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EXACT SOLUTIONS OF GENERALIZED OLDROYD-B
FLUID SUBJECT TO A TIME-DEPENDENT SHEAR STRESS
IN A PIPE

QAMMAR RUBBAB', SYED MUHAMMAD HUSNINE?, AMIR MAHMOOD?

ABSTRACT. The velocity field and the shear stress corresponding to the
unsteady flow of a generalized Oldroyd-B fluid in an infinite circular cylin-
der subject to a longitudinal time-dependent shear stress are determined
by means of Hankel and Laplace transforms. The exact solutions, writ-
ten in terms of the generalized G-functions, satisfy all imposed initial and
boundary conditions. The similar solutions for ordinary Oldroyd-B, ordi-
nary and generalized Maxwell, ordinary and generalized second grade as
well as for Newtonian fluids are obtained as limiting cases of our general
solutions.
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1. INTRODUCTION

Numerous models have been proposed to describe the response of fluids
that cannot be characterized by the classical Navier-Stokes fluid model. The
simplest constitutive equation for a fluid is a Newtonian one and the classi-
cal Navier-Stokes theory is based on this equation. The mechanical behavior
of many fluids is well enough described by this theory. However, there are
many rheologically complicated fluids such as polymer solutions, blood and
certain oils, suspensions, liquid crystals in industrial processes with non-linear
viscoelastic behavior that can not be described by a Newtonian constitutive
equation, as it does not reflect any relaxation and retardation phenomena. For
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this reason, many models have been proposed. Among them, the models of
differential type [1] and those of rate type [2] have received much attention.
One of the rate type models, in which besides the upper-convected deriva-
tive of the stress tensor, also the upper-convected derivative of the rate of
strain tensor is included, is the Oldroyd-B model [3]. This model has become
very popular among rheologists in modeling the response of dilute polymeric
solutions [4, 5]. It can describe many of the non-Newtonian characteristics
exhibited by polymeric materials such as stress-relaxation, normal stress dif-
ferences in simple shear flows and creep. Moreover, it is amenable to analysis
and more importantly experimental.

Recently, the fractional calculus has encountered much success in the de-
scription of viscoelasticity. Especially, the rheological constitutive equations
with fractional derivatives play an important role in the description of the
behavior of the polymer solutions and melts. The constitutive equations cor-
responding to the generalized non-Newtonian fluids are obtained from those
for non-Newtonian fluids by replacing the inner time derivatives of an integer
order by the so called Riemann-Liouville fractional operators. More exactly,
the ordinary derivatives of first, second or higher orders are replaced by frac-
tional derivatives of non-integer order [6, 9-16].

The aim of this paper is to establish exact solutions for the unsteady flow
of an incompressible generalized Oldroyd-B fluid (GOF) in an infinite circular
cylinder subject to a longitudinal time-dependent shear stress. These solu-
tions, obtained by means of Hankel and Laplace transforms, are presented
under integral and series form in terms of the generalized G-functions. Sim-
ilar solutions for the flow of Maxwell and second grade fluids with fractional
derivative models as well as those for the ordinary models are obtained as
limiting cases of our general solutions. Moreover, respective solutions for the
flow of ordinary Oldroyd-B and Newtonian fluids are also achieved.

2. GOVERNING EQUATION

The type of flows to be here considered has the velocity V and the extra-
stress S of the form [7]

V =V(rt)=uv(rt)e,, S = S(r,t), (1)

where e, is the unit vector along the z-direction of the cylindrical coordinate
system r, 8 and z. For such flows the constraint of incompressibility is auto-
matically satisfied. Furthermore, if the fluid is at rest up to the moment ¢ = 0,
then

V(r,0) =0, S(r,0)=0, (2)

The constitutive equations corresponding to incompressible Oldroyd-B flu-
ids and the balance of linear momentum, in the absence of body forces and
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pressure gradient in the flow direction, lead to S, = S,9 = Sgg = Sp, = 0 and
the relevant equations [7]

(L4 X0 )7(r,t) = p(1 + X\pOe)Opv(r,t),  porv(r,t) = (& + i) T(r,t), (3)

where p is the dynamic viscosity, p is the constant density of the fluid, A and
Ar are relaxation and retardation times and 7(r,t) = Sy, (r, ) is the tangential
stress, which is different of zero. Eliminating 7(r,t) between Egs. (3) we attain
to the governing equation (cf. [7, Eq. (2.5)] or [8, Eq. (4.1)])

(14 A0)dw(r,t) = v(1 + A0y) (ar + i) ayv(r,t), (4)

where v = p/p is the kinematic viscosity of the fluid.

The governing equations corresponding to an incompressible generalized
Oldroyd-B fluid (GOF) are obtained from Eqs. (3); and (4) by replacing the
inner derivatives with respect to ¢ by the fractional differential operators D]

and D/ (8 > ), defined by [6]

d rt f(r .
DYf(t) = F(117p)a Jo (t,(fgp dr; 0<p<1, 5

where I'(+) is the Gamma function. More exactly, the governing equations to
be used here are (cf. [9, Egs. (7) and (10)]) or [10, Egs. (2) and (23)]

(1+AD))7(r,t) = u(1 + A DY)Owv(r, t), (6)

(1+ AD})dw(r,t) = v(1 + A\.DP) <ar + i) dyu(r,t), (7)

where the new material constants A and ), have the dimensions of ¢¥ and ¢°,
respectively. In some recent papers (see [11], for instance), the authors use \Y
and )\f instead of A and ), into their constitutive equations. However, for sim-
plicity, we are keeping the same notations although these material constants
have different significations in Egs. (3)1, (4) and (6), (7), respectively.

3. AXIAL COUETTE FLow THROUGH AN INFINITE CIRCULAR CYLINDER

Let us consider an incompressible GOF at rest in an infinite circular cylinder
of radius R. At time t = 0T, a time-dependent shear stress

f 1
T(R,t) = XG%—2,1 _th ;o t>0, (8)
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is created at the boundary of the cylinder, where f is a constant and [20, Eq.
(101)]

t(c—i—j)a—b—l

9 dj
abcdt Z 6c+j

50+ 1) Alle t a8 ©)

Owing to the shear, the fluid is gradually moved, its velocity being of the form
of Eq. (1); and the governing equation is (7). The appropriate initial and
boundary conditions are

v(r,0) = Ow(r,0) =7(r,0) =0;  re€l0,R), (10)

(1+AD))7(R,t) = u(1 + A-D))ow(R,t) = ft; t>0. (11)

Of course, 7(R,t) given by Eq. (8) is just the solution of the fractional differ-
ential equation (11);. To solve this problem we shall use as in [9, 10, 18, 19]
the Laplace and Hankel transforms.

3.1. Calculation of the Velocity Field. Having in mind the initial condi-
tions (10), apply the Laplace transform to Egs. (7) and (11)2 and using the
Laplace transform formula for fractional derivatives [6], we obtain

(@307 0(r) = v+ 0) (841 ) 0ta) T e (OB (12

f
pg*(1+ Arg?)’

where v(r, q) fo (r,t) exp(—qt)dt is the Laplace transform of v(r,t) and ¢
is the transform parameter. In the following we denote by [17]

0,5(R, q) = (13)

R
Uy (T, q) _/0 ro(r, q)Jo(rry)dr,

the finite Hankel transform of o(r,q), where Jy(-) is the Bessel function of
first kind of order zero and r,, n = 1,2,3,- - - are the positive roots of the
transcendental equation J;(Rr) = 0.

Multiplying both sides of Eq. (12) by rJo(rry,), integrating with respect
to r from 0 to R and taking into account the condition (13) and using the
relation [17, Eq. (13.4.31)]

R
[ [otata + o] i
0

= RJy(Rrp)0:0(R, q) — 251 (1, q) (14)
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we find that

UH(Tn7 q) — RfJO(RTTl) ]'

p Plg+ At +vr2(1+ Mg%)]

(15)
Now, for a suitable presentation of the final results, we rewrite Ty (ry, ¢) in

the following equivalent form

RfJo(Rry) 1
pry 2 (1+Ag?)

ﬁH(T’na Q) =

_ RfJo(Rry) 1+ Ag"
prz g4+ Mg?) g+ A +orZ(1+ MgP))

(16)

Applying the inverse Hankel transform [17, Eq. (13.4.30)] to Eq. (16) and
taking into consideration the fact that the finite Hankel transform of r? is
2R2Jo(Rry,) /72, we find that

_ fr? 1 Jo(r77)
v(ra) = 2uR (14 Mg Z r2Jo(Rry)

y g ! 14+ A"
1+ )\rqﬁ q—+ )\q’Y_H + VT%(l + )\rqﬂ) .

(17)

In order to obtain the velocity field v(r,t) = L~{o(r,q)} and to avoid
the burdensome calculations of residues and contour integrals, we apply the
discrete Laplace transform method [9-16]. However, we firstly rewrite the last
factor of Eq. (17) in the following equivalent form

(1+Ag7)
g+ AT+ ur2(1 4+ M\qg®)

oo k k e ke
1 - —I/T‘% qﬂm k 1+)\q’y+ﬁm k—1
= X Z Z Ck r < A ) ( v+ )k+1 ’ (18)

where C7* = k!/ (m!(k — m)!) is the binomial coefficient. Introducing (18) into
(17), applying the discrete inverse Laplace transform and using the convolution
theorem of Laplace transform as well as the formula [20]

b d
Lt {M} = Gape(d,t); Re(ac—b) >0, Re(q) >0, ‘qa‘ <1, (19)
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we find for v(r,t) the expression

fr? 1 > Jo (1)
t) = _ -
olnt) =5 kG2 Tat) T o Rzr 2 7o (Rrn)
33 opan (=Y [ L
_ ——,t—7
k=0 m=0 A 0 o A

1 1
x [Gv’ﬁm_k_l’kﬂ (_)\’T) + AGy 54 Bm—k—1,k+1 <—)\,T>} dr. (20)

3.2. Calculation of the Shear Stress. Applying the Laplace transform to
Eq. (6), it results that

N (DY P
7(r,q) = #W@W(T, q)- (21)

Differentiating Eq. (17) with respect to r, we find that

_ fr J1(rry)
ov(r,q) = % 55
o(r,q) uR ¢?(1+ )\Tqﬁ Z rnJo Rry)
1 1+ A"
. 22
“TH0E qlg+ AT 2L+ AP #2)
Introducing (22) into (21), we get
fr 1 2f > 1(r7p)
T =T Ei e T R Z:: Jo(Rrry)
1
(23)

X b
qlg + X +ur2(14 M\.gP)]

Applying again the discrete inverse Laplace transform to Eq. (23), we find the
shear stress 7(r,t) under the form

fr 1 2f = Ji(rry)
= 2=Gygg [~ t) + 2y
(1) w2 TN TR L v do(Bre)

oo k o\ k
m vre 1
X E E Cil' A\, (—)\> Gy Bm—k—2,k+1 (-Aﬂf)- (24)

Of course, making r = R into (24), we recover Eq. (8).
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4. LIMITING CASES

1. Making v and § — 1 into Egs. (20), (24) and using the following results

Gra (—ot) = [t (1), (25)

Gi-1,1 (-;T, ) =\ (1 - €_t//\T) ; (26)

and

0 = g e ()] - SRS
S () [ (- o)

1 1
X [Gl,m—k—l,k+1 <_)\’T> + AG1m—k k1 (_)\’Tﬂ dr, (27)

and the shear stress

)= L (1- )]+ 25 A

2 k
1
X Z Z Ci'A" ( "> G1m—k—2,k+1 <—>\7t> ; (28)

k=0 m=0

corresponding to ordinary Oldroyd-B fluids performing the same motion.

2. Making f§ — 1 and A\, — 0 into Egs. (20) and (24) and using the
following limit

lim — G . b<0 (29)
im —- ——,t] = ;
77—’077k a,bk 77’ F(_b)7 )

the velocity field
fr Jo(r77) > —vr? k
t
virt) =5 7t ,u/\RZrJD Rrn) Z;] X\

1 1
X |:G»y’]€2’]f+1 <—)\,T> + )\G7777k,27k+1 <—)\,T>:| dT. (30)
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and the associated shear stress

) = T () 23 Al

> [ —vr? ¥ 1
X Z ( \ > G’y,—k—Q,k-‘rl <_/\7t> 3 (31)

for a generalized Maxwell fluid are obtained. By making v — 1 in (30) and
(31), the respective solutions for the flow of ordinary Maxwell fluid can be
obtained.

3. Now, making v — 1 and A — 0 into Egs. (20) and (24) and again using
the limit (29) and the following equalities

t 1 T Pmtk
m)\m o 2 k/ B N d
ZZC m’n) ) G@ 171< )\7»7 T> F(—ﬂm—i—k—f—l) T

k=0m=0

:Z(—yri)k/ Ggs0,1 <—)\,T)G1—[3,—,@k—[3—1,k+1 (—I/)\rri, t— 7') dr, (32)
k=0 0 "

i Zk: ( 2) g tBmtktl
CUAN™ (—vry,
== MN(—fm+k+2)
> k
=D (~vrh)" Giop—pr—p-rpt1 (~VATR, 1) (33)
k=0
the known solutions of velocity field and shear stress
f 2 JO 7“1"n >
t G _
v(ryt) = 2qR P! oqR Z r2Jo(Rry, z;) v

t
X / Gﬂ7071 <—:1, 7'> Gl—,@,ﬁk—ﬂ—l,k—l—l (—017“121, t— 7') ClT, (34)
0

2f o~ Ji(rry)
t 775
7(r?) ) Z rnJo (Rry)

XZ )" G1p—prp-1ks1 (—ar2, ). (35)

corresponding to the snmlar flow of generalized second grade fluid are re-
covered [18, Egs. (21) and (24)], where in (34) and (35), a1 = pA, and
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a = ay/p. Of course, by making § — 1 in (34) and (35), the solutions for
ordinary second grade fluid can be recovered.

4. Finally, by making v — 1 and A — 0 into Egs. (30) and (31) (or by
making 6 — 1 and A\, — 0 into Eqs. (34) and (35)), the known solutions [7,
18, 19]

f7“2t J() ’I“’I“n —ur2t

t 1— n
v(ryt) = 2uR ,w/R Z ’I"4J() Rry) [ c ] ’ (36)

frt 2f = Ji(rrn) 2t
=212l Nt AU e 37
T =" TR 213 Jo(Rry) [ ‘ } (37)

corresponding to the similar flow of Newtonian fluid are recovered.

5. CONCLUDING REMARKS

The aim of this note is to provide exact solutions for the velocity field
v(r,t) and the shear stress 7(r,t) corresponding to the unsteady flow of a
generalized Oldroyd-B fluid due to an infinite circular cylinder subject to a
longitudinal time-dependent shear stress. The solutions have been obtained
by using Hankel and Laplace transforms and they are written under integral
and series form in terms of the generalized G-function. Furthermore, these
solutions satisfy the governing equation of motion and all imposed initial and
boundary conditions. In the special cases, the similar solutions for Ordinary
Oldroyd-B, generalized and ordinary Maxwell, generalized and ordinary sec-
ond grade as well as Newtonian fluids are recovered from literature by taking
into consideration suitable limits.

REFERENCES

[1] J. E. Dunn, K. R. Rajagopal, Fluids of differential type: critical review and thermody-
namic analysis, Int. J. Eng. Sci., 33, 689-729, (1995).

[2] K. R. Rajagopal, A. R. Srinivasa, A thermodynamical frame-work for rate type fluid
models, J. Non-Newtonian Fluid Mech., 88, 207-227, (2000).

[3] J. G. Oldroyd, On the formulation of rheological equations of state, Proc. Roy. Soc.
London, A, 200, 523-541, (1950).

[4] R. B. Bird, R. C. Armstrong, O. Hassager, Dynamics of Polymeric Liquids: Volume 1,
Fluid Mechanics, Wiley-Interscience, New York, Chichester, Brisbane, Toronto, Singa-
pore, 1987.

[5] G. Bohme, Stromungsmechanik nichtnewtonscher Fluide, Teubner, Stuttgart, 2000.

[6] 1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.



148 Qammar Rubbab, Syed Muhammad Husnine and Amir Mahmood

[7] Corina Fetecau, M. Imran, C. Fetecau, Axial Couette flow of an Oldroyd-B fluid due to
a time-dependent shear stress, Math. Reports, 11, 145154, (2009).

[8] C. Fetecau, Analytical solutions for non-Newtonian fluid flows in pipe-like domains, Int.
J. Non-Linear Mech., 39, 225-231, (2004).

[9] C. Fetecau, A. Mahmood, Corina Fetecau, D. Vieru, Some exact solutions for the helical
flow of a generalized Oldroyd-B fluid in a circular cylinder, Comput. Math. Appl., 56,
3096-3108, (2008).

[10] D. Tong, R. Wang, H. Yang, Exact solutions for the flow of Non-Newtonian fluid with
fractional derivative in an annular pipe, Sci. China Ser. G Phys. Mech. Astronomy, 48,
485-495, (2005).

[11] M. Khan, T. Hayat, Some exact solutions for fractional generalized Burgers’ fluid in a
porous space, Nonlinear Anal: Real World Appl., 9, 1952-1965, (2007).

[12] A. Mahmood , Saifullah, G. Bolat, Some exact solutions for the rotational flow of a
generalized second grade fluid between two circular cylinders, Arch. Mech., 60, 385-401,
(2008).

[13] A. Mahmood , Saifullah, Q. Rubbab, Exact solutions for a rotational flow of general-
ized second grade fluids through a cylinder, Buletinul Academiei de Stiinte a Republicii
Moldova. Matematica, 58, 9-17, (2008).

[14] A. Mahmood, C. Fetecau, I. Siddique, Exact solutions for some unsteady flows of gener-
alized second grade fluid in cylindrical domains, J. Prime Res. Math., 4, 171-180, (2008).

[15] A. Mahmood. S. Parveen, A. Ara, N. A. Khan, Exact analytic solutions for the unsteady
flow of a non-Newtonian fluid between two cylinders with fractional derivative model,
Commaun. Nonlinear Sci. Numer. Simul., 14, 3309-3319, (2009).

[16] Corina Fetecau, C. Fetecau, M. Khan, D. Vieru, Decay of a potential vortex in a gen-
eralized Oldroyd-B fluid, Appl. Math. Comp., 205, 497-506, (2008).

[17] L. Debnath, D. Bhata, Integral transforms and their applications (second ed.), Chapman
and Hall/CRC Press, Boca Raton, London, New York, 2007.

[18] M. Nazar, Corina Fetecau, A. U. Awan, A note on the unsteady flow of a generalized
second-grade fluid through a circular cylinder subject to a time dependent shear stress,
To appear in Nonlinear Anal. Real World Appl., doi: 10.1016/j.nonrwa.2009.06.010.

[19] W. Akhtar, M. Nazar, On the helical flow of Newtonian fluids induced by time-
dependent shear stress, Proceedings of the Tenth International Conference Zaragoza-Pau
on Applied Mathematics and Statistics, Jaca, Spain, September 15-17, 2008.

[20] C. F. Lorenzo, T. T. Hartley, Generalized Functions for Fractional Calculus, NASA /TP-
1999-209424, 1999.



