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C? RATIONAL QUINTIC FUNCTION
MARIA HUSSAIN!, MALIK ZAWWAR HUSSAIN?, ROBERT J. CRIPPS?

ABSTRACT. A two-parameter family of piecewise C? rational quintic func-
tions is presented along with an error investigation for the approximation
of an arbitrary C® function. The two parameters have a direct geometric
interpretation making their use straightforward. Illustrations of their ef-
fect on the shape of the rational function are given. The relaxed continuity
constraints and the increased flexibility via the two parameters make the
proposed function a suitable candidate for interactive CAD.
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1. INTRODUCTION

Existing rational functions are either limited in the order of continuity or
restrictive to the form of the data they can be applied to. To overcome some of
the limitations of existing rational forms, the aim of this paper is to construct a
family of piecewise C? rational quintic functions that can be applied to a range
of data and which possess parameters for shape refinement. The shape control
given by the C? continuity across piecewise segments is useful in the field of
CADCAM and the flexibility of the two free parameters in each piecewise
segment makes the proposed form suitable for the construction of curves and
the description of geometric shapes within a computer-based environment.

Rational functions have become more popular in the construction of curves
and surfaces in CADCAM because of their increased flexibility and their shape
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preserving ability [1-9, 11]. Duan et. al. [2] developed a piecewise rational cu-
bic spline with constraints on first derivatives at knots to preserve C? continu-
ity. Sarfraz et. al. [6] used the piecewise C'! rational cubic function developed
by Delbourgo and Gregory [1] to preserve the shape of positive data. Since
their rational function has only a single parameter there is no freedom for
curve modification and hence the method is not suitable for interactive curve
design. Sarfraz [7] developed a rational cubic function with quadratic denom-
inator that involves two free parameters. A general solution was obtained for
points in N-space. The rational function in [7] attained C? continuity by im-
posing constraints on first derivatives at the knots and is unable to interpolate
the data with specified derivatives. Sarfraz et. al. [9] developed a rational
cubic function with cubic denominator which involves four free parameters but
the order of continuity achieved was only C' making it unsuitable for CAD
applications that require G2 continuity.

The paper is organised as follows: The piecewise rational quintic function is
developed and illustrated in Section 2. An investigation of the approximation
error to an arbitrary C? function is presented in Section 3 by using the tech-
nique of [2]. Finally, the characteristics of the proposed C? rational function
and its suitability for use in interactive curve and surface construction are
discussed in the conclusions.

2. C? RATIONAL QUINTIC FUNCTION

Let (t;, fi), i =0,1,2,...,n be the given set of data points, to < t; < ty <
<o < t, and t;, f; € R. The general form of piecewise rational quintic function
is:

P(t)‘[ti, tiy1] — (1)

with

pi(0) = (1—60)5U; + (1 —0)*V; + (1 — 0)°0*°W; + (1 — 0)%63X;
+ (1 - 0)0'Y; + 6°Z,,
q(0) = a;(1—=0)+ 30,

where «;, 0; € R are scalar parameters and 6 = %, hi =t;11 — t;.
To ensure the rational quintic function (1) is C2, the following interpolation
properties are imposed:

P(ti) = fi,  P(tiv1) = fis1,
P'(ti) =di,  P'(tis1) = diga,
P"(t;) = D;,  P"(tit1) = Dit1,
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FIGURE 1. Quintic polynomial (o; = 3; = 1.0).

resulting in:

Ui o fi,
Vi (4o + Bi) fi + hicds,
h2

Wi = (6a; +48;)fi + (3 + Bi)hid; + ai?’Di,

h?
Xi = (4a; +606;) fix1 — (o + 308i) hidi1 + Bi?lDiJrl,
Yi = (o +406) fir1 — hiBidiga,
Zi = PBifis,

where d; and D; denote first and second derivatives w.r.t ¢t at knot ;.

Some Observations.

(1) When o; = f; = 1, (1) reduces to a non-rational quintic polynomial.

(2) As a; — 00 or 3; — o0, (1) reduces (continuously) to an interpolating
C' quartic polynomial , which is independent «; and ;.

(3) Asa; — 0 (8; — 0), (1) reduces to a non-rational interpolating quartic
polynomial with one free parameter [3;(«;).

To illustrate these observations consider the following data pairs taken from
[8] with slight change:

{(ti’ fl) : (27 10)7 (37 1)7 (77 01)7 (87 7)7 (97 01)7 (127 1)’ (137 10)}

Fig. 1 is generated using (1) with a; = (3; = 1. In this case the rational
quintic function reduces to a non-rational quintic polynomial. As can be seen
from Fig. 1, the resulting interpolation is visually smooth with no unnecessary
undulations. Fig. 2 is generated using «; = 0, §; = 0.05, resulting in a non-
rational quartic polynomial with one free parameter ;. Again the resultant
curve is visually pleasing. Fig. 3 is generated with o; = 50, §; = 0, resulting in
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FIGURE 2. Quartic polynomial (o; = 0.0).

FIGURE 3. Quartic polynomial (3; = 0.0).

a non-rational quartic polynomial with one free parameter «;. Its shape control
behaviour is similar to Fig. 2. The smooth curve in Fig. 4 is generated by
(1) with a; = 0.1, ; = 1000. For these values, (1) reduces to a non-rational
quartic polynomial where the influence of the parameters is negligible and the
functions behaves as if independent of «; and 3;. Fig. 5 is generated using
(1) with o; = 4 and 3; = 3, resulting in a rational quintic function which is

smooth and exhibits no unnecessary undulations.

It is observed that the rational quintic function does not exhibit local or

global tension behaviour.
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y-axis

F1curE 5. Rational quintic function (o; =4, 3; = 3).

3. ERROR ESTIMATION OF INTERPOLATION

119

This section investigates the estimation of the approximation error incurred
when the rational quintic function (1) is used to interpolate data from an
arbitrary function that is C3[tg, t,]. Locality of the interpolation allows error

estimation in each subinterval [t;, ¢;+1] without loss of generality.
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The Peano Kernel theorem [10] is used to estimate the error in each subin-
terval [t;, tit1] as:

RI=f0-P@) = 3 [ fO@OR-D2ar @)
Using the uniform norm, (2) becomes:
_ Lo [ R — 2
£6) = PO < IO [ Rl =R Q

where
_for(nt), ti<T<t,
Rt —7)3] = { s(r,t), t<7<tip, }
r(r,t) = |[(t— 7)2[(1 — 0)2{%(1 + 6+ 02) + B3:0(1+0)+ @02 —3(ay + BZ-)H?’}]
—2h(t — 7)(1 — 0)30%(3cy; + ;) — h2(1 — 0)3603[ (20 + 5;)0
—3(0@ + ﬁz)]]/qz(ﬁ), t; <1 <Ht,

q; f;) [[(1 = 0)*(4c; + 68;) + 0(1 — 0)(cy; +48:) + 0°B](tix1 — 7)°

—2hi(tix1 — 7)[(1 — 0)*(aq + 36;) + Bi(1 — 0)6] + hiBs(1 — 6)%],
t< 1< ti+1,

Ri[(t — 7)%] is called Peano Kernel. In (3), fti
pressed as:

tir1 t tit1
/ Ri(t - )2 )ldr = /|T(T,t)|d7+/ 1s(r, )| dr-
t; t

t;

T R[(t — 7)2]|dT can be ex-

The roots of r(¢,t) = 0 and s(¢,t) = 0 are: 0, 1, 32(3171?1) These roots lie in
[0,1] , V a; > 0 and G; > 0.
The roots of r(7,t) = 0 are
hi0(G + (=1)""1H)
E

T = t— ,i=1,2,

where

G = 3(a;+ B)0°,

H = /o204 (i + i) (0 +62) + 6252
E a; + (204 + 6;)0 + G.
The roots of s(7,t) =0 are

hi(l = 0)(K + (~1)"+'L)
F

o= t— ,t=3,4,
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where
K = (a;+38)1-0)+ 50,
L= (1 —0){(1—0)(0? + 362 + 200;) + 0(267 + if) .
F = K+ (30i+36)(1—0)7.
)

2a74+ﬁ74
Case 1: 0<0 < Jr5),(

76 = POI < SO @) (s, 5:0),
t tir1 T T2
wr(0n 5 0) = /ti]r(v',t)]d7'+/t |S(T,t)\dT:—/ti r(T,t)dT+/T r(r,)dr

1

t T3 T4 tir1
—/ T(T,t)dT—/ s(T,t)dT—i—/ S(T,t)dT—/ s(r,t)dr
To t T3 T4

Direct integration yields:

takes the form

7

R3(1 — 0)363
iy My = A G 4
wi (e, Bi, 0) (1_9)ai+95i§U @)
with
o (12G?H + 4H?3)
0 - 3E2 ’
- 8(30@ + 3ﬂi)02GH
Ul — E2 )
—4h;HO((20v; + B;) — 0(3cvi + 33:))
U2 = )
E
E
Us = -3 + 02 + B;) + 0(0 — 1) (3 + 35:),
F
Up = 3 —(ai+26;)(1-0),
—(12K?L + 4L3)
U5 - F2 )
SKL((c +38;) — 0(cv; +26;))
Usg = ;
F2
—403; L
U; = 72
Case 2: :ffgiigﬁ) <60 <1, (3) takes the form

56 = PO < 17O Ifnon, 5:.6),
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where

t tit1 T1 T2
wo(ay, Bi,0) = |7“(7',t)|d7'—|—/ |s(7‘,t)|d7':/ T(T,t)dT—/ r(r,t)dr
t

ti t; T1

t T3 T4 tiy1
—I-/ T(T,t)dT+/ s(T,t)dT—/ s(T,t)dT—l—/ s(r,t)dr
T t T

2 3 T4

Again, direct integration yields:
w2(ai76’i70> - _CUl(ai,ﬁi,e)- (5)
The above can be summarized as:

Theorem 1. The error of rational quintic function defined in (1) for f(t) €
C3[to, tn], in each subinterval [t;,t;11] is

1fO) =P < [fO)|hie,

¢ = Orgaaglw(aiaﬁhg)v
maxwi (@i, §,60), 0< 0 < ot
W(Oéi,ﬁi,(g) = 20 +0; Y o
maxwy(ai, Bi,0), 3555y <0 <1,

for all o, B; > 0, where wy (v, B, 0) and wa(ay, Bi, 0) are defined in (4) and
(5) respectively.

4. CONCLUSION AND FUTURE WORK

A C? piecewise rational quintic function with two free parameters (o, 3;)
has been developed where the parameters can be used for shape refinement.
The effect of free parameters on the shape of curve is illustrated in Figs. 1-5.
For very high and low values of («;, ;) the rational quintic function (1) reduces
to a C? smooth non-rational polynomial curve. Existing rational schemes [2,
7] preserved C? continuity by imposing constraints on the first derivatives at
the knots and hence are not applicable to data with derivatives, for example
when interpolating numerical solutions of differential equations. The proposed
scheme is equally applicable to data when first as well as second derivatives are
prescribed. The approximation order of rational quintic function was investi-
gated and found to be O(h?). The proposed rational function has been shown
to produce visually acceptable interpolatory curves and is worthy of further
consideration. Extension of the proposed function to be shape preserving is
currently under investigation.
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