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Abstract

Given a graph G, the graph coloring game is a non-cooperative two player game such that the two players
take turns properly coloring the graph. Alice wins if all vertices receive a proper coloring, otherwise Bob
wins. A proper coloring is a type of coloring such that no two adjacent vertices are labelled with the same
color. Our object of study is the game chromatic number Xg(G) which is the least number of colors needed
for Alice to have a winning strategy for some graph G. We will mainly consider the game chromatic number
of the direct products of stars, cycles, complete graphs, friendship graphs and paths in this paper.
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1. Background

A graph G is an ordered pair (V,E) comprised of two sets, the set of vertices V and the set of edges E.
Since we will be dealing with simple, finite undirected graphs only, we can define an edge as an unordered
pair (v1, v2) (or written as v1v2) comprised of two vertices, and in this case, we call v1 and v2 the end points
of said edge. Two vertices v1 and v2 are adjacent if they share an edge, or in other words, there exists an
edge defined as (v1, v2). To properly colour such a graph, we label the vertices using the elements of a colour
set C such that no two adjacent vertices share the same colour. The chromatic number of G, defined as
χ(G), is the least amount of colours needed to fully colour a graph G.

We now turn our attention to the main subject of this research paper, that being the graph coloring
game. This is a non-cooperative game involving a graph G and a colour set C. There are two players, Alice
and Bob. For Alice to win, she needs to properly colour all the vertices of the graph G with all the elements
of C. Otherwise, Bob wins. The game chromatic number of G is the lowest amount of colors that Alice
needs to win, and it is denoted by χg(G). We can also see that χ(G) ≤ χg(G) ≤ ∆(G) + 1. To study the
parameter χg(G), readers are referred to [11, 5, 8, 10, 4].

In this paper, the graphs that we will be dealing with are direct graph products. They are defined as
follows:
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Consider two graphs G and H. We denote the direct product of G and H as G ×H, whose vertex set
is defined as V (G ×H) = V (G) × V (H). Any two vertices (u1, v1) ∈ V (G ×H) and (u2, v2) ∈ V (G ×H)
form an edge if and only if

u1u2 ∈ E(G) and v1v2 ∈ E(H).

Note that the direct product is commutative up to isomorphism, that is,

G×H ∼= H ×G.

Often times when we want to find such bounds, there are strategies for Alice to win that revolve around
coloring a handful of ’dangerous’ vertices depending on the value of the game chromatic number. We also
would like to introduce an object that can define this, which we called the danger zone. The danger zone of
a graph G and a given game chromatic number χg(G), denoted DZ(G,χg(G)), is a set of vertices such that
for all v ∈ DZ(G,χg(G)), deg(v) ≥ χg(G).

A graph G is an ordered pair such that G = (V (G), E(G)). The set V (G) is called the Vertex Set of
G, and is often written as V . The set E(G) is called the Edge Set of G, often denoted as E. The set
E(G) is composed of ordered pairs of vertices. Take for example (v, w) ∈ E(G): v and w are said to share
an edge, where v and w are endpoints. Any two vertices that share an edge are said to be adjacent or
neighbours. The neighbourhood of a vertex v is the set of all vertices that neighbour v, and it is denoted as
Neighbourhood(v). The degree of a vertex v, denoted as deg(v), is the number of vertices that neighbour v.

Consider a graph G. We define a color set of G to be

C(G) = {c1, c2, . . . , ck};

such that any element of C(G) is called a color. By properly coloring G, we mean that we are assigning a
color to a vertex of G such that none of its neighbours have been assigned with the same color. A colored
vertex is a vertex of G that has been assigned with a color, whilst an uncolored vertex is a vertex that has
not been assigned any color. By a fully colored graph G or a fully colored set of vertices, we mean that
no two vertices that share an edge have the same assigned color. We will refer to any instance of proper
coloring as coloring instead.

We will now define the two-player graph coloring game. Consider a two-player, non-cooperative, turn-
based game, with Player 1 starting first. Let G be a simple, undirected graph and let C(G) = c1, c2, . . . , ck
be the color set of G. Let Player 1 be named Alice and let Player 2 be named Bob. On their turns, the only
action available to Alice and Bob is properly coloring some uncolored vertex of G. The winning condition
for Alice and Bob are the following:

• Alice: Graph G must be fully colored with |C(G)| = k colors

• Bob: At least one vertex must be uncolorable, meaning that there are already k colors assigned to the
neighbours of said vertex and there are no legal moves left.

With that, we can say that a winning strategy of some player is a series of actions which leads to the
outcome of a player winning the game.

The game chromatic number χg(G) is the least number of colors which Alice needs to win. We can see
that for χg(G) = k, the following necessary and sufficient conditions apply: Alice has a winning strategy
with k colors, thus defining χg(G) ≤ k Bob has a winning strategy with k − 1 colors or less, thus defining
χg(G) ≥ k

Let us now consider the Danger Zone of a graph G with a color set C(G).
Let G be a graph and let C(G) = c1, c2, . . . , ck be a color set, and let the graph coloring game be played.

The Danger Zone of some graph G with a color set C(G), denoted as DG(G,C(G)), is the set of all vertices
such that deg(v) ≥ |C(G)|.

The Danger Zone proves useful to finding winning strategies for either Alice or Bob with a given number
of colors |C(G)|, since those are the vertices that can be surrounded by |C(G)| colors, and thus strategies
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could be built with those vertices in mind. However, sometimes the Danger Zone doesn’t prove as useful,
like when all the vertices of a graph G are part of the Danger Zone.

With regards to recent studies surrounding the game chromatic number, one common topic one might see
is the game chromatic number of different classes of graph products. Some examples being [6] for Cartesian
graph product classes, [6], [3], [7] for Corona graph product classes, [9] for strong graph product classes, [1]
for lexicographic graph product classes and [2] for direct graph product classes. With this in mind however,
there are some graph products who still have largely unexplored classes. Thus, we decided to consider some
direct graph product classes, namely those involving stars, complete graphs, cycles, paths and friendship
graphs.

Let us thus remind ourselves of the definition of the direct graph product. Let G and H be graphs and
let V (G×H) = V (G)× V (H). The direct product G×H is the graph whose vertex set is V (G)× V (H),
where two vertices (u1, v1) and (u2, v2) are adjacent if and only if

u1u2 ∈ E(G) and v1v2 ∈ E(H).

2. Results

Throughout this section, the main results of this paper will be proved by using the necessary and
sufficient conditions for some game chromatic number χg(G) = k and creating bounds. However, we will
also sometimes use the inequality χ(G) ≤ χg(G) ≤ ∆(G) + 1, where ∆ denotes the highest degree count of
G.

Theorem 2.1. The game chromatic number of products of two cycles is given as:

χg(Cn × Cm) =


1 if m = 1

2 if n = 2 and m = 2

3 if n ≥ 2 and m = 3

4 if n ≥ 3 and m ≥ 3

Proof. We will consider the following cases:
Case 1: m = 1
Taking the direct product of any graph G with C1 produces a disconnected graph G × C1, meaning that
V (G × C1) is an independent set. Because of this, by setting the color set such that C = {c1}, it means
that x ̸∈ DG(G × C1), ∀x ∈ DG(G × C1). Thus Alice automatically wins with |C| = 1 colors, setting
X(G× C1) ≤ 1 .
Meanwhile, Bob wins automatically with a color set of C = {}, meaning X(G× C1) ≥ 1
So, X(G× C1) = 1, making X(Cn × C1) = 1

Case 2: n = 2 and m = 2
K2 × K2 produces a disconnected graph consisting of two P2 components. Here, ∆(K2 × K2) = 1, which
means that by the inequality χ(G) ≤ χg(G) ≤ ∆(G)+1, we have χg(K2×K2). To show thatX(K2×K2) ≥ 2,
we show that Bob has a winning strategy with 1 color. By setting C = {c1}, Alice automatically loses by
coloring a vertex v1 of K2 ×K2 with c1, since ∃v2 such that v2 ∈ Neighbourhood(v1) and such that v2 is
not colored. Thus, Bob wins with 1 color, meaning 2 ≤ χg(K2 ×K2) Thus, χg(K2 ×K2) = 2

Case 3: n > 2 and m = 2
Consider the inequality χ(G) ≤ χg(G) ≤ ∆(G) + 1. Since ∆(Cn × Cm) = 2 in this case, we can then
conclude that χg(Cn × Cm) ≤ 3. To get the other inequality, we will consider a winning strategy for Bob
for 2 or less colors. Set C = {c1, c2}. Let Alice color some vertex v1 with c1. Consider some vertex v2 such
that v2 ∈ Neighbourhood(v1). Let Bob color some vertex v3 such that v3 ∈ Neighbourhood(v2) with c2.
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Because v2 has two colors in its neighbourhood, it is no longer colorable, causing Bob to win. This gives us
the inequality χg(Cm × Cn) ≥ 3 in this case. Thus, χg(Cm × Cn) = 3 in this case.

Case 4: n = 3 and m = 3
Let the color set C = {c1, c2, c3}, V (Cn) = {v1, v2, v3}, V (Cm) = {w1, w2, w3} and V (Cm × Cn) =
{(vi, wj) | ∀i = 1, 2, 3 and ∀j = 1, 2, 3}. Let us consider an Alice winning strategy: Let Alice color some
vertex (va, wb1) with c1. Bob then colors some vertex (va, wb2) such that wb1 ̸= wb2. Alice then colors the
vertex (va, wb3) with c3 such that wb3 ̸= wb2 ̸= wb1. One might notice that ∀v ∈ V (Cn × Cm) where v is
uncolored, v is surrounded by two colors and that ∀w ∈ Neighbourhood(v) is surrounded by the remaining
color. That means that w cannot be colored by that remaining color, and thus Bob cannot surround v
with all 3 colors. That means that all the vertices of the graph can be colored, giving Alice the win. So
χg(Cn × Cm) ≤ 3.

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Cn × Cm) ≥ 3. Thus, χg(Cn × Cm) = 3 in this case.

Case 5: n ≥ 3 and m = 3
Let V (Cn) = {v1, v2, . . . , vn}, V (Cm) = {w1, w2, w3} and V (Cn × Cm) = {(vi, wj) | ∀i = 1, 2, . . . ,m and
∀j = 1, 2, 3. We will examine two subcases:

Case: 5.1: If n is even
Set C = {c1, c2, c3}. Let Alice color some vertex (vi, wj) with some color, say c1. We will then consider the
following subsets of V (Cn × Cm)
L1 = {(vi, wj) | ∀j = 1, 2, 3}
L2 = {(vi+1, wj), (vi−1, wj) | ∀j = 1, 2, 3}
L3 = {(vi+2, wj), (vi−2, wj) | ∀j = 1, 2, 3}
...
Ln−1 = {(vi+n, wj), (vi−n, wj) | ∀j = 1, 2, 3}

Bob then colors some vertex (va, wb) ∈ L2 such that b ̸= j. Alice then suitably colors a vertex of L1 or
L3 with preferably the same color as (va, wb). This repeats with Bob suitably coloring vertices of L2 whilst
Alice colors vertices of L1 or L3. If a vertex is under threat, then Alice colors it with a suitable color.

When L2 is fully colored, Alice moves onto coloring L5 or L3 whilst Bob colors L4. This pattern repeats,
where Bob fully colors the even layers in order whilst Alice colors the odd layers around Bob’s chosen layer at
the current moment. After doing this, there will be only a few uncolored vertices left, in which Alice and Bob
can suitably color. In the end, the graph will be fully colored, giving Alice the win. Thus, χg(Cn×Cm) ≤ 3.

We will now consider a winning strategy for Bob. Let C = {c1, c2}. Let Alice color a vertex v1
with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2) and
v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Cn × Cm) ≥ 3.

Case: 5.2: If n is odd and n ̸= 3
Let Alice color a vertex (vi, wj) with c1. Let Bob suitably color a vertex (vi+1, wb+1). In response, Alice
then colors some vertex (vi+1, wb+1) with the same color that Bob used. In general, this continues until
the set of vertices {(va, wb+1), (va, wb+2) | ∀a = 1, 2, . . . , n} is fully colored. They then take turns coloring
{(va, wb) | ∀a = 1, 2, . . . , n} such that Alice and Bob color the vertices in a similar ’order’ as was discussed
before. In the end, Cn × Cm will be fully colored, giving Alice the win. Thus, χg(Cm × Cn) ≤ 3

We will now consider a winning strategy for Bob. Let C = {c1, c2}. Let Alice color a vertex v1
with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2) and
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v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Cn × Cm) ≥ 3.

Case 6: n ≥ 3 and m ≥ 3
Let us first consider a winning strategy for Alice. Set C = {c1, c2, c3, c4}. Let Alice color some vertex v1
with c1. Bob then suitably colors vertex v2 with color c2 such that v2 ∈ Neighbourhood(v1). Alice then
suitably colors a vertex v3 such that v3 ̸∈ Neighbourhood(v2) with preferably c1, and Bob suitably colors
v4 such that v4 ∈ Neighbourhood(v3) afterwards. This repeats until all vertices are colored.

If at any point Bob colors a vertex vj independent from Alice’s previously colored vertex, Alice can
proceed to suitably color a vertex vi disconnected from vj with preferably c1. The graph will be fully
colored in the end, giving Alice the win. This means that χg(Cn × Cm) ≤ 4.

We can then consider a winning strategy for Bob. Let C = {c1, c2, c3}. Let Alice color some vertex
v1 with c1. Bob then colors v2 with c2 such that v2 ∈ Neighbourhood(v1), causing some vertex v3 to
become under threat. After Alice colors v3 with the appropriate color, Bob then colors a neighbour of v3
with c3, causing two vertices to become under threat such that these two vertices don’t share a vertex in
common. As Alice can not block both threats at once, Bob wins the game, meaning χg(Cn × Cm) ≥ 4.
Thus, χg(Cn × Cm) = 4

Theorem 2.2. The game chromatic number of product of a cycle and complete graph is given by :

χg(Cn ×Km) =


1 if m = 1

2 if n ≥ 2 and m = 2

3 if n ≥ 2 and m ≥ 3

Proof. We need to consider the following cases:
Case 1: m = 1
Please see the proof of Theorem 1, Case 1 for the graph K1.
Case 2: n ≥ 2 and m = 2
Since K2 = P2, the required result follows from the corresponding arguments in Theorem 1.
Case 3: If n ≥ 2 and m ≥ 3
Let C = {c1, c2, c3}. Let V (Km) = {v1, v2, . . . , vm}, V (Cn) = {w1, w2, . . . , wn} and V (Km × Cn) =
{(vj , wi) | ∀j = 1, 2, . . . ,m ∀i = 1, 2, . . . , n}. We will consider two cases for Alice’s strategy:
Case: 3.1: If n and m are even
Let Alice color a vertex (vj , wi) with the color c1. Let us then consider the following subsets of V (Km×Cn):

V1 = {(vj , wi) | ∀i = 1, 2, . . . , n}
V2 = {(vj+1, wi), (vj−1, wi) | ∀i = 1, 2, . . . , n}
V3 = {(vj+2, wi), (vj−2, wi) | ∀i = 1, 2, . . . , n}

...

Vm = {(vj+m, wi) | ∀i = 1, 2, . . . , n},

(2.1)

After Alice colors (vj , wi) ∈ V1 with c1, Bob then colors (vj+m, wi+1) ∈ Vm or (vj+m, wi−1) ∈ Vm with
c2. Alice then suitably colors (vj+m, wj+2) ∈ Vm or (vj+m, wj−2) ∈ Vm with c1, in which Bob introduces c3
afterwards by suitably coloring (vj+m, wi+3) ∈ Vm or (vj+m, wi−3) ∈ Vm. Alice and Bob keep on suitably
coloring elements of Vm until Vm is fully colored.

Alice and Bob then suitably color the other levels in the order of Vm−1, Vm−2, . . . , V2, V1. Note that when
dealing with levels with two ’categories’ of vertices, Alice and Bob must first color {(vj , wi) | ∀i = 1, 2, . . . , n}
for a specific i, then they can color the other category of vertices. In the end, the graph becomes fully colored
with 3 colors, giving Alice the win. Thus, χg(Km × Cn) ≤ 3.
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Case: 3.2: Otherwise
Let Alice color a vertex (vj , wi) with c1. Let us then consider the following subsets of V (Km × Cn):

V1 = {(vj , wi) | ∀i = 1, 2, . . . , n}
V2 = {(vj+1, wi) | ∀i = 1, 2, . . . , n}
V3 = {(vj+2, wi) | ∀i = 1, 2, . . . , n}

...

Vm = {(vj+m, wi) | ∀i = 1, 2, . . . , n},

(2.2)

Let Bob suitably color some vertex v1 ∈ Vl such that l ̸= 1. Alice then suitably colors another vertex
v2 ∈ Vl with preferably c1. This continues until Vl is fully colored.

Similarly, Alice and Bob color each subset until they are fully colored in the order of Vl−1, Vl−2, . . . , V2, V1.
In the end, the graphKm×Cn will be fully colored with 3 colors, giving Alice the win. Thus χg(Km×Cn) ≤ 3

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Cn × Cm) ≥ 3.

Theorem 2.3. The game chromatic number of a product of a star and path is given by:

χg(Sn × Pm) =


1 if m = 1 or n = 1 and m ≥ 1

2 if n ≥ 1 and m = 2

3 Otherwise

Proof. Let Sn = {s, l1, l2, . . . , ln}, Pm = {p1, p2, . . . , pm} and Sn×Pm = {(s, pj), (li, pj) | ∀i = 1, 2, . . . , n ∀j =
1, 2, . . . ,m}. We will consider 4 cases:

Case 1: m = 1 and n ≥ 1 or n = 1 and m ≥ 1
The graph Sn×P1 is a completely disconnected graph, meaning that V(Sn×P1) is an independent set. This
is also the case when with S1 × Pn, as well as S1 × P1. Please see Theorem 1, Case 1 for a proof regarding
such cases.

Case 2: n ≥ 1 and m = 2
In this case, Sn × Pm creates two disconnected Sn components.

Let us consider a winning strategy for Alice. Set C = {c1, c2}. On her turns, let Alice color (s, p1) and
(s, p2) with c1. This will force Bob to color the other vertices with c2, and since they are leaf nodes, they
can’t threaten any other vertex with c2. If Bob on his turn colors (s, p2) with c2, Alice still wins since the
rest of the vertices are leaf nodes that can just be colored with c1 or c2. In the end, the graph will be fully
colored with 2 colors, meaning χg(Sn × Pm) ≤ 2

Now we will consider a winning strategy for Bob. Set C = {c1}. Since deg(s, pj) ≥ 1 and deg(li, pj) = 1,
∀i = 1, 2, . . . , n and ∀j = 1, 2, if Alice colors a vertex, she automatically loses since there exists a neighbour
that is uncolored and can now no longer be colored with c1. So, χg(Sn×Pm) ≥ 2 and hence χg(Sn×Pm) = 2.

Case 3: Otherwise
We will first discuss a winning strategy for Alice. Let C = {c1, c2, c3}, such that the danger zone of Sn×Pm

will accordingly be
DG(Sn × Pm) = {(s, p2), (s, p3), . . . , (s, pm−1)}. Bob’s only chance at winning is to surround some vertex
va ∈ DG(Sn × Pm) with all 3 colors by coloring three vertices w1, w2, w3 /∈ DG(Sn × Pm) such that
w1, w2, w3 ∈ Neighbourhood(Va).
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Let Alice color some vertex v1 ∈ DG(Sn × Pm) at the start of the game. The default strategy for Alice
is to color v ∈ DG(Sn × Pm) whilst Bob colors w /∈ DG(Sn × Pm). Assume at some point in the game, the
vertex va ∈ DG(Sn × Pm) has two neighbours w1, w2 ∈ DG(Sn × Pm) colored with c1 and c2 respectively,
with no loss of generality. Alice can then color va in her turn with the appropriate color, blocking the threat.
This sequence of events of repeats with Alice prioritizing fully coloring DG(Cn×Pm) first, and then moving
onto coloring vertices outside of the danger zone alongside Bob. In the end, the graph Sn ×Pm will be fully
colored, giving Alice the win. Thus, χg(Sn × Pm) ≤ 3

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Sn × Pm) ≥ 3. Thus, χg(Sn × Pm) = 3

Theorem 2.4. The game chromatic number of a product of a start and cycle is given by:

χg(Sn × Cm) =


1 if m = 1

2 if m = 2

3 if m ≥ 3

Proof. We will consider 3 cases:
Case 1: m = 1
V (Sn × C1) is an independent set. Please see Theorem 1, Case 1 for the proof. Thus, χg(Sn × Cm) = 1 in
this case.
Case 2: m = 2
Sn × C2 is equivalent to Sn × P2. Please see Theorem 3, Case 2 for the proof.
Case 3: m ≥ 3
Let V (Sn) = {s, p1, p2, . . . , pn}, V (Cm) = {c1, c2, . . . , cm} and V (Sn × Cm) = {(s, cj), (pi, cj) | ∀i =
1, 2, . . . , n ∀j = 1, 2, . . . ,m}

We will first discuss a winning strategy for Alice. Let C = {c1, c2, c3} whereDG(Sn×Cm) = {(s, pj) | ∀j =
1, 2, . . . ,m}. Let Alice color a vertex v1 ∈ DG(Sn×Cm) with c1. Bob’s only way of winning is to by coloring
the neighbours of a vertex va ∈ DG(Sn × Cm) with 3 colors. However, in the case that the vertex va falls
under threat due to 2 colors existing in its neighbourhood, Alice can simply color va with an appropriate
color to block the threat.

In general, Alice colors the vertices of DG(Sn × Cm) with preferably c1, in which Bob can either color
vertices inside DG(Sn × Cm) or vertices outside of the set. In the end, the graph Sn × Cm becomes fully
colored with 3 colors, giving Alice the win. Thus, χg(Sn × Cm) ≤ 3

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Sn × Cm) ≥ 3. Thus, χg(Sn × Cm) = 3 in this case.

Theorem 2.5. The game chromatic number of products of two paths

χg(Pn × Pm) =


1 if n = 1 or m = 1

2 if n = m = 2 or n = 2 and m = 3

3 Otherwise

Proof. Let V (Pn) = {a1, a2, . . . , an}, V (Pm) = {b1, b2, . . . , bm} and V (Pn × Pm) = {(ai, bj) | ∀i = 1, 2, . . . , n
and ∀j = 1, 2, . . . ,m}. We will consider 3 cases:

Case 1: n = 1 or m = 1
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P1 × Pm, Pn × P1 and P1 × P1 all have fully independent vertex sets. please see Theorem 1, Case 1 for the
proof, since P1 = K1

Case 2: n = m = 2
P2 × P2 is equivalent to K2 ×K2. Please see Theorem 2, Case 2 for the proof

Case 3: n = 2 and m = 3
We can immediately see that P2 ×P3 consists of two disconnected P3 graphs. Let us first discuss a winning
strategy for Alice:

Let C = {c1, c2}, in which DG(Pn × Pm) = {(an, b2) | ∀i = 1, 2}. Let Alice color a vertex v1 ∈
DG(Pn×Pm) with a color c1. There is only one uncolored vertex left in DG(Pn×Pm) which we will denote
by vc. If Bob colors va, then Alice and Bob can simply color the rest of the vertices with suitable colors.
If Bob colors a vertex outside of DG(Pn × Pm) and threatens vc, Alice can simply color vc with a suitable
color in her turn. In the end, the graph Pn ×Pm will be fully colored with 2 colors, which means Alice wins
and that χg(Pn × Pm) ≤ 2

We will now discuss a winning strategy for Bob. By setting C = {c1}, Alice automatically loses by
coloring a vertex since all vertices have a degree of 1 or more. That means that all vertices have at least
one neighbour such that if Alice colors a vertex with c1, it’s neighbour(s) can no longer be colored with c1
and the graph is made uncolorable. This gives Bob the win, thus χg(Pn × Pm) ≥ 2

Thus, χg(Pn × Pm) = 2 in this case.

Case 4: Otherwise
We will first discuss a winning strategy for Alice. Let C = {c1, c2, c3} which results to DG(Pn × Pm) =
{(va, wb) | ∀a = 2, 3, . . . , n − 1 and ∀b = 2, 3, . . . ,m − 1}. Alice’s general strategy is to color elements of
DG(Pn × Pm) with the same color. The only way Bob can cause a threat is to surround a vertex v with 2
colors such that v ∈ DG(Pn ×Pm). If that happens, then Alice can simply color that vertex with a suitable
color. In the end, the graph Pn × Pm becomes fully colored, giving Alice the win. Thus, χg(Pn × Pm) ≤ 3

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Pn × Pm) ≥ 3. Thus, χg(Pn × Pm) = 3 in this case.

Theorem 2.6. The game chromatic number of products of path and a cycle is:

χg(Pn × Cm) =


1 if n = 1 or m = 1

2 if n = 2 and m ≥ 2 or m = 2 and n = 3

3 Otherwise

Proof.
Case 1: m = 1 or n = 1
If m = 1, then P1 is equivalent to K1, and we know from Theorem 1 that χg(K1 × Cm) = 1. Meanwhile, if
n = 1, then we discussed in the proof of Theorem 1, Case 1 that χg(G× C1) = 1. Thus, χg(Pn × Cm) = 1
in this case.

Case 2: n = 2
Since P2 = K2, we have

P2 × Cn
∼= K2 × Cn.

We know that χg(C2 × Cm)=2 from Theorem 1, thus χg(Pn × Cm) = 2 in this case.

Case 3: m = 2
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Since K2 = P2, we obtain
χg(Pn ×K2) = χg(Pn × P2).

Case 4: Otherwise
Let V (Pn) = {v1, v2, . . . , vn}, V (Cm) = {w1, w2, . . . , wm} and V (Cn × Cm) = {(vi, wj)|∀i = 1, 2, . . . , n

and ∀j = 1, 2, . . . ,m}. We will first consider a winning strategy for Alice. Consider these subsets of
V (Pn × Cm):

O = {(va, wj) ∀ a is odd and ∀j = 1, 2, . . . ,m}

E = {(vb, wj) ∀ b is even and ∀j = 1, 2, . . . ,m}

The general strategy is that Alice needs to color one subset with preferably one color whilst Bob needs to
color the other subset. If a vertex becomes under threat at any point during the game, Alice can simply
color that vertex with the appropriate color. In the end, Pn ×Cm will be fully colored with 3 colors, giving
Alice the win. Thus, χg(Pn × Cm) ≤ 3.

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Pn × Cm) ≥ 3. Thus, χg(Pn × Cm) = 3 in this case.

Theorem 2.7. χg(Kn ×Km) ≤ ⌈nm2 ⌉

Proof. Let C = {c1, c2, . . . , cnm
2
}, V (Kn) = {v1, v2, . . . , vn},

V (Km) = {w1, w2, . . . , wm} and V (Kn ×Km) = {(vi, wj) | ∀i = 1, 2, . . . , n and ∀j = 1, 2, . . . ,m}. Consider
the following subsets of V (Kn ×Km) :

L1 = {(v1, wj) | ∀j = 1, 2, . . . ,m}
L2 = {(v2, wj) | ∀j = 1, 2, . . . ,m}

...

Ln = {(vn, wj) | ∀j = 1, 2, . . . ,m},

(2.3)

Let Alice color some vertex (vi, wj) ∈ Li with c1. Bob then colors (vi+1, wj+1) ∈ Li+1. Alice then
colors (vi+1, wj+2) ∈ Li+1 with the same color that Bob previously used (c2 in this case). Bob then colors
(vi+1, wj+3) ∈ Li+1 with c3, in which Alice then colors (vi+1, wj+4) ∈ Li+1 with the same color c3. This
continues until Li+1 is fully colored. The process is then continued such that Alice and Bob color the subsets
Li+2, Li+3, . . . , Li+n, L1 in that order until all but one vertex is colored. The final vertex is then colored
with c1

Theorem 2.8. Let G be either a star graph Sn, wheel graph Wn or a friendship graph Fn. Then

χg(G× Cm) =


1 if m = 1

2 if m = 2

3 If m ≥ 3

Proof. Let V (G) = {a, v1, v2, . . . , vn}, V (Cm) = {w1, w2, . . . , wm} and V (G × Cm) = {(a,wj), (vi, cj) ∀i =
1, 2, . . . , n and ∀j = 1, 2, . . . ,m}. Let us consider the following subsets of V (G): A = {a} and B =
{v1, v2, . . . , vn}, where deg(a) = n and deg(a) > deg(vi) ∀i = 1, 2, . . . , n. Similarly, we can consider the
following subsets of V (G× Cm) :

V (A× Cm) = {(a,wj) ∀j = 1, 2, . . . ,m}
V (B × Cm) = {(vi, wj) ∀i = 1, 2, . . . , nand∀j = 1, 2, . . . ,m}

(2.4)
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Let Alice color some vertex (a,wj) ∈ V (A×Cm) with c1. Bob then colors a vertex (a,wj+1) ∈ V (A×Cm)
with c2, in which Alice then colors (a, cj+2) ∈ V (A × Cm) with c1. Bob then colors (a, cj+3) with c3, in
which Alice then colors (a, cj+4) in the order of c1, c2, c3, c2, c1, . . . , c2, c1 until all of V (A× Cm) is colored.

We can then consider these following subsets:

L1 = {(v1, wj) ∀j = 1, 2, . . . ,m}
L2 = {(v2, wj) ∀j = 1, 2, . . . ,m}

...

Ln = {(vn, wj) ∀j = 1, 2, . . . ,m},

(2.5)

Alice and Bob color each level, in which the order of colors used should be the same as the one used in
the level V (A × Cm). The order of levels that need to be colored is L1, L2, . . . , Lm−1, Lm. In the end, the
graph will be fully colored by 3 colors, which gives Alice the win. Thus, χg(G× Cm) ≤ 3

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(Pn × Cm) ≥ 3. Thus, χg(G× Cm) = 3

We can use these exact strategies for m = 2. When it comes to m = 1, then V (G× C1) is a completely
independent set. Please look at Theorem 1, Case 1 for such a case.

Theorem 2.9. Let G be either a complete bipartite graph Kn,m or a path of order n Pn. Then

χg(G× Cm) =


1 if m = 1

2 if m = 2

3 If m ≥ 3

Proof. Let V (G) = {v1, v2, . . . , vn}, V (Cm) = {w1, w2, . . . , wm} and V (G×Cm) = {(vi, wj) | ∀i = 1, 2, . . . , n
and ∀j = 1, 2, . . . ,m}. Consider the following subsets of V (G× Cm)

E = {(vi, wj) | ∀i = 2, 4, . . . , 2m and ∀j = 1, 2, . . . ,m}
O = {(vi, wj) | ∀i = 1, 3, 5, . . . , 2n+ 1 and ∀j = 1, 2, . . . ,m},

(2.6)

Alice chooses a layer by coloring a vertex in either E or O with c1. For the rest of the game, Alice colors
only her chosen layer whilst Bob colors only the other layer. In the end, the graph will be fully colored with
3 colors, giving Alice the win. Thus, χg(G× Cm) ≤ 3.

Let us now consider a winning strategy for Bob with 2 colors or less. Let C = {c1, c2}. Let Alice color a
vertex v1 with c1. Consider vertices v2 and v3 such that v2 ∈ Neighbourhood(v1), v3 ∈ Neighbourhood(v2)
and v3 /∈ Neighbourhood(v1). Let Bob color v3 with c2. This will surround v2 with 2 colors, making v2
uncolorable and thus giving Bob the win. So χg(G× Cm) ≥ 3.

Thus, χg(G× Cm) = 3
Note that can use these exact strategies for when m = 2. When it comes to m = 1, then V (G× C1) is

a completely independent set. Please look at Theorem 1, Case 1 for such a case.

Theorem 2.10. Let SLn,m be a bipartite graph such that V (SLn,m) = {u} ∪ Bn,m. The vertex u is a
universal vertex, whilst Bn contains n copies of Km. The graph SLn is called a star-like graph. Let Ca be
a cycle graph of order m. Then SLn,m × Ca = 3 + (m− 2) = m+ 1 for n ≥ 3,m ≥ 3

Proof. Let V (SLn,m) = {u, k1, k2, . . . , km, km+1, km+2, . . . , k2m, . . . , knm} and V (Ca) = {c1, c2, . . . , ca}. We
will create the following subsets of V (SLn,m × Ca):
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U = {(u, cj) | j = 1, 2, . . . , a}
L1 = {(ki, cj) | i = 1,m+ 1, 2m+ 1, . . . , (n− 1)m+ 1, j = 1, , 2, . . . , a}
L2 = {(ki, cj) | i = 2,m+ 2, 2m+ 2, . . . , (n− 1)m+ 2, j = 1, , 2, . . . , a}

...

Ln = {(ki, cj) | i = m, 2m, . . . , nm, j = 1, , 2, . . . , a},

(2.7)

Let us first consider a winning strategy for Alice. The strategy will be similar to that of χg(Sn × Cm)
and χg(Fn × Cm), where Alice and Bob will color U first with h1, h2 and h3 first, then the other vertices
with the rest of the vertices. Let the color set C(G) = {h1, h2, . . . , hm+2}

Let Alice start by coloring some vertex (u, cj) for some j ∈ Za with some color h1. Bob then colors
(u, cj+1) with a new color h2, in which Alice then responds by coloring (u, cj+2) with h1. Bob then colors
(u, cj+3) with a new color h3, in which Alice then colors (u, cj+4) with h1. This continues, with U being
colored in the following color order: h1, h2, h3, h2, h1, hs, . . . , h1, h2, h1 for any s.

Alice and Bob then start coloring the other layers in the order of L1, L2, . . . , Ln. Note that if we kept
the game chromatic number as 3 and color the layers with the same order as above, the graph will become
uncolorable during the coloring of L2 (this idea will be expanded upon when we discuss Bob’s winning
strategy below). Thus, we add (m − 2) colors to be able to fully color the graph. The order in which the
other layers are colored is not important. In the end, the graph SLn,m×Ca will be fully colored with m+1
colors. Thus, χg(SLn,m × Ca) ≤ m+ 1

We will now discuss a winning strategy for Bob. For this, let us consider a scenario where the same
strategy as above is followed with n colors, and let us consider the moment when Alice first colors a vertex
in Lm−1, say v. Then there exists a vertex w ∈ Ln such that w ∈ Neighbourhood(v) and w is uncolored.
The vertex v is surrounded by m− 1 colors at this point, so Bob can color w at his next turn to surround
v with n colors, rendering v uncolorable and giving Bob the win. Thus, χg(SLn,m × Ca) ≥ m+ 1.

Therefore, χg(SLn,m × Ca) = m+ 1.
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