {g,} is a family of seminorms of C(R"™, X). Moreover it is clear that
Q;H_l > ¢, k € N. Now define

[e.9]

el a4
11 ;2k1+q;€(f)'

Obviously C,(R", X') with the above defined norm is a Fréchet space. Since
AP(R™, X) the set of all almost periodic functions from R™ to X is a linear
subspace of C,(R", X) and by Theorem 6 (ii), it is closed. This proves that
AP(R™, X) is a Fréchet space. O

Definition 6. A continuous function f : R — X, where X is Fréchet
space, is called a mormal function if any sequence {33;{}2021 m R™ contains
a subsequence {x}7, such that the sequence {f(x + x)}3, is uniformly
convergent over R™.

Remark 5. From Theorem 9 it is clear that any function f : R™ — X, where
X is Fréchet space, is normal iff it is almost periodic.

Now we give the following interesting theorem.

Theorem 13. Let X be a complete locally convex space and let f: R" — X
and almost periodic function. Then for every sequence {x1}32, of real numbers
there exists a subsequence {x}e}g"zl such that for every neighborhood of the
origin U, we have f(z +x) — f(x+ ;) €e U,V € R", V k,l € N.

Proof. Let U be the neighbourhood of the origin and let V' be a symmetric
neighborhood of the origin such that V. +V +V C U . Now by Theorem 2
any vector xx € R™ can be written as xp = 2z + yr where y € T(f;V) and
||z|]| < r. Moreover, using the continuity of f over R", we can find § > 0 such
that
||z1 + x2|| <20 = f(x1) — f(xz2) € V.

Note that in the ball {z € R™ : ||z — z|| < ¢} we find an infinite sequence of
zx!s which we denote by {z,}2;. Now take two vectors z;; and z;, where
Ly = Y + Zips Yy € T(f,V), ||Z11H < T7l = j?k then f(ZL‘ + .’Ezk) - f(.’E +$1j)
= f(x+yi, +2i,) — fl@+yi; +2i;) = [f(@+yi, +2i,) — flo+2,)] + [f(z+
Ziy,) —f(:v+zij)] +f(x+zi;) = flx+y; +z,)] e V+V+V CU,x € R" and
i,j € N...(x) («) is a consequence of the fact that f(z+y;, +2;,)—f(z+2;,) €V,
flxtzy)—flx+z;) eV, flx+z;) - flx+yy,; +2;) eV,VreR" and
zi, — zi; € T(f;V),Vi,j € Nwhile ||z;, — z;,|| = ||z, — 2+ 2z — z;]| <
|23, — 2|| + |]2i; — 2[| £ 6 + 6 = 20. If we put x;, =z and z;;, = 5, k,j €N
then we get

flx + i) — f(x +2;) € UVe € R",Vk,j € N.
This completes the proof of the Theorem. ]
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Remark 6. In terms of the family of seminorms {p;};°,, Definition 5 can be
rewritten as follows: for any € > 0, there exists a relatively dense set T'(f,¢)

in R, such that sup pi(f(z+vy)— f(z)) < e, Vie N wherey € T(f,¢)
zeR?
1s called and e—almost period of f. Similar to the case of Banach spaces

(see e.g. 15, pp. 7-11), we can develop a theory of Bochner’s transform. for
a Fréchet space as follows: we know that Cy(R™, X) is a Fréchet space of
all bounded continuous functions from R™ to X, endowed with the countably

family of increasing seminorms q;(f) = supp(f(x)) ,¥ k € N. Note that
TeR™
[ € Cp(R™, X) is bounded if f(R™) is bounded in the metric space (X,d)

i.e. f € Cyp(R™ X) is bounded set if supp;(f(z)) < 400,V k € N. The
T€R™
Bochner transform on Cy(R™, X) is defined as in the case gf Banach space,

f:R" — X by f(s)(x) = f(x +s), Vo € R" and we write f = B(f).
U

The properties of Bochner transform in a Fréchet space are given by the
following theorem.

Theorem 14. (i) ¢(f(s)) = ai(f) = a(f(0)), Vs eR", VieN
(i) ¢:(f(s +y) = f(s)) = ai(f(y) — f(0)), Vs eR", VieN
(iii) f is almost periodic iff for any Vs € R™ | f(s) is almost periodic, with
the same set of e— almost periods.
(iv) f(s) is almost periodic iff there exists a relatively dense sequence in

R™, denoted by {xp};il, such that the set {f(sp) in € N} is relatively
compact in the complete metric space (X, d)
(v) f(s) is almost periodic iff the range Rf(s) is relatively compact in the

complete metric space (X, d)
(vi) f is almost periodic iff R}f;(s) 1s relatively compact in the complete met-

ric space (X, d)

Proof. (i) ¢i(f(s)) = xseu]lglpi(f(s +z)) = xseuﬂglpi(f(x)) =q(f) = xseu]lglpi(f(w +

0)) = 4;(f(0)) N .
(i) Vs e R", Vi e NVy e R" ¢;(f(s+y) — f(s)) = s;llé)npi(f(w—i-s+y) -

flx+s))= Seuﬂglpi(f(w +y) — f(2)=ai(f(y) — f(0)), Vs € R", Viec N

(iii) This is an immediate consequence of (ii)

(iv) If f(s) is almost periodic, it follows by Remark 3 that for every se-

quence {zp}p%; in R", the set {f(z,) : n € N} is relatively compact in the
complete metric space (X, d). Conversely suppose that there exists a relatively
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dense sequence {ZL'p};il in R™ such that the set {f(z,) : p € N} is relatively
compact in the complete metric space (X, d). This is equivalent with the fact

that {f(zp) : n € N} is totally bounded in (X,d). Therefore due to total

boundedness of the set {f(a:p) in € N} in Cp(R™, X), it is possible to fined

v vectors {z10,220,...2,0} In {x},e, such that flan) € 4613(!}7(:1:]-,0),5), v
J:

n =1,2,3,.... We divide the whole sequence {f(xn) in € N} into v subse-

quences {f(mjm) ‘n € N}, j=1,2,3,...,v, where {xjyp};ozl C {mp};il is such

that qi(f(a:j7p — Zj0) — F(0)) < e. It follows that Yjp = Tjp — Tjo € T(f,¢).
Now we show that the set ,61 {y;p : n € N} is relatively dense in R™. Let r > 0
]:

be such that any ball B(x,7) in R"contains some ;. We say that in any ball

B(z,r +7) ,where T = sup {||zjol|}, contains some y;,. In fact, in B(z,r)
<j<v

there is some xj; which is an xj, for some j and p. Hence |z, —z| < r
and it follows that ||z;, — zj0 — 2| < ||@jp — x| + ||lzj0l < 7+ T, so that
zjp — 0 € B(x,m + 7). We note that the relatively dense set contained in
T(f,e) was obtained by taking differences of elements in {xp}gozl. Also as-
sume that f € Cp(R", X) is almost periodic then {f(x) tx € R} is relatively

compact and in particular { flwp) :w)p € Z"} is relatively compact sequence
in Cp(R™, X). It follows that, V e > 0, the set T'(f, €) contains relatively dense

set formed from the elements in Z™. This proves the almost periodicity of f
(v) The necessity follows from Theorem 9. The sufficiency is a direct con-
sequence of (iv).
(vi) It is a consequence of (iii) and (v) O

The following theorem is also a sufficient criterion for almost periodicity.

Theorem 15. Let f € Cp(R™, X) and {f(x):n € N} be a relatively com-
pact sequence in X for a relatively dense sequence {x}re, in R™. Assume
that for every i € N there exists j € N and a constant C;; > 0 such that

Cijsup{pi(f(z + p) — f(z +2q)) : 2 € R"} < p;(f(2p) — f(zq), ¥V pg € N.
Then f is almost periodic.

Proof. The inequality in the statement together with the Theorem 14 (i) ob-
viously imply that

Cijai(f (xp) = f(@q)) < pj(f(2p) = f(xq)),¥p,q € N.
Since the set {f(zx) : n € N} is relatively compact, it has a convergent sub-

sequence { f (x;g) :n €N } which is a Cauchy sequence in the complete metric
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space (X, d), so it must be convergent. With this together with Theorem 14,

(iv), it follows that f(s) is almost periodic, which by Theorem 14, (ii), implies
that f is almost periodic. This completes the proof of the theorem. O

Corollary 16. (A criterion of Bochner ) Let the function f : R" — X
have relatively compact range and also assume that for every i € N there exists
Jj € N and a constant C; ; > 0 such that

Ciysup {pi(fla+y) — f(@) s x € R"} < inf {p(f(a+y) — f(a) sz € R} .
Then f is almost periodic.

Proof. Let {x};-, be any relatively dense sequence in R” and let y = z, — g,
we get from the given inequality

Crsup{pi(f(a+ 2y —20) — f(2)) : 2 € R"} < inf{p; (f(x + 2, — ) — () :
xr € R"}

Take v =  — x4 then

Cisup{pi(f (u+ @) — F(u+2g))  w € R < inf{py(F(u+ ) — Fu+ )
we RY < (p;(f(wy) — flay)) :u € R).

From Theorem 13 the almost periodicity is proved. 0

Definition 7. Let f : R — X be an almost periodic function. A sequence
{xk}re, in R™ is said to be regular with respect to f if the sequence of trans-

lates { f(x + zx)} ey s uniformly convergent on R™ which is equivalent to the
~ o0

convergence of {f(wk)}k . in Cp(R™, X).

Theorem 17. Let f : R — X be an almost periodic function and assume

that for a sequence {xy}r—, in R™ there exists the limit klim f(p+zk) =gp €
— 00

X for all elements in the sequence {np};il which is dense in R™ then {x)} e,

1s reqular to f.

~ oo
Proof. Suppose that { f (xk)}k ) is not convergent then there exists g > 0

and one may extract sequences {m}Z, and {p1};2, from {p} 2, such that

qi(f(xp,) — f(xg,)) > €0, K =1,2,3.... As the range of f is relatively compact,
we may assume that klim f(zp,) = a1, klim f(zq,) = g2, where ¢;(g1 —g2) > €o.
—00 —00
Hence klim fla+zp,) = g1(x), klim f(x+xq,) = g2() uniformly on R™. On the
—00 —00
other hand we get lim f(n; +xp,) = g1(1j) = gj = lm f(n; +zq,) = g2(11)),
vV j=1,2,3,.... From the continuity of ¢g; and g» and the density of {n; };il in
R™ we obtain g1 (x) = g2(x), ¥V € R™ this is a contradiction. This completes
the proof. O
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